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1. Introduction

Let P and @ be relatively prime integers, a and B (a > B) be the zeros of
22 - Px + @, and, for k = 0, 1, 2, 3, ..., let
ak - gk ,
(1) Uy = Up(Py @ =———— and V, = V, (P, § = ok + gk.
a - B

The following result is well known.
Theorem 0: Let m and n be positive integers, and d = ged(m, n).
(1) ged(Uys Uy) = Ugs

(1) if 5 and 5 are odd, ged(V,, V,) = Vy;

(iii) dif m = n, ged(U,, V,) =1 or 2.

Using basic identities, Lucas proved Theorem O in the first of his two 1878
articles in which he developed the general theory of second-order linear recur-
rences [5]; Lucas had previously proven parts (i) and (iii) in his 1875 article
[4]. Nearly four decades later, Carmichael [1] used the theory of cyclotomic
polynomials to obtain both new results and results confirming and generalizing
many of Lucas' theorems; Theorem 0 was among the results obtained using
cyclotomic polynomials.

Curiously, the value of gcd(V,, V,) when m and n are not divisible by the
same power of 2, and of gcd(U,, V,) for m # n, do not appear in the literature,
and have, apparently, never been established. It is dinteresting that the
values of all three of these gcd's can be rather easily found, for qll pairs of
positive integers m and n, by the application of an approach similar to that
used in establishing the Euclidean algorithm to a single sequence of equations.
We shall prove the following result.

Main Theorem: Let m = 2%m', n = an', m' and n' odd, ¢ and b = 0, and let d =
gcd(m, n). Then

(1) ged(Up, Uy,) = Uy,
V; if a = b,
{1 or 2 if a = b;
V; if a > b,
1 or 2 if a < b.

(i1) ged(V,, V)

(iii) ged(U,, V) = {

The value of ged(V,, V,) is even if any only if ¢ is odd and either P is even
or 3]d; gcd(Uy,, V) is even if and only if ¢ is odd and (1) P and d are even, or
(2) P is odd and 3]|d.

Our definition of Uy and V;, assures that the above result holds for all
second-order linear recurring sequences {U;} and {V,} satisfying

Up =0, Uy =1, Uppp = PUpy1 = QUys
and
Vo =2, V3 =P, Vyup = PVyyy — QVy.
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If P =1 and § =-1, the sequences are the Fibonacci and Lucas number sequences,
respectively; for this case, a nice alternate proof of (ii) has been communi-
cated to the author by Paulo Ribenboim, and appears mow in [6]. If one defines
the sequence {U,} more generally, by

U]_ =, U2 = b, Un+2 = CUYL+1 + dUn,

then Lucas' result [(i) above] will hold under certain circumstances: P. Horak
& L. Skula [2] have characterized those sequences for which (i) holds.

In our last section, we shall observe that a result analogous to Theorem 1
holds for Lehmer numbers and the "associated" Lehmer numbers.

2. Preliminary Results

We base our proof on the following formulas, all of which are well-known,
and are easily verified directly from the definition (1) of Uy and V.

Property L: Let r» > s 2 0, ¢ = min{r - s, s}, and D = P2 - 4q.

L) Up = Vp_glUg % Q@wr_zsl, where the + sign is used iff » - 2s 2 O,
L) Vo= VosVs = @Vjp-2e)>
L) U, =U,_gVe ¢ Q€U|r—23p where the + sign is used iff r - 25 < O,
L(iv) Vp = DUrp-sUs + @V [r_2s)>
L(v) VZ = DUZ + 4Q".

We will use the fact that, for k > 0,

(2) gcd(Uy, &) = ged(Vy, @) = 1,

which is also readily shown from (1) [or see [1], Th. I].

Finally, we require this result concerning the parity of U and Vi, which
is easily deduced from (1), using P = o + B and ¢ = of (or see [1], Th. III):

Parity Conditions: If k =0, U, =1 and ¥, = 2. Let k > O.
(i) If @ is even, both Uy and V; are odd;
(ii) If ¢ is odd and P is even, then I}, is even, and U, is even iff k is;

(iii) I1f ¢ is odd and P is odd, then U, and V), are both even iff 3|k.

