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0. Introduction

The notion of a uniformly distributed sequence mod 1 is a classical tool of
number theory (see, e.g., [1], [2]), but it is well known that there exist
sequences which are not uniformly distributed; it turns out that this kind of
sequence is more conveniently treated by notions other than the classical omnes.

In this paper one such notion is used, which enables us to study the
sequence formed by the fractional parts of decimal logarithms of the integers
(it is well known that this sequence is not uniformly distributed in the
classical sense; see, e.g., [1]).

With our result, we obtain a simple solution of the so-called first digit
problem.

1. Preliminary Results

In this section we list some definitions and results used in the sequel.
We begin with the definition of uniform distribution with respect to a measure
on IN*.

Definition 1.1: Let u be a measure on IN*, which we assume to be positive and
unbounded; for each integer n, write

S, = u(ll, =nl).

Now let (x,),,; be a sequence of real numbers in [0, 1]. We say that (x,),.;
is p-uniformly distributed in [0, 1] if, for each function f in C([0, 1]), we
have "
Wk G)
lim &2t — - f F(x) de .
0

n>e S,

Remark 1.2: It is easily seen that we may replace (S5,) by any equivalent se-
quence.

Remark 1.3: The notion of uniform distribution in the sense of Definition (1.1)
has been introduced by other authors, although they used different names and
symbols.

It is also clear that it can be expressed by saying that the sequence of
measures (v,) on [0, 1] defined by

ik}
v, = —c

n X,
S, k

nxl

weakly converges to the Lebesgue measure on [0, 1] (see, e.g., [8]).

In what follows, we shall use the following proposition, a direct conse-
quence of well-known results concerning weak convergence; note that it is a
straightforward generalization of a classical theorem in number theory (see

(11, [2D).

*Lavoro svolto nell'ambito del GNAFA e con finanziamento del MPI.
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Proposition 1.4: The following conditions are equivalent:

() (x,),., is p~uniformly distributed in [0, 1];
(b) for every interval [a, b[ in [0, 1], we have

E:u{k}lhhb[(xk)

lim k=1
N+ o Sy

=b - a,
where l[a 5| stands for the indicator function of [a, b].

For each integer =, write
(1.5) H, = exp S,.

We shall assume that the sequence (H,),,; is obtained by restriction to IN*
of a function H defined on R" and having the following property:

(1.6) There exists a positive constant & and an increasing, slowly
varying function L such that

H(y) = y*L(y).
(We recall that L varies slowly at infinity if, for every & > 0, we have
Lxy)
im ——— =
y—>+oo L(y)
For further properties, see [5].)
To handle the case & = 0, we make an additional assumption:

(1.7) For each (aj, a,, asgs a) in R%, where s Ays Ay, @ are strictly
positive numbers such that ay 7 Ay Az % Q, We have

Llayy) - L(ayy)  Llagy) - Llayy)
log(ajaz!) log(aza, )

as Yy converges to infinity.
We prove the following proposition.
Proposition 1.8:

L(x +
(a) For every & > 0, we have lim MS___‘ﬂl =
Y to L(y)

(b) In the case § = 0, for each (bl, bz’ b3, bq) in R"%, where
bl’ bz, bg, bq are positive numbers, we have

L(aly + bl) - L(azy + bZ) _ L(agy + b3) - L(aqy + bq)

log(alagl) log(asaal)
as Yy converges to infinity.
Proof: Part (a) follows from the inequalities
- L(x + y) < L(Zy),
L(y) L(y)
the second of which holds for y sufficiently large.

The assertion of part (b) is proved by noting that, for every e > 0, we
have, for y sufficiently large

L{ayy) - IL(a, + €)y) . L{ayy + by) - Llayy + by) . L((ay + edy) - L{ayy)
L((ag + e)y) - I(ayy) Llagy + by) - L(ayy + b,)  Llagy) - L((a, + e)y)
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Definition 1.9: Let p be a measure on IN*; we say that p has property P if (1.6)
holds [in the case & = 0, if (1.6) and (1.7) hold].

We shall also use some results concerned with the notion of density on IN¥*,
which is studied, for example, in [6].

