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Introduction 

Suppose a (large) integer N is given and we wish to choose positive inte-
gers A, B such that 

(a) the sequence {wn} defined by Wi = A, w^ = B, and Wn + 2 = Mn + l + wn> 
n > 1, contains the integer N, 

(b) s = A + B is minimal. 

What can be said about s in relation to N, and how are A and B to be found? We 
also consider some generalizations. 

The case N = 1,000,000 was recently the subject of a problem in a popular 
computing magazine [1]. Obviously, for N > 2, A = 1, B = N - 1 Is one pair 
satisfying (a) and so the problem does have a solution for each N. Also s > 2, 
and equality here holds whenever N = Fk , a Fibonacci number. Hence, 

lim inf s = 2 as N -> °°. 

In the opposite direction, we shall show that s > y/N for infinitely many N, but 
that for all sufficiently large N, s < y/N + 0(/lT1/2 ) , whe re y = and a = 
(1 + /5)/2. We shall also show how to select A and B for each N. 

The Original Problem 

Clearly, for a solution to the problem A > B > 0, for if B > A , then the 
pair Ai = B - A, B^ = A would yield a smaller s. Starting from A, B, we then 
obtain, successively, A, B, A + B, ..., t, N and we now define, for each t < N, 
the sequence 

t0 = N, ti = t, tn+2 = tn - tn+i, n > 0, 
i.e., work backwards, so to speak, until we arrive at 

tk = A + B, tk+i = B, tk+2 = A, tk+3 < 0. 
Thus, the only choice at our disposal is t; k is then characterized by being 
the smallest integer for which £^+3 < 0, and our object is to choose t so as to 
minimize s = t k , 

Let a and 3 be the roots of 02 = 6 + 1. Then a$ = -1, a + 3 = 1, and 

Fn = (a» - 3n)/(a - 3). 

Then the roots of 62 = 1 - 0 are -a and -3? so that, for suitable constants c 
and d9 

tn = (-l)n{oan + d$n}. 
Using the initial conditions to = N9 t\ - t, we then find that 

(1) tn = R ) " * , - ! - tFj. 
Also, for n > 0, 

(2) aFn_l - Fn = -3n"x = (-l)na-n+l, 
and so 
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( 3 ) ( - l ) n { c ^ n _ l " V > 0 . 

We now p r o v e t h e f o l l o w i n g . 

Theorem: Let 

tn = ( - l ) " ^ . ! - tFn}9 

where tk = A + B, tfc+1 = B, tk + 2 = A. Then t = [n/a] gives the smallest value 
for tk = A + B = s and 

s < 2/(iP/a) * 1.5723/tf. 

There are two cases. Suppose first that 21/ > at. Then 

tn = (-l)nt{aFn_1 - Fn} + (-l)n{il/ - at}Fn_l > (-l)n {N - at}Fn_l, 

so tn can be negative or zero only if n is odd. Thus, k must be even, and if 
k = 2Z, then t2K + l > 0* ^2K + 3 - °- Thus, from (1) 

^2# t ^2X + 2 
< — < 

F2K + l n F2K + 3 
and defining p = N/a - t > 0, we have 

^2Z+3 ~ aF2K+2 P ^2Z+1 " ° 2̂Z 
< — < 

aF2K+3 N OLF2K+I 
i . e . , i n v i e w of ( 2 ) , 

(4 ) UZK + 1F2K+1 < N/p £ °.ZK + 3F2K+3, 

w h e n c e , 

a ^ + 2 + 1 = aZK + l(a2K + 1 - 3 2 x + 1 ) < N/5/p 
< a 2Z + 3 ( a 2 Z + 3 _ 32iC + 3) = a ^ + 6 + 1 ; 

s o 

( 5 ) a ^ + 2 < / l / /5/p - 1 < a ^ + 6 . 

A l s o , i n t h i s c a s e , 

( 6 ) S = t2K = NFZK-! - tF2K 

= ff(*2X-l - F2^/«) + PF2K 
= N/u2K + pF2K = 5 + n, say. 

Of these two terms, £ is always the larger; In fact, from (4), we have 

uFlK + l < _5 = ff < «3j?2fi + 3 
F 2 X

 < n p a 2 x F 2 i ( " F 2 X ' 
whence 

(8 ) a 2 < £ / n < a 6 + 2 | 3 | 2 x _ 3 / i ?
2 i c -

We now show t h a t , f o r a l l t < N/a, t = [N/a] g i v e s t h e s m a l l e s t v a l u e f o r s. 
F o r , l e t t = [ # / a ] and tf < t b e a n y o t h e r i n t e g e r , y i e l d i n g , r e s p e c t i v e l y , p , 
Z , £ , n , s and p f , KF, £ ' , n f

