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1. Introduction

In [6] D. Shanks introduced the concept of a Fibonacci Primitive Root (FPR)
mod p, i.e., an integer g which is a primitive root mod p and satisfies the
congruence g2 = g+ 1 mod p. He proved some properties of FPR's, for instance:
If for a prime p, p # 5, there is an FPR mod p, then p = *1 mod 10. He also
made the following conjecture:

Let

F(x) = card{p < x: p € I, 3 g is FPR mod p},
and g
m(x) = card{p < x: p € P}.

Conjecture: As x + =,
F(x)

) " O
27 1
where ¢ = 2L 1 - —12 ).
38 prellp( p(p - 1) )
Note that
I (1 - —*—) = 0.3739558136. ..
pep plp - 1)

is Artin's constant.
By a theorem of DeLeon [3] and deep-lying work of G&ttsch [4] using methods
of Hooley [5] on Artin's conjecture, we will prove the Conjecture above on the

assumption of a certain Riemann hypothesis, namely,

Theorem: Let p = (1 + V/5)/2, ¢ be a primitive 2nth root of unity, where n is a

positive integer, and ( be defined as in the Conjecture. If the Riemann
hypothesis holds for all fields Q(/o, ), then
1 log x
Ea) o4 o222 2),
m(x) log x

2. Preliminaries

Let (f,) be the classical Fibonacci sequence, i.e.,

fo=0f1 =1 fi=F1 tFH (20,

An easy pigeon-hole principle argument yields the periodicity of (f,) mod m for
any integer m > 1. Let A(m) be the length of the smallest period mod m.

Lemma 1: ([3], Theorem 1) Let p # 5 be a prime. Then there exists an FPR mod
p iff p = *1 mod 10 and A(p) =p - 1.
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The following lemma has been proved by Gottsch [4]. A rather obvious gen-
eralization which, however, is more accessible has been given by Antoniadis
[1].

Lemma 2: ([4], Kor. 2.10; [1], Satz 2 and Kor. 4) Let
A(x) = card{p < x: p = %1 mod 10, A(p) =p - 1}.
Under the assumption made in the Theorem, we have
x + 0(x log log x)
log x (log xz)?

where ( is defined in the Conjecture.

A(x) = C

It should be remarked that, without assuming the Riemann hypothesis, the
applied methods only give upper bounds for A(x) (see [4]). These are useless
with regard to the Conjecture.

3. Proof of the Theorem

Since there is an FPR mod 5, we have, by Lemma 1, for x > 5,
F(x) =1+ A(x).
Applying Lemma 2, we get

F(x) c

0<x log log x>
(log )2 /'
By the Prime Number Theorem (see, e.g., [2]),

x x
0 .
™) log x * ((log x)2>

log x

Thus,

1 1
F(x) x log log x)

Cr(x) + 0( (log )2

which implies the Theorem.
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