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Introduction

In this article we ask the following question: Given any real number ¢ can
one find a rational number p/q such that (p + 1)/(q + 1) < o < p/q.? Clearly,
one of the necessary conditions of this problem is that ¢ > 1. But this condi-
tion is not sufficient. Interestingly enough, the question came up as a result
in algebraic geometry in [2], where Sommese essentially proves the sufficiency
of 0 > 2 in the first theorem.

We give explicit conditions under which the above question is true using a
somewhat stronger hypothesis: Given any real number ¢ > 1 and N > 0, can one
find positive integers »r and s such that » > s > I, and s divisible by some
fixed dinteger m, and the denominator of a fixed rational number ¢ and
satisfying r - ts > M, for any M, where

r + 1 r

1 < ¢t <0 and <o <=7
s + 1 s

The answer depends on whether o is rational or irrational. We have the
following two theorems:

Theorem 1: Let 0 = p/q be a positive rational number. Then the following are
equivalent:
i) o> 2

ii) Given any positive integers m, M, N and a rational number ¢ = q/b such
that 0 < ¢ < o, then one can find r and s such that r» > ¢ >V, s is
divisible by mb, and

r + 1
s + 1

r
r - ts > M and <0 < 5

Proof: First we prove that ii) => i). Since mb divides s, write s = nmb, where
n 1s a positive integer. Since » - ts > M, we must have r = ts+ M + u for some
integer u 2 1. Hence, r» = nwma + M + u. Thus,

p r + 1

a > P = p(s + 1) > qg(r + 1)
= sp +p-qg >qr
nmbp + p - q > qnma + gM + qu
= p -qu + 1) > gnma - nmbp + gM
= p - q(u+ 1) N m(g'_ E) . li.
nqb b q nb
Now choose M sufficiently large so that

M
n(z - 5) vz o
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Hence, we conclude that

p-qu+1) N

0.
ngb
Thus, p > g(u + 1), from which it follows that
c = b > 2.

Next we show that i) => ii). Let » = mwp + 1, s = nqg. Choose n = kmb. Then
r-ts=np-tq) +1+ =, as k » =, since p - tg > 0. It is also easily seen
that

g > 2= <g. [

Before discussing the next theorem, we need a few results.

1 1 1
Let a, + — — — denote a continued fraction.
O a; +a, + -0 +ay
1 1 D, N
Let ag + — , — . 4o~ 7. then p, = Qag, a;, «-.5 ay)
1 2 n n and q, = @ay, «-vs ay).
Unlike [1], we use Q(ao, Aps eves a,) to denote Euler continuants, where each

of p, and g, are expanded using Euler's rule ([1], p- 82). Also well known is
that (see [1], p. 83),

Qlags «ovs ay) = ag@ay, --vs a,) + Qa5 «vvs ay). (%)

Remark 1: By Euler's rule, as n > », p, > ®, g, > =, and @(a,, ..., a,) > «.

n
P, - 4, = (ay - Dq, + Q(a,, ..., a,), by ().
We also know (see [1], p. 84) that

Pudn-1 = Pp1Gn = (CD7TL (#%)
Let o be an irrational number.
1 1 1 1
Let ap + — = 0.

a] tap, + --- +a, + oy
Then a,,; > 1, and is irrational. Moreover (see [l], p. 89),

% +1Pn + Prn-1
OLn+lqn + Q-1

o =

And, by (*%), it follows that, if n s even, then
Py < a < Eﬁll, (%%%)
7n 9n-1

This brings us to Theorem 2.

Theorem 2: Suppose that ¢ is irrational, and o > 1. Let t= a/b be a fixed
rational number and m a fixed positive integer. Given any I > 0, one can find
positive integers » and s, with » > ¢ > IV, g 1is divisible by mb, satisfying
r - ts > M, for any given M, where

r+1 r

Ot <oy <0 <5

Proof: Let o have a continued fraction representation as a above. By (*x#), we
see that, for »n even,
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< g < Pn-1
n 9-1
Let r = mabMp, , and s = mabMq,_;, then
= . a pn—l
r - ts = maM(bp,_, - aq,_,) > M, since 3 <0< 7,

r+1 - - mabM
Pn _ - Pn qn > 0 if n >> 0, and n is even.
q, s +1 (mabMq, _, + 1)q,

This follows from (#*%) and Remark 1 above, noting that m, a, b, and M are given
and 7 is arbitrary. Also

br - as = mabM(bpn_1 - aq,_,) >a-b.
The last inequality holds since bpn_1 - aq,_; 21 and ab > a - b; hence,

r + 1

< s + 1°

This proves the theorem. [J

Example 1: The following example shows that if the conditions in part ii) of
Theorem 1 are relaxed, then the implication is false. Let o = 8/5, » = 5, and
s = 3, then 6/4 < o < 5/3.

Example 2: 1f o0 = (n + 1)/n, then it is easy to see that it is impossible to
find » and s in Theorem 1, even under relaxed conditions. If ¢ = p/qg, a
careful examination of the proof shows that p - g = 2 is a necessary condition.

Remark 2: 1f o 2, then we can easily see that, for any r/s > 2, we must have

v ol

(r +1)/(s + 1) 2. Hence, Theorem 1 fails in that case even in the relaxed
form.
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