5 and s f . Then t ; < t - 1 , whence p ' > p + 1 a n d , 
i n v i e w of ( 5 ) , Kr < Z . I f Z f = Z , t h e n £ ' = £ and n ' > n , w h i c h g i v e s s ' > s , 
w h e r e a s , i f Z ' < Z , t h e n 

s ' = £ ' + n ' > £ ' 2> a 2 £ = (a + 1 ) 5 > £ + n = s , 

in view of (8). Moreover, using (7), we see that 
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(£ + n ) 2 £n(£ , n , n) P^(a3^2z+3 
21/ # l n SJ a2 I F2 a3F2ZH 2Z + 3 

p - ( a 3 F 2 z + 3 + F2K) 2 
a *2K+3 

p(a - 3) / a 3 ( a 2 * + 3 - 3 2 i r + 3 ) + ( a 2* - 3 2 z ) j 2 

a 4 z + 6 + 1 t (a - 3) J 
p a 4 Z + 6 ( a 3 _ 3 3 } 2 

< 4 p v 5 . 
(a - 3) 

Thus, 
(9) s < 2 t f 1 ' 2 p 1 / 2 5 1 / l f . 
The case i n which 217 < a t i s e n t i r e l y s i m i l a r . Suppress ing the d e t a i l s we f ind 
t h a t k must be odd, and i f k = 2M - 1, then wi th a = £ - 217/a, we o b t a i n 

(4 0 a2MF2M < N/a < a2M+2F2M+2, 

( 5 ' ) ahM < 217/5/a + 1 < a ^ + \ 

( 6 ' ) s = N/a2M~l + a F ^ - i = 5 + n, s ay . 

2̂M < £ = # < ^?2M + 2 

( 8 ' ) a 2 - 3 ^ " 3 / 5 < £/n < a 6 . 
For all sufficiently large 21/, 

(9') 8 < 2Nl^2a^2 51/Lf + 0(N~1^). 
At this stage we may immediately make the observation that, for any 21/, one of a 
and p lies below 1/2, and so (9) and (9 ') immediately give an upper bound of 
(221//5)1/2 + 0(2I/~1/2) or approximately 2«11521/1/2. It is, however, possible to 
improve this. 

Let us suppose that p/a = a~2e, so that 

(10) p = 1/(1 + a2e) and a = a2e/(l + a 2 e ) , 

since a + p = 1. Then, if 0 > 1 - 1/217, i.e., p is small, we use the inequal-
ity (9), and if 0 < -1 + 1/21/, i.e., a is small, we use the inequality (9') and, 
in either case, obtain 

(11) s < 221 / 1 / 2 5 1 / i + / ( l + a2)112 + 0( / l /" 1 / 2 ) = yN1/2 + 0(21/"1 / 2 ) , 
as r e q u i r e d . The remaining case i s | 6 | < 1 - 1/21/. Let 217/5/p - 1 = aA, and l e t 
217/5/a + 1 = a y . Then a l i t t l e man ipu l a t i on y i e l d s 

26 > X - u > 20 - 1/217, 

and so, certainly, |x - u| < 2. Then we have, from (5), that ax > aifZ + 2, i.e., 
X > l\K + 2 and, from (5'), that 4M + 4 > u. Since y + 2 > A, 42tf + 6 > 4Z + 2 
and so M > K. Similarly, we find that M < K - 1, and so all in all M = K or 
K - 1; in other words, the values of k obtained from p or a differ by exactly 
one. It is easy to see that whichever is the larger value would give the 
sharper bound for s, but there is no a priori way to determine which does 
indeed give the larger k. If it is 2K, then we can improve the bound given by 
(9), by observing that 

X < y + 20 < 4M + 4 + 20, 

and so the upper bound for E,/r\ given by (8) can be improved to a^+2Q + 0(1/21/) 
and then the same argument which led to (9) now leads to 

32 [Feb. 



RECURRENT SEQUENCES INCLUDING N 

s2 p ( a 2 + e + a " 2 " 9 ) 2 , , (a2 9 + a " 2 " 9 ) 2 0 

— < ; — + 0(1/N) = ±— —^- + 0 ( 1 W 
# (a - 3) (a 2 + l ) / 5 

= / ( 0 ) + 0(1/71/) 5 s ay . 

In the same way, it is possible to improve the bound if the larger value is 
given by 2M - 1, and the corresponding bound for s2/N is just f(-Q) + 0(1/71/). 
Since we do not know which of these will apply, we must take the larger one, 
i.e., g(Q) = max{/(0), /(-0) } . It is quite simple to see that /(0) is an 
increasing function of 0 and so the worst case arises from (1 - 1/71/), the upper 
bound for |0|, giving 

s2/N < 4/a + 0(1/71/), 

yielding (11) again. This concludes the proof of the theorem. 

