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1. Introduction

In a short communication that appeared in this jounal [12], Whitford con-
sidered the generalized Fibonacci sequence {G,} defined as

(1.1) G, = (aF - 8})/Vd,
where d is a positive odd integer of the form 4k + 1 and
a; = (1 + /d)/2
(1.2)
Bd (1 - I/C—Z)/Z.
The sequence {G,} can also be defined by the second-order linear recurrence
relation

(1.3)  Guyp = Gpyp + ((d - 1)/4)G,3 Gg =0, G = 1.

Monzingo observed [7] that, on the basis of the previous definitions, the
analogous Lucas sequence {H,} can be defined either as

(1.4)  Hpyp = Hyy1 + ((d = 1)/&)H,; Hy =2, H =1
or, by means of the Binet form

(1.5) H = ag + B;.

n

Our principal aim is to extend the results established in [7] by finding
further properties of the numbers A, which, throughout this note, will be refer-
red to as Monzingo numbers.

2. On the Monzingo Numbers Hn(m)

Letting
(2.1) (d-1)/4 =me W
in (1.3) and (l.4), we have

(2.2) Gpyo(m) = Guyp1(m) + mG,(m); Go(m) =0, Gi(m) =1
and the Monzingo numbers
(2.3) Hypo(m) = Hyp1(m) + mH,(m); Ho(m) =2, Hy(m) =1,

respectively. Note that both {G,(m)} and {H,(m)} are particular cases of the
more general sequence {W,(a, b; p, g)} which has been intensively studied over
the past years (e.g., see [3], [4], [5], and [6]). More precisely, we have

(2.4)  A{H,(m} = {W,(2, 15 1, -m)}.

The first few values of H,(m) are given in (2.5).

*Work carried out in the framework of the agreement between the Italian PT Administration and
the Fondazione Ugo Bordoni.

256 [Aug.



A NOTE ON A CLASS OF LUCAS SEQUENCES

(2.5)  Hy(m) = 2
Hl(m) 1
Hy (m) (d+1)/2 =2m+ 1
Ha(m) = (3d + 1)/4 = 3m + 1
Hy, (m) (d?> + 6d+ 1)/8 = 2m2 + 4m + 1
Hs(m) = (5d2 + 10d + 1)/16 = 5m2 + 5m + 1.

Using Binet's form (1.5), (1.2), and the binomial theorem, the following gen-
eral expression for #,(m) in terms of powers of d can readily be found to be

where [-] denotes the greatest integer function.
From (2.3), it must be noted that H,(l) and the #»'™0 Lucas numbers L, coin-
cide. As a special case, letting m = 1 (i.e., d = 5) in (2.6), we obtain

[n/2]

jz% (57)57-

1
271—1

(2.7) L, =

Countless didentities involving the numbers 4, (m) and G,(m) can be found
with the aid of (1.1) and (1.5). A few examples of the various types are
listed below.

(2.8)  Hy(mH,43(m) = Hypyr (m) + (-m)"Hy(m) (cf. [7, (3)]),
whence Simson's formula for {#,(m)} turns out to be
(2.9)  Hyoy(MHyey(m) = Bi(m) = (-m)"~1(4m + 1).
(2.10) Hy,(m) = H2(m) - 2(-m)",
(2.11) Gy, (m) = G,(m)H,(m),
(4m + 1)Gp, (m) + Hpy (m)

(2.12) H2n+1(m) = 2 )

Go, (m) + Hy, (m)

(2.13) G2n+1(m) = 2 })

(=) (Hapapy (M) = Hy (M) = Ha(ny1yap(m) + Hy(m)
(-m)@ + 1 - H,(m) ’

(2.14) 2 Hyi,p(m) =
j=0

Observe that (2.14) may involve the use of the negative-subscripted Monzingo
numbers

(2.15) H_,(m) = (-m)""H,(m).

[2m(2n = 1) + nlH,4e1 (m) - 2m2H, 1 (m)

n
1 _ =
(2.16) ¢V = j;lHj(m)Hn—j—fl(m) = pr—— ,

({C;D}, the Monzingo 1°¢ Convolution Sequence)

HH%+4(M) - (n + 1)Hn+3(m) + 3m + 1
2 5

(2.17) 3 jH;(m) =
Jj=1 m

Hy (m) <1 + Vhm + 1y <1 - Vim + 1)

gt P 2 ) exP 2 '

(2.18) 2: = ex
i=0
The usefulness of (2.10)-(2.13) will be explained later.
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Some properties of the Monzingo numbers can also be found by using appro-
priate matrices. As a minor example, we invite the reader to prove that

(2.19) H,(m) = tr M",

where tr A denotes the trace (sum of diagonal entries) of a generic square mat-
rix A and

(2.20) M= [ Lom }.

