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1. Introduction

Many properties of the generalized Fibonacci numbers U, and the generalized
Lucas numbers V, (e.g., see [3]-[5], [8]-[10], [12], [1l4], [15]) have been
obtained by altering their recurrence relation and/or the initial conditionms.
Here we offer a somewhat new matrix approach for developing properties of this
nature.

The aim of this paper is to use the 2-by-2 matrix M, determined by the
Cholesky LR decomposition algorithm to establish a large number of identities
involving U, and V,. Some of these identities, most of which we believe to be
new, extend the results obtained in [6] and elsewhere.

Particular examples of the use of the matrix M;, including summation of
some finite series involving U, and V,, are exhibited. A method for evaluating
some infinite series is then presented which is based on the use of a closed
form expression for certain functions of the matrix xM.

2. Generalities

In this section some definitions are given and some results are established
which will be used throughout the paper.

2.1. The Numbers U, and the Matrix M

Letting m be a natural number, we define (see [4]) the integers U,(m) (or
more simply U, if there is no fear of confusion) by the second-order recurrence
relation

(2.1)  Upyp =mlpsy + Up; Up=0, Uy =1 V.
The first few numbers of the sequence {U,} are:
Up U Up Us U, Us Ug
0 1 m m2+1 m342m m*+3m2+1 m°+ 4m3 +3m

We recall [4] that the numbers U, can be expressed in the closed form (Binet
form)
(2-2) Un = (OL;‘, - B:ln)/Am’

where

*Work carried out in the framework of the agreement between the Italian PT Administration and
the Fondazione Ugo Bordoni.
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Ay = Vm2 + 4
(2.3) ap = (m+ Ap)/2

Bm = (m = Ap)/2.

From (2.3) it can be noted that
opBy = -1

(2.4) Ay + By =m
Op = By = Ap.

We also recall [4] that

[(n-1)/2] _ s .
@5 U=y ("TI7 w2,
i=0 J
where [°¢] denotes the greatest integer function. Moreover, as we sometimes
require negative-valued subscripts, from (2.2) and (2.4) we deduce that
(2.6) U, = (-1)"*1y,.

From (2.1) it can be noted that the numbers U,(l) are the Fibonacci numbers
F, and the numbers U, (2) are the Pell numbers P, .
Analogously, the numbers V, (m) (or more simply V,) can be defined [4] as

(2.7)  V, =ol = Bp = Up-1 + Upyy-
The first few numbers of the sequence {V,} are:
Vo T Vy V3 Vy Vs Ve
2 m m?+2 m343m mt+4m2+2 mS+5m3+5m mb+emt+9m+2 ...
These numbers satisfy the recurrence relation
(2.8) Vppo =mVpyyey + Vs Vo =2, Vi =m VYm.
From (2.7) and (2.4) we have
(2.9) V- = (-1)"V,,

and it is apparent that the numbers V,(l) are the Lucas numbers L, while the
numbers V,(2) are the Pell-Lucas numbers &, [11].

Definitions (2.1) and (2.8) can be extended to an arbitrary generating par-
ameter, leading in particular to the double-ended complex sequences {U,(z)} .
and {V,(2)} .. Later we shall make use of the numbers U,(z2).

Let us now consider the 2-by-2 symmetric matrix

m 1]
(2.10) M= 1 0

which is governed by the parameter m and of which the eigenvalues are a, and
Bn. For n a nonnegative integer, it can be proved by induction [6] that

(2.11) Mr= | U .
Un Un-1

Also, the matrix M can obviously be extended to the case where the parameter m
is arbitrary (e.g., complex).
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2.2 A Cholesky Decomposition of the Matrix M: The Matrix My

Let us put

(2.12) M, =M =
1 0

and decompose M; as

a, 0 a, e,
(2.13) M, = TIT{ = ,
e bl 0 b1

where T1 is a lower triangular matrix and the superscript (') denotes transpo-
sition, so that T{ is an upper triangular matrix. The values of the entries
as bl’ and ¢; of T1 can be readily obtained by applying the usual matrix mul-
tiplication rule on the right-hand side of the matrix equation (2.13). In
fact, the system

a? =m
(2.14) aey =1
b2 +c? =0
can be written, whose solution is
a, = +/m
(2.15) ey = 1/al
b, = tic,,

where 7 = /-1.

Any of these four solutions leads to a Cholesky LR decomposition [17] of the
symmetric matrix M.

On the other hand, it is known [7] that a lower triangular matrix and an
upper triangular matrix do not commute, so that the reverse product Tl'Tl leads
to the symmetric matrix M, which is similar to but different from M;. If we
take b1 = +7lc1 [ef. (2.15)], we have

mt+1 4
(2.16) M, = = s
7 -1
while, if we take b; = -ic), the off diagonal entries of M, become negative.