3. The Basic Result

Let {y;} and {§;} (¢ 2 0) be sequences of integers. Let mj = 24M and ng =
285 be positive integers with A and B 2 0, X and N odd, and my > ng, and let
dg = |mg - 2ng| and d = ged(mg, ng);
let Gmo and H, be integers, and Kdo be defined by
G = YOHVZO + 60Kd0.

mo
Theorem 1: For g = 1, 2, 3, ..., let

mij = Mi_1, 7’lj = dj_]_, ij = Hn. and Hn~ = de_
or

mJ = dj-]-’ 7’LJ = ﬂj_l, ij = de—l and Hnj = Hn. N if 7’lj_1 < dj—l’
let dj = Imj - 2nj], and let de be defined by

ij = Yanj + (Sjde.
If, for 4 2 0, gcd(ij, 5j) =1, then
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gcd(H,, K,) if A = B,
gcd(G, 5 H, ) ={ 4> %d
0 0 ng(Hd’ Ko) if A # B

Proof: For each pair of integers r and s, we let (r, s) denote gcd(r, s). The
definitions of m;, n;, and d; imply that {m;} is a nonincreasing sequence of
positive integers; let X be the least integer such that my_; = my. Now, it is
clear, from our definitions above, that

(mgs ng) = (ng, dog) = (my»> n1) = My dy) = «+-
= (mg-15 ng-1) = (Mp-15 dg-1)-

Furthermore, by our assumptions that Gmi = yanj + §jkdi and (G,. éj) = 1, we
have, similarly : : : ‘

(Gmos H”O) = (Hno’ Kdo) = ... = big de—)'
Since, by definition, my = max{n;_y, dyx_1}, my-; = ny_y or dy_;.

My -

Case 1. If my_y = ng-1, then dy_1 = |my_1 - 2nxg-1| = my-, also, so
(mgs ng) = (Mg-1s di-1) = mr-1;
that is, d = my-; = ng-1 = dy-,. Hence, in Case 1,
Grys Hyy) = (Hys Kg).
Case 2. If my_y = dy-1 2 ng-y» then dy_1 = |my_y - 2nj_| implies ny_; = 0.
But, then, since nj_; = min{ng_,, dy-5}, dyx-» = 0; this implies
d = (mg, ng) = (Mg-ns 0) = nx_s.
Hence, in Case 2,
Cmgs Huy) = (Hy s Ky ) = (Hy, Kp).

For j > 0, let M; = mj/d, Nj =nj/d, and D; = dj/d. 1f A =B, My, Ny, and
Dy are each odd; consequently, M;, N;, and D; are odd for j =0, 1, 2, 3, .
This is possible only in Case 1, since, in Case 2, dy-, = 0, implying that Dj_,
is even. If A # B, it is easy to see that, for each j, exactly one or exactly
two of the three integers M;, NVj, and Dj is (are) even, and this is possible
only in Case 2, since, in Case 1, My_; = Ny_; = D, _;. This proves the theorem.

4. Proof of the Main Theorem

For j 2 0, we assume that Msis Nis dj, ij, Hnj, and de are as defined in
Section 3, and M;, Nj, and D; are as defined in the proof of Theorem 1. Let
S(r) denote the number of integers j, 0 < j < k, such that ni_y 2 dj—l’ and for
each positive integer ¢, let p(Z) denote the parity of 7.

Lemma 1: If A # B, and if there exists an integer k such that d; = 0, then
S(k) is even if and only if 4 > B.

Proof: Assume A4 = B and that there exists an integer k such that dj (and hence,
Dy) equals 0. It is clear that the number of integers j, 0 < j < k such that
Nj_1 2 D;jy is S(k). Now, A = B implies that, for each j,

J
(p(Mj), p(Nj), p(Dj)) = (even, odd, even) or (odd, even, odd),

and it is clear from the definitions of m; and n; that S(k) is precisely the

number of changes from one of these two forms to the other, as j assumes the
values 0, 1, 2, ..., k. Since dy = 0,

(p(M), p(Ng), p(Dy)) = (even, odd, even);
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it follows that S(k) is even if and only if My is even; that is, if and only if
A > B.

Proof of the Main Theorem: Let e; = min{m; - n;, n;}.

(i) We assume without loss of generality that m > »n, let m = mys n = ng, and
apply Theorem 1 with Gmy = Ung » Hn0 = Ungy» Y o= Vﬁj—np and §; = +(%/, where the
+ sign is chosen if and only if m; - 2n; 2 0, for j > 0. For each j 2 0, G, =
YjHn; + 6jK;; implies that Kg, = Ug;» by property L(i); since (ij, §;) =1, as
observed in Section 2,

ng(Um, Un) = ng(Ud’ Ud)

Ud’ ifCZ:b,
and
ged Uy, Uy) = ged(Uy, Uy) = ged(Uy, 0) = Uy, if a = b.

(ii) Assume, again without loss of generality, that m 2 n, and let m = my and
n = ng. Defining Gmo’ H”o’ de, Yjos and 6j as Vmo’ V”o’ Vdj’ mi-ng and _QEJ’
for j 2 0, respectively, we have, by Theorem 1 and L(ii),

ged(Vy,, V) = ged(Vy, V) = V; if a = b,
and
ged(Vy, V,) = ged(Vy, 2) =1 or 2 if a = b,

proving (ii).

