
ADVANCED PROBLEMS AND SOLUTIONS 

Edited by VERNER E. HOGGATT, JR. 
San Jose State College, San Jose, California 

Send all communicat ions concerning Advanced P r o b l e m s and 
Solutions to Verner E. Hoggatt, J r . , Mathemat ics Depar tment , San 
Jose State College, San Jose , California. This depar tment espec ia l ly 
welcomes p rob lems believed to be new or extending old r e s u l t s . P r o -
p o s e r s should submit solutions or other information that will a s s i s t 
the edi tor . To facil i tate the i r considerat ion, solutions should be sub-
mit ted on sepa ra t e signed sheets within two months after publication 
of the p r o b l e m s . 

H - 5 2 Proposed by Brother U. Alfred, St. Mary's College, California 

Prove that the value of the de terminant : 
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Proposed by V.E. Hoggatt, Jr., San Jose State College, San Jose, California H-53 and S.L. Basin, Sylvania Electronics Systems, Mt. View, California 
The Lucas sequence, L, = 1, L? = 3; "n+2 L ,. + L for n+1 n 

n -̂  1, is incomplete (see V. E. Hoggatt, J r . and C. King, P rob lem 
E - 1 4 2 4 A m e r i c a n M a t h e m a t i c a l Monthly Vol. 67, No. 6, June- July 1 960 
p . 593) since eve ry in teger n, is not the sum of dis t inct Lucas num-
b e r s . OBSERVE THAT 2, 6, 9, 13, 17, . . . cannot be so r e p r e s e n t e d . 
Let M(n) be the number of posit ive in tegers less than n which cannot 
be so r e p r e s e n t e d . Show 

M(L ) = F . 
n n- i 

Find, if poss ib le , a closed form solution for M(n). 
H - 5 4 Proposed by Douglas Lind, Falls Church, Va. 

If F is the nth Fibonacci number , show that n 
*<F ) 0 (mod 4), n > 4 

where <f)(n) is E u l e r ' s function. 

44 
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H-55 Proposed by Raymond Whitney, Lock Haven State College, Lock Haven, Penn. 

Let F(n) and L(n) denote the nth Fibonacci and nth Lucas 

numbers, respectively. 

Given U(n) = F(F(n)), V(n) = F(L(n)), W(n) = L(L(n)) and 

X(n) = L(F ), find recurrence relations for the sequences U(n), V(n), 

W(n) and X(n). 

H ~ 5 6 Proposed by L. Carlitz, Duke University, Durham, N.C. 

Show 

x F* - (V*W k >, 
^ F F T T T F F ~ "k+I > " • 

, n n+28 * ° n+k n+k+1 „ _ 
n=l 7f F. 

i=i x 

H - 5 7 Proposed by George Ledin, Jr., San Francisco, California If F is the nth Fibonacci number, define n 

G 
n 

and show 

(i) lim (G , . - G ) = 1 w ^ x n+1 n 
n~> °° 

(ii) lim (Gn+1/Gn) = 1 . 
n-> a. 

Generalize. 
H - 5 8 Proposed by John L. Brown, Jr., Ordnance Research Laboratory, The Penn. State 

University, State College, Penn. 
Evaluate, as a function of n and k, the sum 

2 F2L +2 F2i9+2 9 e # F2L +2 F2i, , , 4-2 ' 
. . . , 1 2 k k+1 
x1 +i2+. . .+ik + 1=n 

where L, i? , i~, . . . , i , + , constitute an ordered set of indices which 

take on the values of all permutations of all sets of k+1 nonnegative 

integers whose sum is n„ 

REPROPOSED CHALLENGE 

H - 2 2 Proposed by Verner E. Hoggatt, Jr., San Jose State College, San Jose, California 
CO Tj-» CO 

If P(x) = n (1 + x x) = X R(n) xn , 

i=l n=0 
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t h e n show 

(i) 

(ii) 

R ( F ~ - 1) = n 
2n ' 

R(N) > n if N > F 0 - 1 . 2n 

I N V E R S I O N O F F I B O N A C C I P O L Y N O M I A L S 

P - 3 Proposed by Paul F. Byrd, San Jose State College, San Jose, California 

in " E x p a n s i o n of A n a l y t i c F u n c t i o n s in P o l y n o m i a l s A s s o c i a t e d w i t h 

F i b o n a c c i N u m b e r s , " Vo l . I, No . 1, F e b . 1963 , p p . 1 6 - 2 9 . 

V e r i f y t he r e c i p r o c a l r e l a t i o n s h i p 

[n/2] 
X

n = <Ln 2 ( - l ) r (n) Hl2£+i ( x ) ( n ^ Q ) 
2 xr n - r + 1 r n + l - 2 r v ' x ' 

r=0 

w h e r e [k/2] 
X k + 1 (x) = I ( k

m
m ) ( 2 x ) k ' 2 m ( k > 0) 

m = 0 
Solution by Gary McDonald, St. Mary's College, Winona, Minnesota 

V e r i f i c a t i o n by i n d u c t i o n : ( E q u a t i o n n u m b e r s r e f e r to P„ F . B y r d ! s 

a r t i c l e , 

F o r n = 0, we h a v e \ - Y (x) w h i c h a g r e e s w i t h (2„ 2) . A s s u m i n g (1) 

t r u e fo r n = k, we c a n w r i t e 

[k/2] 
k+1 1 ^ , i x r .kx k - 2 r + l ,-, x v , s 

x = TFFT ^ { ' l ) ^ - E T F F T ( 2 x ) y k + l - 2 r ( x ) • 
Z r = 0 

R e c a l l i n g (2 . 1), we h a v e 
~[k/2] 

k+1 1 
,k+ l 

.k+1 

X ( - l ) r ( k ) ^ l l l i i _̂ 
[k/2] 