In turn, M, can be decomposed in a similar way, thus getting
a 0 a c
2 2 2
M2 =T2T2' = >
e, byl|0 b,
where
a, = +Y(m2 + 1)/m
e, = 1/a,
b, = tic,.
The reverse product T4T, leads to a matrix M3 with sign of the off diagonal
entries depending on whether by, = +ic, or -ic,; has been considered.

If we repeat such a procedure ad infinitum, we obtain the set {My}] of
2-by-2 symmetric matrices
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1| Yren tk-1

ﬁ; e (k 2 1).

(2.17) M, =
=Ug-1

Because of the ambiguity of signs that arises in the Cholesky factoriza-
tion, (2.17) is not the only possible result of k applications of the LR
algorithm to M. However, the only other possible result differs from that
shown in (2.17) only in the sign of the off diagonal entries. From here omn, we
will consider only the sequence {My} given by equation (2.17).

Since the matrices A& are similar, their eigenvalues coincide. My tends to
a diagonal matrix containing these eigervalues (namely, o, and B,) as kX tends
to infinity.

To establish the general validity of (2.17), consider the Cholesky decompo-
sition

1 Uk+1 0 Ugsyp  2F71
A
kPr+l) k=1 iy 0 1Ux

where Simson's formula
(2.18) U, Up_; - UF = (-1)¥

has been invecked. Simson's formula may be "quite readily established by using
the Binet form (2.2) for U, and the properties (2:4) of o, and B,. On the
other hand, from (2.11) and (2.10), it is seen that

UysrUpoy - Uf = det(M%) = (det M) = (-1)%.

Reversing the order of multiplication, we get

1| Ueer L] Ger O 1| Tz P M
AT . P e e
kUe+1| o iU k-1 iU ki) gk Uk | oy 217
[by (2.18)]

Thus, if the matrix for M; is valid, then so is the matrix for Mg4j.

For convenience, M; may be called the Cholesky algorithm matrix of Fibo-
nacel type of order k.

Furthermore, if we apply the Cholesky algorithm to M" [see (2.11)] —ather

than to M, we obtain
1 U an ik-lUn 1 Up+x ik-lUn

U T

I

(2.19) (MM,

%1y (1) "Ug-n k=ly,  (-D* ",y

Observe that
(2.20) (M”),< (Mk)” = MZ.

Validation of this statement may be achieved through an inductive argument.
Assume (2.20) is true for some value of n, say N. Thus,

(2.21) (MY = (MY, .

Then,
COMEES MUNLES ACHMENCIASH
[by (2.21)]
after a good deal of calculation, so that if (2.20) is true for W, it is also
true for N + 1. In the calculations, it is necessary to derive certain iden-

tities among the U, by using (2.2) and (2.4).
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2.3 Functions of the Matrix xM,

From the theory of functions of matrices [7], it is known that if f is a
function defined on the spectrum of a 2-by-2 matrix 4 = [a;;] with distinct
eigenvalues A; and Ay, then

(2.22) f(A) =X = [xij] = COI + CIA,

where I is the 2-by-2 identity matrix and the coefficients ¢, and ¢, are given
by the solution of the system

{co + ed = F(A))

(2.23)

g + ey = F(2,).

Solving (2.23) and using (2.22), after some manipulations we obtain
(2-24) xll = [(all - )\l)f()\z) - (all - )\z)f()\l)]/(xz - )\1)

(2-25) xlz = alZ[f(AZ) - f(Al)]/()\z - >\]_)

(2-26) .’L‘21 = a21[f()\2) = f()\l)]/()\z - >\1)

(2.27) Lpo = [(azz - Al)f(xz) - (azz - Az)f(xl)]/(kz - Xl)'

For & an arbitrary quantity, let us consider the matrix My having eigen-
values

)\1 CCOLﬁ
(2.28)
Ay = xBy

and let us find closed form expressions for the entries Yy of
Y=y, 1= FlaM).

by (2.24)-(2.27), after some tedious manipulations involving the use of certain
identities easily derivable from (2.2) and (2.3), we get

(2.29) yy; = [aff(zan) - BAF(xBR) 1/ (8aUz)
(2.30) Yy, = Yy = XS (won) — F(@BR 1/ (Auli)
(2.31) gy, = [akf(xBl) - BEF(2al) 1/ (bals) -

As an illustrative example, let f be the inverse function. Then, from
(2.29)~(2.31) we obtain

(_l)k~lUn_k _ik—lUn

n

(2.32) (amp-1 = LD
xUy k-1

-t Up Un+i

(2.33) %ﬁﬁf [using (2.19) and (2.6)1].