Letting
(2.21) m=k(k+ 1) (kem

in (2.3) leads to a simple but rather interesting case. In fact, we have [cf.

(2.1)1]

(2.22) d=4k? + 4k + 1 = (2k + 1)?,
so that [cf. (1.2)]

(2.23) a; = k 4+ 1 and By = -k
are integral and

(2.24) H (k2 + k) = (k + )" + (-k)".

On the basis of (2.24), it can readily be seen that the numbers Hn(kz + k) can
be expressed by means of the following first-order linear recurrence relation

(2.25) H, (k2 + k) = (k + DH,_1(k? + k) + 2k + Dk (-1)";
Hy(k? + k) = 2.

This suggests an analogous expression for #,(m) (m arbitrary). In fact, using
(1.2), (1.5), and (2.1), it can be proved that

(2.26) H,(m) = agh,_1(m) - Yam + 18}"Y; Ho(m) = 2,
whence, as a special case, we have

(2.27) L, =oal,_1 - 58" L; I, =2,

where o = ag and 8 = Bg.

Now, let us consider a well-known (e.g., see [6], Cor. 7) divisibility pro-~
perty of the numbers #,(2, b; b, g) which, obviously, applies to the Monzingo
numbers. Namely, we can write

(2.28)  Hyp(m) |Hps41) (M)
whence it follows that
Proposition 1: If H,(m) is a prime, then 7 is either a prime or a power of 2.

Proposition 1 and (2.24) give an alternative proof of a particular case (g and
b, consecutive integers) of well-known number-theoretic statements concerning

the divisors of a” * b” (e.g., see [10], pp. 184ff.). More precisely, we can
state

Proposition 2 (n odd): 1If (k + 1)" - k™ is a prime, then »n is a prime.
Proposition 3 (n even): If (k + 1)" + k™ is a prime, then n = 2" (h € ).

It must be noted that, for kX = 1, Proposition 2 is the well-known Mersenne's
theorem, while Proposition 3 is related to a property concerning Fermat's num-
bers (e.g., see [10}, p. 107). We point out that, from the said statements
concerning the factors of a” * b", it follows that, if p is an odd prime and
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Hp(k2 + k) is composite, then its prime factors are of the form 2lp + 1. For
example, we can readily check that, for k = 2 and p = 11, we have

Hy1(6) = 175099 = (2« 1«11 4+ 1)2(2+ 15«11 + 1).

Finally, let us consider the sum
h
(2.29) S, = Z%Hn(m)
e

and ask ourselves whether it is possible to find a closed form expression for
(2.29) in terms of powers of h. A modest attempt in this direction is shown
below. Taking into account that #,(0) = 1 V n > 0, expressions valid for the
first few values of »n can easily be derived from (2.5) and from the calculation
of Hg(m) = 2m3 + 9m? + 6m + 1:

(2.30) Sy, =h +1 Sy, n = (213 + 9h2 + 10k + 3)/3
Sy,p = h* + 20+ 1 Sg = (5h3 + 15h2 + 13k + 3)/3
S3,n = (3h% + 5n + 2)/2  Sg 5, = (A" + 8h3 + 16h% + 11k + 2)/2.

3. Some Congruence and Divisibility Properties
of the Monzingo Numbers

If we rewrite (2.6) as
[71/3] " i
(3.1) 277 lg (m) =1+ ) ( .)dJ,
=0 \2d
it is easily seen that
(3.2)  277lH, (m) =1 (mod d).

From (2.24), Proposition 1, and the definition of perfect numbers (e.g., see
[9], p. 81), it follows that all even perfect numbers are given by ZP“IHP(Z),
where Hp(2) is prime (p 2 3, a prime). Since m = 2 implies d = 9, from (3.2)
we can state

Proposition 4: Any even perfect number greater than 6 is congruent to 1 modulo
9.

By using either [1, (2)] or [2, (1.2)] and taking into account that [cf.
(1.2)1

ag + By =1
(3.3)
0z8; = (L - /4 = -m,

we obtain the following expression for H,(m) in terms of powers of m [cf.