Definition 1.10: Let u be a measure on IN*, and (S,) its distribution function as
defined in Definition (1.1).

Consider the density on IN* generated by the sequence of measures, (W), >
defined as follows:

1
Hy = a 1[1,,1] ° M

this density will be called the p-density.
Definition 1.11: For each t > 0, let {i be the measure on N* defined by
fly = 2: [exp(-tSy) - exp(~tS¢+1)]ey-
k=21
The density generated by (fiy) will be called the exponential density with
respect to u (or, more briefly, the u-exponential density).
We state the following result, the proof of which is given in [6].

Proposition 1.12: Assume that the sequence (u{nl}), .; is bounded. Then the u-
density and the p—exponential density agree everywhere.

The following theorem, proved in [7], gives a practical method for calcu-
lating an exponential density.

Theorem 1.13: Let (%y),.,> (my),,; be two sequences of positive real numbers,
such that

(i) 1im &, = lim m, = +w and &, < m, £ % for every integer n;
N> oo n N> o n n VL+1 y g

(ii) the sequence (my - %&y),,,; 1s bounded;
(iii) we have m, ~ m,4+15 %, ~ %,+1 as n converges to infinity.

Last, let A be a real number, with 0 < 4 < 1; then the following conditions
are equivalent:

n "
Z(Uk - Qk) Z (Uk - 2
(a) lim 22— = 45 (b) lim X2l —— - g

n+>w my n>ow %y

(¢) lim  [exp(-tRy) - exp(-tm,)] = A.

n>0t k=1

2. The Theorem of Uniform Distribution

We shall prove the following result.

Theorem 2.1: Let u be a measure on IN* , with property P. Then the sequence
({log19n}),,»; is p-uniformly distributed in [0, 1].

Proof: Proposition (l.4) applies, so we can show that, for every interval [a, b[
in [0, 1], we have

"
> u{k}l[a,b[({loglok})

k=
lim 221 =pb - a.

n>w log Hy
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We can write
L p(({Tog g }K) = 1,00,

where & is the subset of N* the elements of which are the integers k satisfying
the relation

10774 < &k < 10mth

for some integer »; hence, calculating the limit above amounts to finding the
w~density of F (in the sense of Definition 1.10).
First we note that, because of the relations

107P = 10"7 > 1 and 107D - 10770 2 1,

which hold for m sufficiently large, £ is neither finite nor cofinite. Denote
by (p,),.1s (g4), ., the two sequences of integers such that

Moreover, for every x > 0, write

x if & is an integer
[x] + 1 otherwise,

§(x) = {

so that we have the obvious relations
p, = 8(10"7%; g = 8(10""").

Because of our hypotheses on u, the sequence (u{nl}),.; is bounded; hence, Pro-
position 1.12 applies, and our goal is equivalent to finding the p-exponential
density of £, that is, we calculate the limit

1im }: lexp(~-t log Hp ) - exp(~t log Hg, )1;
t+ 0 w3 1 § i
we do this by means of Theorem 1.13, where we put
Ly = log Hp 3 my = log Hq,.
The inequalities x < 8(x) < x + 1, together with Proposition 1.8, give
My, = &
lim —2—" = b - g3
n>oo My — M, 1
now, a well-known theorem of Cesaro gives the same value for the limit we con-

sidered in Theorem 1.13(a).

Remark 2.2: Paper [3] treats, using different techniques, the particular case
of the preceding theorem where p{n} = 1/n (so that S, ~ log m). Paper [3] also
contains a reference to another paper [4] in which the same particular case is
studied. The same result is extended in a different direction in Theorem 7.16
on page 64 of [1].

Now, let r be an integer, with 1 < r £ 9 and, in the proof of Theorem 2.1,
take a = log,,», b = log;,(r + 1); then £ turns out to be the set of integers
the decimal expansion of which has » as the first digit and the preceding proof

gives 1L
> uik 1, (k)
=1

nre u([l, n])

This simple remark may be rephrased as follows:

r + 1

= lOglOT“
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Corollary 2.3: Let E be the set of integers the decimal expansion of which has
r as the first digit; if u is a measure on N* satisfying the property P, then

the

234

u-density of E is loglo(r + 1)/r.
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