Now, we show that this bound cannot be reduced. Choosing 71/ = ̂ 2n+1^2^ + 2' 
we find that 

[N/a] = (a4n+2 + 34n + 2 - 3)/5, p = (a + 34n+3)//5, 

a = - ( 3 + 31+n + 3 ) / / 5 5 A = 4?z + 2 , u = kn + 4 , 
and so K = n - 1 and M = n. Therefore, it follows that the latter gives the 
larger value for k, and that, in view of (9r)9 

s = Nal~2n + pF2n-i 
( a 2 n + l _ 3 2 n + l ) ( a 2 n + 2 _ 3 2 n + 2 ) ( g + g*+w + 3 ) ( a 2 n - 1 _ g 2 n - l ) 

5 

+ a 2 " " 2 + 3 2 n + 3 2 n + Lf + 3 6 n + i4} - \{aln^ 

= I ( a 2 « + 1 

and now 
s^_ _ 4F2 n + 1 

N ?2n+2 

+ 

-

= 

5 a 2 n _ 1 

g2n - 2 _ g2n _ g6n + 4 . 

3 2 n + 1 ) ( a 3 - 33) = F3, 

4 ( a 2 n + 1 - 3 2 n + 1 ) 4 
( a 2 n + 2 _ 3 2 n + 2 }

 >
 a 

This concludes the discussion of the original problem. 

Generalizations 

Several generalizations are now possible. the simplest of these consists 
of choosing a given integer a ^ 1 and replacing the original relations by 

(al) the sequence {wn} defined by W\ = A9 w2 = B9 and Wn + 2 = awn + i + Wn, 
n > 1, contains the integer 71/, 

(bl) s = aB + A is minimal. 

This creates but minor changes in the working above. We now let a > 0 and 3 < 
0 be the roots of 02 = a0 + 1 and then a 3 = - l s a + 3 = a , a - 3 = (a2 + 4 ) 1 / 2 . 
We define Fn as before in terms of a and 3, although, of course, Fn will no 
longer be the Fibonacci number. The effects of this are to replace /5 wherever 
it occurs by the new value of a - 3 * and to replace the number 2 = F3 in 
formulas (9), (9f), and (11) and in the value of y, by a2 + 1. The form of the 
result remains identical, with 

Y = (a2 + 1)/A and a = (a + (a2 + 4)1/2)/2. 

The details are omitted. 
The next generalization we consider consists of replacing the original 

relations by 
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(a2) the sequence {wn} defined by Wj = A, w^ = B, and Wn + 2 = c^n + \ ~ wn> 
n > 1, contains the integer N, 

(b2) s = aB - A > 0 is minimal. 
Here the integer a cannot be 1, otherwise any such sequence would contain only 
six distinct numbers, or 2, otherwise the problem becomes trivial since we 
could always take W\ = 1, W^ = 2, and then WN = N with s = 3. So we assume 
that a ^ 3. We now let the roots of 62 = aQ - 1 be 

a = (a + (a2 - 4)1/2)/2 and 3 = (a - (a2 - 4)1/2)/2, 

and then a3 = 15 ct + 3 = a , w i th 

0 < 3 < 1 < a and a - 3 = a = ( a 2 - 4 ) 1 / 2 . 

Again we let Fn = (an - 3n)/(ot - 3) > and proceeding as before we let the inte-
ger in the sequence before N be t, and obtain A, B, aB - A , . .., t, N, and so, 
if to = N, t\ = t, tn+2 = atn+i - t n , we get a reverse sequence where 

(12) t„ = tF„ - NFn.x, 

(13) F„ - aFn_! = 6"-1 > 0, 

(14) tn = -(N - t a ) ^ - ! + t6n_1. 

What happens now depends on the sign of (N - ta) . 

Case I. N > ta. Then, eventually, t„ becomes negative, and we find that 

s = h , Fk + 1 " B. ** + 2 = ̂ . and Ffc+3 < 0. 

All this parallels the previous work with only minor differences, and if p = 
N/a - t, then we find that 

(15) a2k + e > 1 + N(a - 3)/p > a27c + Lf, 

(16) s = tk = tFk - NFk_l 

= N(Fk/a - Fk.Y) - pFk 

= N/a* - pFk = £ - n, say. 

(17) a4 < £/n < a6 + 0(1//!/). 

Unfortunately, it is no longer necessarily the case that sr > s whenever tr < t 
= [N/a], For we have tr < t - 1, whence pf > p + 1, and so, in view of (15), 
kr < k. Now, if indeed kr < k, then sr > s, for 

s' = £' - n' > £'(1 - 1/a4) > a£(l - 1/a4) > £ > £ - n = s . 

However, if kr = k, then s' < s, since now p' > p. Although this is true, we 
shall see presently that it causes no problems, for then p' > 1, and in such a 
case a choice with t > N/a would always yield a smaller s . In any event, we 
obtain a result analogous to (9), 

(18) 8 < (a2 - D/l/^p1/2 (a2 - 4 ) 1 / 4 + 0(/lT1/2). 