(2.5)]

[n/2] )
(3.4)  Hy(m) = 2 nC, smd (n 2 1),
§=0
where
-1 m- j)
3.5 Cuy=5(" 3 7)-
Rewrite (3.4) as
[n/2] .
(3.6) H,(m) =1+mn 3, C, . m? (n=z1)
j=1
and observe that, if »n is a prime, then (, ; is integral. It follows that

(3.7) H,(m) =1 (mod n) if n is prime.
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Note that (3.6) allows us to state that
(3.8) (i) H,(m) =1 (mod m) (n = 1)
(3.9) (ii) H,(2k) is odd (»n > 1),

. =1, (mod 2),

[n/2]
(3.10) (iii) H,Q2k+1) =1+ Y nC, .
J=1 ’

(3.10') that is to say, H (2k + 1) is even iff n = 0 (mod 3).

Curiosity led us to investigate the divisibility of H,(m) by some primes
p > 2. A computer experiment was carried out to determine the necessary and
sufficient conditions on 7 for an odd prime p < 47 to be a divisor of H,(m)
(2 <m < 10). The case m = 1 has been disregarded, since the conditions on 7
for the congruence L, = 0 (mod p) (p < 47) to hold are well known. For p and m
varying within the above said intervals, the results can be summarized as
follows

(3.11) H,(m) = 0 (mod p) iff n = r (mod 27r).

The values of r are displayed in Table 1, where a blank value denotes that p is
not a divisor of the Monzingo sequence {H,(m)}.

TABLE 1. Values of r for 3 <p < 47 and 2 <m < 10

2 3|4 |56 |7]8 |9 |00
3p- -2 -] ]2- -2
502 (3 [ - - 123 1-]-
703 |24 |- |- |-]3|3]|2
|- e |62 |- |3]-1]5]-
1Ble |- (3|7 26|77 |-]-
17 (4 |8 |- |8 |8 |of2|-]|o9
19 (- |- |9 |03 |wofs5|2]s
B n jun |26 |11 |-|4 |12]-
20 (14 {14 |- |- 17 |-|14]|- |5
31 |5 |4 |16 |16 |- [16]15 |16 | 3
37 |18 |- |- 18 |18 |- {18 - |°-
41 (10 {21 | - |- |20 |21|10 |5 | -
- o - a2 |- - 22
47 |23 |8 [23]- [23]8]2a]23]56

Let us give an example of use of Table 1 by considering the case m =
p = 29. For these two values, the table gives r = 7. It means that H,(6
(mod 29) iff n = 7 (mod 14).

Of course, the above-mentioned experiment led us to discover also the repe-

tition period Py, , of the Monzingo sequences reduced modulo p. Some values of
P, p are shown in Table 2.

TABLE 2. Values of P, , for 3 < p <47 and 2 <m < 10
m

D 2 |13 |4 5 6 7 8 9 10
3 2 1 8 2 1 8 2 1 8
5 4 (24 |6 1 4 4 24 6 1
7 6 |24 |48 3 6 1 16 6 |24
11 | 10 {120 [120 | 40 5 60 | 10 |10 | 6
13 112 (12|12 | 56| 12| 12| 56 |84 |42
17 8 |16 |8 16 | 16 | 288 | 16 |144 |288
19 | 18 |90 |18 [360( 18 | 120 | 60 |72 |180
23 (22 |22 (528 |264 | 22 | 11 | 176 |528 | 11
29 (28 |28 |35 |105( 28 | 28 | 28 210 |280
31 | 10 {240 (320 | 192 | 30 {960 | 30 {960 | 30
37 |36 {171 |171 | 36 | 36 | 684 | 36 |36 | 36
41 | 20 [336 1105 | 40 | 40 |1680| 20 |40 |20
43 114 |42 |42 | 42 | 42 | 33 | 77 |1848| 42
47 | 46 [736 [ 46 | 23 | 46 | 736 |2208 | 46 |552
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3.1 The Numbers H4 (m): A Divisibility Property

Both the definitions and most of the properties of the numbers #,(m) and
G,(m) remain valid if m is an arbitrary (not necessarily integral) quantity.

Let us define the numbers #, "(m) as the first derivative of H,(m) with respect
to m ’

(3.12) #V(m) = % H,(m).