3. Some Applications of the Matrix M,

In this and later sections some identities involving U, and V, are worked
out as illustrations of the use of our Cholesky algorithm matrix of Fibonacci
type M, .

Example 1: From (2.19) we can write

k-1 k-1
(3.1) ME=-2 e ) B R L
' kT i*ly, 0 k-1 g = B= vyl (= e D
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whence
(3.2)  Mp* =Ry = [2{7)).
Thus, ry = Vo Ty, =Py = k-1, r,, = 0. Take rg? = 1. By induction on n,
with the aid of Pascal's formula for binomial coefficients, it can be proved
that :
[ [n/2] . .
n) _ Jjk=-D(n = J\yn-24
= 2 (D ( J )Vk !
Jj=0
(3.3) 1 r{? = réq)= ik_lrgﬁ'n
Lrg? = (-1)k_1rgf2) n =z 2).

On the other hand, the matrixJMZk can be expressed also [cf. (2.19)] as

Ug(n+1) 510,
k_ 1
.4 M T Ur| k-1 k-1

T Unk (-1 Uk(n-1)

Equating the upper left entries on the right-hand sides of (3.2) and (3.4),by
(3.3) we obtain the identity

[n/2

r o
(3:5)  Uken/ Ui = (-nI*D(" = Yy,
i=o J

i.e., Uk|0k(n+1), as we would expect.

Furthermore, from (3.1) we can write
, B (G Lt AR U -
(3.6)  [(-D)* " Mg1" = = 2p = [277],
1 0

where Z; = [2;;] is an extended M matrix depending on the complex parameter

3.7)  z= (-1 (m.

From (2.11) we have

(3.8) 2P =10,(2),

and by equating zgg and the upper right entry of [(—i)k'lM:]" obtained by (3.4)

we can write .

(3.9) (=) *k=Dgk=1y . (m) /Uy (m)

(—1)"(k'ni(”+1)(k'l)Unk(M)/Uk(M)
= U,(2).
From (2.5) and (3.7) it can be verified that

Uy (Vi (m)) (k odd, n odd)

(3.10) U,(2) = {
(-D)*=D/2y (v, (m)) (k odd, n even).

Therefore, from (3.9) and (3.10) we obtain the noteworthy identity
(3.11)  Up (m) /U (m) = Up(V(m)) (K odd)

which connects numbers defined by (2.1) having different generating parameters.
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For instance,
m3+3m2+1 = mb+em*+m2+1 = (mB+7mb +15m" +10m2 +1)/ (m? +1)
= U3z(V3(m) Ug(m) /U3 (m)

which simultaneously verifies (3.5) and (3.11).

Example 2: Following [2], from (2.19) we can write either

s Ur+kUs+k - ("1)kUr=Us 7:k_l[U1ﬁ+kUs - (_l)kUrUs-k]
(3.12) MkMk

N

2.0
Uk ik 1[U3+kUr - (_1)kUsUr—k] Up - Us -3 = (‘]-)kUrUS

or

(3.13) Mr+s Ur+s+k ik_lUr+s
' x U | sx-1y (-)k-1y
r+s r+s-k

By equating the upper right entries on the right-hand sides of (3.12) and (3.13)
we obtain
(3.14) UpUpyy = UpsrlUs = (~D)XUnUs 4

= Us4rUp - (_l)kUsUr—k also.

4. Evaluation of Some Finite Series

In this section the sums of certain finite series involving U, and V, are

found on the basis of some properties of the Fibonacci-type Cholesky algorithm
matrix M.

It is readily seen from (2.17) and (2.19), with the aid of (2.1), that

(4.1) M= mMy + I,
whence

(4.2) Mt =M - nI
Moreover, using the identity

(4.3)  VUp = Upyp = (-1DP 105y,
which can be easily proved using (2.2) and (2.7), we can verify that

My - (Vo - DI
D" 12?2 + Ve - 1

(4.4) (=M} - I)71 =

where x is an arbitrary quantity subject by (2.28) to the restrictiomns

1/a?
(4.5) x 2
1/8.
A) TFrom (4.1) we can write
M7 - D" = (mMp)"

and, therefore,
n
n .
v (-

whence, by (2.19), we obtain a set of identities which can be summarized by
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n
—-i(n
(4.6) j=ZO -nr J(j)UZj-rs = MUy, qs

where # is a nonnegative integer and s an arbitrary integer. Replacing s by
§ * 1 in (4.6) and combining the results obtained, from (2.7) we have

n _n
(4.7) Z ("l)n J(J‘>V2j+s = mnVn+s'
ji=0
Furthermore, following [13], from (4.1) we can write

(4.8)  (mM, + I)" M. = MZ"*°,

Equating appropriate entries on both sides of (4.8), with the aid of (2.19), we
obtain

n n j
(49) Z(J)m Uj‘*'s = U2n+s’
j=0
whence, replacing s by s + 1 as earlier, we get

LN .
(4.10) j‘i;o(j)mJI/j+s = Vonse-

B) From (4.2) we can write
(M - mD™ = (M)~ 1,

whence, by (2.19) and (2.32), after some manipulations, we obtain a set of
identities which can be summarized by

n . .