Case II. N < ta, is entirely different. Let t = N/a + a. Then 

tn = £3n_1 + oaFn_l 

is positive for all n > 0, and we now need to choose k = K to minimize s = t k . 
Then tK < tK+i gives, in view of (12), 

N(FK - FK_1) < (FK + l - FK)t = (FK + l - FK)(N/a + a) 

and so, using (13), 
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and so 

(1 - 3)(ax+1 + f3*)a > N(a - 3)(1 - 3)3* 

which, together with a similar inequality obtained from tK < tK-i yields 

(19) a2*"1 < N(a - 3)/a - 1 < a2K + l
 9 

and then 
s = tK = tFK - NFK_X 

= (f/a + o)FK - NFK_l 

= N/aK + oFK = £ + n5 say. 

In this case, it is clear that the smallest s is provided by taking a as small 
as possible, and we find, using (19), that the ratio x]/E, lies between a and 
(a2^ - I)/ (a2K+1 + 1) < 1/a, and so we obtain, as before, 

2 (S + n) 2 £TI 

G — T} 
s 
~N N N 

^ QFK / q2* - 1 a2^ + 1 + 1) 
" az la2^+1 + 1 + 2 + a2* + 1 J 

•( + 1) a(a + 1) 
< (a2^+1 + l)(a - 1) (a - 1) 

Thus, 
(I + 6)1/2 (20) 8 < ̂ l/2al/2<j-__aj> 

and this bound is much better than that provided by (18) unless p is extremely 
small, certainly less than 1. This justifies our earlier remark that we need 
only consider the smallest value of p. Since, at any rate, we can always take 
a < 1 in (20), we obtain immediately 

, /l + B)1/2 

"VTTB/ " 
s < N 1/2 < 

This can be improved slightly, and we prove that s < NL/Z&, where 

1 + 3 1 
1 - 3 1 + 33" 

As before, we define 0 by p/a = a~2e obtaining (10), and define X and y by 

N(a - 3)/p - 1 = aA and N(a - 3)/a + 1 = au, 
whence 

29 < X - y < 20 + l/N.. 

If now 0 < 3/2, then a < (1 + 3 3)~ 1 / 2 and then (20) gives the required result, 
whereas if 0 > 5/2 - l/N, then we find that 

P 2 < 35/(l + 35) + 0(1/#) 

and then, using (18), we find that 

N a - 3 1 + 35 

and since 3 < 15 the result easily follows. The remaining case is where 

3 < X - y < 5 

and then, in view of (15) and (19), we find that 2k < X - 4 and IK > y - 1, 
whence 
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2(K - k) > \i - \ + 3 > -2, 

and s o , s i n c e bo th k and K a r e i n t e g e r s , K > k. Thus, from (16) and ( 1 9 ) , we 
f ind t h a t 

s < N/ak < N/aK < Nl/2 (1 - 3 2 ) ~ 1 / 2 + 0(N~l/2 ) 
and again the result follows. 

The following example shows that the result is best possible. Let N = 
(Fn+i - Fn)L, where the integer L is to be chosen later. Then 

N/a = {an - an~l - 3n + 2 + 3" + 1} 
a - 3 

= (Fn - Fn.l)L - L3n(l - 3), 

and so 
[N/a] = (Fn - Fn.l)L - 1, 

provided that L3n(l - 3) < 1. It is easily seen that this latter condition is 
equivalent to L < Fn+1 + Fn, so we let L = Fn + i + Fn - x, where x > 0 is to be 
chosen later. If we now take t = (Fn - Fn_i)L = [N/a], then 

t r = (Fn_r+i - Fn„r)L, 

so the least t r - tn = tn+\ = L. On the other hand, if t = [N/a] - 1, then 

tr ~ (Fn_r+i - Fn_r)L - Fv , 
so 

~kn
 = L " Fn = Fn+i - x, 

tn+1 = L ~ Fn+l = Fn - X, 
and tn+2 = Fn-i - x(a - 1). 

Now, if we choose x to be the least integer > Fn_i/(a - 1), then we find that 
k = n - 1, and the value of t^ exceeds L, the value given for s by the other 
choice. Hence, for such an N, we obtain 

s2 Fn + l + Fn - x (a - l)(Fn + 1 + Fn) - Fn_Y 

N Fn + 1 - Fn (a - D(Fn+l - Fn) 
+ 0(1) 

(a - D(Fn+1 - Fn) 

(1 + 32) - 32 

(1 - 3 + 32)(1 - 3) 

1 + 3 1 

+ 0(1) 

• + 0(1) 

= *2 = o + 0(1) = 6Z + 0(1), say. 
1 - 3 1 + 33 

Thus, letting n •> », we find that s < Nl/26 + 0(N~l/2) . 
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