From (3.12) and (3.4), we have

[n/2] . [n/2] - 1
1 ey - . _n ,<”je7> -1 = . (n =g = D15
(13 #m = 2d ) G- "
[n/2]

)mj'l (n =21).

I
S
™
3

|
O
=
—

Now it is plain that H&U(m) = 0 (mod n). Moreover (cf. [6], p. 278), (3.13)
leads to the following cute result
(3.14) —, = Gpoa(m)y (n z21).

4. The Monzingo Pseudoprimes

Of course, the converse of (3.7) is not always true. Let us define the odd
composites satisfying (3.7) as Monzingo Pseudoprimes of the mth kind and
abbreviate them m-M.Psps. Incidentally, we note that the 1-M.Psps. and the
Fibonacci pseudoprimes defined in [8] and investigated in [2] coincide.

For m> 1, the m-M.Psps. are not as rare as the Fibonacci pseudoprimes.
Let u,(x) be the m-M.Psp.-counting function (i.e., the number of m-M.Psps. not
exceeding x) and let My(m) be the smallest among them. A computer experiment
has been carried out to obtain u,(1000) and ¥;(m) for 1 < m < 25. These quan-
tities are shown against m in Tables 3 and 4, respectively.

TABLE 3. Values of u,(1000) for TABLE 4. Values of M(m) for
1 <m< 25 1 <m< 25

m |p,1000)| m |, (1000) m o Mm| m M, (m)
1 1 14 11 1 705 14 21
2 3 15 22 2 341 15 9
3 6 16 2 3 9 16 85
4 5 17 5 4 25 17 51
5 8 18 8 5 15 18 9
6 15 19 13 6 9 19 25
7 9 20 17 7 49 20 15
8 3 21 29 8 231 21 9
9 15 22 9 9 9 22 33
10 14 23 4 10 25 23 69
11 7 24 10 11 33 24 9
12 15 25 9 12 9 25 25
13 12 13 49

The reader who would enjoy discovering many more m-M.Psps. can use the sim-
ple computer algorithm described on pages 239-40 of [2], after replacing the
identities (3.5)-(3-8) in [2] by the identities (2.10)-(2.13) shown in Section
2 above.
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It can be proved that certain odd composites are m-M.Psps. In this note,
we restrict ourselves to demonstrating that, for p an odd prime and s an inte-
ger greater tham 1, p® is a p-M.Psp.

Theorem 1: Hps(p) = 1 (mod p?®).

Proof: By observing (3.6), it is plain that it suffices to prove that Cpe, 507
is integral for 1 < j < (pS - 1)/2. More precisely [cf. (3.5)], if (p, J) = 1,
then Cps,; is an integer; thus, it suffices to prove that the power a with
which p enters into j! is less than j. This is true for any j and p (odd). 1In
fact, it is known (e.g., see [11], p. 21) that

(4.1) a-= }3 [d/p%]1s
=1

whence we can write
a< Y jlpi = gl(p-1) < 4. Q.E.D.
i=1

Let us conclude this note by pointing out that the numerical evidence turn-
ing out from the above said computer experiment suggests the following

Conjecture 1: 1If p 2 5 is a prime and s is an integer greater than 1, then pS
is a (p - 1)-M.Psp., that is

(4.2) Hps(p = 1) =1 (mod p?).

For some values of p, we checked Conjecture 1 by ascertaining that, while the
addends (ps,; (p - 1)7 are in general not integral, the sum

!

(pe-1)/2 .
(4.3) -21 Cpe, j(p = 1)7

J=

18. For example, let us consider the case p = 7, s = 2 and show that (4.3) is
integral. The nonintegral addends in (4.3) are those for which g.c.d.(ps-J,
J) # 1, that is .

(4.4) 4, = J;(42)67, Ay ='l“(35)614, 43 = J;<28)621.

i

42\ 7 35\14 28\21
Let us write >
(4.5) A + Ay + Ay = 41 « 39 - 38- 37 - 267 + 34 0 31« 29 - 23{;11- 504« 3614
" 26 23« 11«9 5621

7
and reduce the sum of the numerators on the right-hand side of (4.5) modulo 7

643226+ 6¢e3c1lc2ebe5043c] +520c04e20e¢506
=6+2+6 =0 (mod 7).
It follows that A; + 4, + A3 is integral, so that 49 is a 6-M.Psp.
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