(iii) Case 1. Assume m 2 n, let m = mg and n = ng, and define Gpn s Hyy» Kq)»
Yo, and &g as Umo’ Vﬁo, Udg’ Umo—"o and iQeO, where the + sign is used'if and
only if mg - 2ng < 0. For j = 1, 2, 3, ..., let y; = DUp; _n;» S; = @7, and
Kg. = Vg, if Gm, = Vy._y3 and v; = Up.-p.» 6; = Q% , and Ky, = Uy, 2f Gpu; =

g g J g . g T i ai A
U”j-l’ where the + sign is used if and only if m; - 2nj; < 0. Corresponding to
each j (j 2 0), then, Gp; = Y;H,, + K4, is either L(iii) or L(iv).

If a = b, Theorem 1 implies

ng(Um’ Vn) = ng(Vd’ Ud) [or, ng(Ud, V&)]9

and it is immediate from (2) and L(v) that this integer is either 1 or 2.
If a # b, Theorem 1 implies

gcd(Uys Vy) ged(Vy, Up)

ged (Vg5 0) Vas
or

gcd(U,, V,)

ged(Uys Vo) = ged(Uy;, 2) =1 or 2.

Now, Gp, = YpHn, + 8xK4, changes from one of the forms L(iii) or L(iv) to the
other as r changes from j - 1 to j if and only if nj-1 2 d;_1; hence, the num-
ber of such changes as j assumes the values 0, 1, 2, ..., k, is S(k). Since
K4, = Ug,, the integer k such that K4, = Uj exists if and only if S(k) is even,
and, by Lemma 1, this happens if and only if a > b; that is, if a # b, gcd(U,,
V,) = V; if and only if a > b.

Case 2. Assume n > m, let n = my and m = ng, and define Gmo, H”o’ Kdo, Yo
and 6o to be Vy , U”o’ Va, » DUWO-”O’ and %%, respectively. All the remaining
definitions parallel those in Case 1 in the obvious way, and the proof is
similar.

The conditions determining whether gcd(V,, V,) or gcd(U,, V,) is 1 or 2
follow immediately from the parity conditions in Section 2.

Letting Fy = Ux(l, -1) and Ly = Vix(l, -1) represent the kth Fibonacci and
Lucas numbers, respectively, we have the following corollary.

Corollary: If m = 2%', n = 2’2", m'" and n' odd, @ and b 2> 0, and d = ged(m, n),
then

(1) ged(Fy, Fp) = Fg;
(ii) ged(L,, L,) = Ly if a = b, 2 if a = b and 3|d, and 1 if a # b and 3/d;
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(iii) ged(#,, L,) = Lg if a > b, 2 if a < b and 3|d, and 1 if a < b and 3*d.

5. Lehmer Numbers

Let R be an integer relatively prime to §. We let o and B denote the zeros
of x2 - VRx + @, and redefine

{(uk - 8K /(a - B), if k is odd,

[
i

U Uy (VE,
x i @ (ak = gX)Y /(a2 - B2), if k is even,

and

]

Vk = Vk(}/ﬁy Q)

(ak + BKY/(a + B), if k is odd,
(ak + Bk), if k is even.

The numbers U; and V;, were defined by Lehmer, who developed many of the
properties of this generalization of Lucas sequences in his 1930 paper [3].
The numbers are known, respectively, as Lehmer numbers and the "associated"
Lehmer numbers.

The Main Theorem is true for Lehmer numbers and the associated Lehmer num-
bers, except that appropriate changes must be made in the statement concerning
the parity of the greatest common divisors. We shall not restate the theorem,
and refer the reader to [3], Theorem 1.3, for the parity conditions for Uy and
V-

Both Uy and Vj are prime to @ ([3], Th. 1.1), and it is not difficult to
show, directly from the definitions above, the following counterpart of Prop-
erty L:

Property L': Let » > s 2 0, e = min{r - s, s}, and A = R - 44.
L' (i) Uy = RVyp_oUs = Q2U|P_231, if r is odd and s is even,
Up = Vp_gUg * QQUV—ZsP otherwise;
L' (ii) Vp = RVp_sVs - Q2V1p_25|, if » is even and s is odd,
Ve = VpogVg = Qewp-zsw otherwise;
L'(iii)) Up = RUp_ Vs * Q@U,P_ZSJ, if r and s are odd,
Up = Up_gVy Q9U|p_2sl, otherwise;

L'(iv) Vy

1]

RANUyn_gU, + QZWr—ZsP if » and s are even,
Vo = AUp_sUs + Qemp_zsP otherwise;

L'(v) RVZ

2

VY’

AUZ + 4Q7, if r is odd,
RAU% + 4Q7, if r is even.

The + sign is used in L'(i) if and only if » - 28 2 0, and in L'(iii) if and
only if » - 2s < O.
Each of the identities L'(i) through L'(iv) is of the form

G, = YiHn; + 8;Kqg,-

The proof- that ged(U,, U,), gcd(Vy, V,), and gcd(U,, V,) are set forth in the
Main Theorem is, then, precisely the same as that given in Section 4, with the
slight changes required as the above identities replace the identities of
Property L.
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