4.11) Y (-1)=7mn-ﬂ<”.)yj+s = (1) 10, _,.
i=0 J

C) Finally, let us consider the identity

h . .
(4.12) (xA" - I) Y 24" = Lh*ignh+D T,
i=0

which holds for any square matrix A. From (4.12) and (4.4) we can write, for
the Cholesky algorithm matrix M; of Fibonacci type,

h . .
(4.13) M} = (xM] - 1)~ (P yptED - 1)
j=0 »

M (px - DI e
(" M7 I
D" 1x?2 + Ve -1

a2y A+ My - PV e - DMPRD &+ (V- 1T
D" 1x2 + V- 1 )

After some manipulations involving the use of (4.3), from (4.13) and (2.19) we
obtain a set of identities which can be summarized as

Lo D200+ 2" Gaes = (DU, = U
(4.14) X Unj+s - n-1,.2 - ’
i=0 (—1) x< + Vn.’I? 1

where n is a nonnegative integer and s is an arbitrary integer. Replacing s by
s =1 in (4.14), by (2.7) we can derive

_ (_l)n'lxh+2Vnh+s + xh+1v;1(h+1)+s + (-1)°xlVy-s - Vs
D12 + Yz - 1

h .
(4.15) 'ZOxJVnJ-,Ls
i=

We point out that (4.14) and (4.15) obivously hold under the restrictions
(4.5).

1991] 171



CHOLESKY ALGORITHM MATRICES OF FIBONACCI TYPE AND PROPERTIES OF GENERALIZED SEQUENCES

5. Evaluation of Some Infinite Series

In this section a method for finding the sums of certain infinite series
involving U, and V, is shown which is based on the use of functions of the

. n .
matrix xM; (see Section 2.3).

Under certain restrictions, some sums can be worked out by using the re-
sults established in Section 4 above. For example, if

(5.1) ~-1/o® < x < 1/a?,

we can take the limit of both sides of (4.14) and (4.15) as % tends to infinity
thus getting

(-1 lxv,_, - U
)" le2 + v -1

(5.2) Y alpjss =
j=0

D%V, _s = Vg
"z + v - 1

(5.3 2@

5.1 Use of Certain Functions of xMj,

Following [6], we consider the power series expansion of exp(xMz) [7],

£ JMJn
(5.4) Y= exp(aMp) = 3 7k
j=o J°

and the closed form expressions of the entries Yij of Y derivable from (2.29)-
(2.31) by letting f be the exponential function. Equating y;; and the corre-
sponding entry of Y on the right-hand side of (5.4), from (2.19) we obtain the
identities

- xJan+k

(5.5) X

= [a# exp(xaly) - Bﬁ exp(xBZ)]/Am,

RS
S ijj" n n
(5.6) .Zo o [exp(xan) - exp(xBm) /4,
J= °

o

jU'n-
.7 Y TEETE L C1)kol[ak exp(aBl) - 8K exp (o) ]/,

i J!
which, by using the identity (—l)k'la;k = —Bﬁ [see (2.4)], can be summarized as
@ xJU +
(5.8) 3 —?,u = [0 exp(zal) - By exp(xBn)1/4,,
Jj=0 :

where 7 is a nonnegative integer and s is an arbitrary integer.
From (5.8), (2.7), and (2.3) we can readily derive

= xJan+s

.9 3

T [of texp(xaZ) (1 + a2) - B85 lexp(xB)) (1 + 82)1/An
i=o

al texp(xal) (A, + m)/2 - B lexp(xBL) (Am - m)/2

ad exp(xal) + Bm exp(xBp) .

By considering power series expansions [1], [16], [7] of other functions of
the matrix ng, the above presented technique allows us to evaluate a very
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large amount of infinite series involving numbers U, and V,. We confine our-
selves to showing an example derived from the expansion of tan'ly (see [1] and
[7, p. 113].

Under the restriction

(5.10) -1l/o} < x < 1/d%,
we have

w  (=1)7%F 1302(7'—1[]71(%,_1)+s

5.11 -
( ) jz:l 23 -1

= [ojtan™!(20}) - Bptan™1(xB})1/4 .

6. Conclusion

The identities established in this paper represent only a small sample of
the possibilities available to us. We believe that the Cholesky decomposition
matrix M, is a wuseful tool for discovering many more identities. Further
investigations into the properties of matrices of this type are warranted.
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