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1. Introduction

The Fibonacci numbers have a well-known combinatorial interpretation in
terms of the total number of subsets of {1, 2, 3, ..., n} not containing a pair
of consecutive integers. Recently, Konvalina & Liu [4] showed that the squares
of the Fibonacci numbers have a combinatorial interpretation in terms of the
total number of subsets of {1, 2, 3, ..., 2n} without unit separation. Two
integers are called wuniseparate if they contain exactly one integer between
them. For example, the following pairs of integers are uniseparate: (1, 3),
(2, 4), (3, 5), (4, 6), etc.

In this paper, we will show that the squares of the Lucas numbers also have
a combinatorial interpretation in terms of subsets of {1, 2, ..., 2n} without
unit separation if the integers {1, 2, 3, ..., 2n} are arranged in a circle
instead of a line.

Let F, denote the n'™™ Fibonacci number determined by the recurrence rela-
tion:

Fy =1, Fp =1, Fpop = Fyyy +F, (n21).

Kaplansky [2] showed that the numbers of k-subsets of {1, 2, 3, ..., n} not con-
taining a pair of consecutive integers is

!

Summing over all k-subsets, we obtain the well-known identity
n+1-k
W e (") 7 B
k=0

Let f(n, k) denote the number of k-subsets of {1, 2, 3, ..., n} without unit
separation. Konvalina [3] proved

[k/2]<n +1-k- 24
=0

P ) a2k - D),

(2) fn, k) =
0 if n < 2(k - 1).

Summing over all k-subsets, Konvalina & Liu [4] showed
{ F2 .,  if n = 2m,

FrpyoFpyy if m=2m+ 1

(3) Y fn, k) =

k=0
Next, let L, denote the n'™™ Lucas number determined by the recurrence relation:
Ly =1, Lp = 3, Lyyp = Lyyy + L, (n=z1).

The following identity expressing a Lucas number in terms of the sum of two
Fibonacci numbers is well known (see Hoggatt [1]):

(4) Ln = Fy4 t F‘Vt"l‘
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The Lucas numbers have a combinatorial interpretation in terms of the total
number of subsets of {1, 2, 3, ..., n} arranged in a circle and not containing
a pair of consecutive integers (n and 1 are consecutive). One way to prove
this is as follows: Kaplansky [2] showed that the number of k-subsets of {1, 2,
3, ..., n} arranged in a circle and not containing a pair of consecutive
integers is

nm -k -1 _ (n -k n-k-1
5 AU I R G
Summing over all k-subsets and applying (1) and (4), we obtain:

k§0%(n ; Zj I l> - kgo(n ; k) + kzzzo(n ; .Zf I 1) = Fpp1 + Fpop = Ly,

2. The Main Result

Let g(n, k) denote the number of k-subsets of {1, 2, 3, ..., n} arranged in
a circle and without unit separation. Konvalina [3] proved the following
identity:
(6) gn, k) = f(n -2, k) +2f(n -5, k-1) +3f(n -6, k - 2).

Let (, denote the total number of subsets of {1, 2, 3, ..., n} arranged in
a circle and without unit separation. The following result relates the square
of a Lucas number and Cp,.

Theorem: 1f n > 2, then
Lz if n = 2m,
Cn =L, ifn=o2m+ 1.

Proof: Summing over all k-subsets and applying (6), we have

(7 C, =S gn, k) =3 fn -2, k) +2f(n -5, k-1) +3f(n -6, k- 2).
k=0 k=0

Even Case: n = 2m

Applying identity (3) to (7), we obtain

C =3 fn-2,k)+23 fin-5, k-1)+3) f(n-6, k- 2)

k=0 kz0 k=0
= p2 2

=Fr o+ 2F, _F, + 3F5

- g2 L p2

=FEf ., +2F, _((F, +F )+ FE5

- 2 = 2
- (E%+1 + Eh—l) - Lm'

0dd Case: n = 2m + 1

Applying identity (3) to (7), we have

Fre1Fryg + 25 + 3F, . F,

= FoprFneo + 28, (Fy + Fpo1) + FpaFy

= Fpy1Fpyo + 2B Fpyy + Pyl

= (FpsrFpao + BFpp)) + BBy + Fpoafip)

CYL

= Fopgo * Fopy = Loy = Ly

Note: We have applied the following known identity (see [1], p. 59, identity
I, withm=mn - 1): Fo, = F, Foiq + Fo 1F,.
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