V k - r + 1 ' k + 2 - 2 r 
, x „ , -, , r . k k-2r+l 
(X)- I (-1) (J-TTT^XT-yL. V k - r + 1 ' k - 2 r (x) 

r = 0 r=0 

[k/2] 
y k + 2 ( x ) + 2 ( - i ) ^ ) ^ ± i y k + 2 . 2 r 

r = l 

" [k/2]-l 
- s (-i)r(k)^."-r.t- y, 

(x) 

r ' k - r + 1 k - 2 r (x) + C 
r = 0 
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where 
C = ( [k/2] +l/ k \k-2[k/z] + 1 

' \[k/2]/k- [k/2] + 1 rk- 2 [k/2] (x) . 

Letting j = r + 1 in £he second X f ° r x 

[k/2] 

k+1 

k+1 1 
,k+l r k + 2 (x ) + S ( - i ) r ( ^ ) ^ ^ y k + 2 . 2 r 

r=l 
(x) + 

[ k / 2 ] 
J . k . k+3-2j 

or combining coefficients of y. (x) 

[k /2 ] 
(2) "k+1 = Jn <! W > + s i-1'' k k -2 r+ l 

V k - r + 1 
r=l 

l r - l ' k+2~r y k+2-2r ( x ) • c ( 

We can reduce the quantity in bracke ts as follows: 
/k\ k " Z r + 1 +/ k ^k+3-2r 
V k-r+1 l r - l ' k + 2 - r [^Mar">^.""H(^ 

r k- n 7 x n n j . 9 xx k!(k+3-2r) "1 / 1 \ 
= [(k-r+i)!r; ( k - 2 r + 1 ) ( k + 2 - r ) + (F^+irn^IT:JVkT2r7J 

(k-2r + l ) (k+2-r) + r ( k + 3 - 2 r ) ] 
k+1 J (k-r 

(k+1)! 
+1)1 r! (k+2-r) 

|k +3k-2rk-2r+2 
L (k+i) 

k+2-2r / k + l \ 
k+2-r \ r ) ' 

(k+i): 
(k- r+l)I ri (k+2-r) 

Therefore from (2), 

(3) k+1 1 
,k+l 

[ k /2 ] 
/ \ , v / -, xr .k+L k+2-2r v 

yk + 2(x) + 2 (-1) ( r ) T T Z - F Yk+Z_2r 
r=l 

x) + C 

Note that: 

a) w ^ - ^ O S J ^ v2-oW 
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b) When k i s e v e n C = 0, and [ | ] = [ ^ ~ ] . 

When k i s odd, t h e n ~- J = ? and 

C = (-1) 

= (-1) 

ese. 2 J 3+_k ' 1 
2 

VAx) 

m k - l v .k+1 3+k I yT(x) 

If we l e t r = —— in t he X of e q u a t i o n (3), we h a v e 

L 2 J ( k + l ) i 
(-1 

2 y . . . . 1 2 J (k+ l )k i 4 
k + 1 . , ,k+l k+3 V x ' ~ l ' 2 ( k + l ) , k - l . , , k + I . , k+7 V (x) 

= (-D [̂ ] 
(^L)K^L): k+3 * 

y,(x) 

= C, k odd . 

T h e r e f o r e , we m a y c o m b i n e Y, _(x) and C in to the £ in (3) and 

w r i t e 

[JH] 
x = -rrrr- 2 ( -1 ) ( _ ) , . 9 „ Y, . 9 . (x) , , k+ l r ' k + 2 - r ' k + 2 - 2 r v 

r=0 

f r o m w h i c h we c o n c l u d e 

l>/2] 
x

n
 = _L 2 i - i f f lg ; 2 ^ 1 r. V n - r + 1 ' n + l - 2 r (x), n > 0 

r:=0 

D E F E R R E D A N S W E R 

H - 3 4 Proposed by P.F. Byrd, San Jose State College 

D e r i v e the s e r i e s e x p a n s i o n s 
OD 

J 9 1 (a) = lha) + 2, ( - l ) m + k I .,(<*) I , ( a ) L , ? v k% ' • ' m+k v ' m - k 2m 2kx 

m = l 
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(k= 0, 1, 2, 3, ) for the Besse l functions J of all even o r d e r s , 
Zj£ where L a r e Lucas numbers and I a r e modified Besse l functions. n n 

The solution will appear in a fine paper by the p ropose r to appear 
la ter in the Quar t e r ly . 

FIBONACCI AND MAGIC SQUARES 
H~ 3 5 Proposed by Walter W. Horner, Pittsburgh, Pa. 

Select any nine consecut ive t e r m s of the Fibonacci sequence and 
form the magic square 

u 8 

| u 3 

i U 4 

u l 

u 5 

U 9 

u 6 

u ? 

u 2 ' 

show 

Generalize. 

U8U1U6 + U3U5U7 + U4U9U2 

ugu3u4 + U lu 5u 9 + u6u?u2 

Solution by Maxey Brooke, Sweeny, Texas and F.D. Parker, SUNY, Buffalo, N.Y. 

If U sat isf ies the genera l second o rde r difference equation, then 

U, 

u„ 

u_ 

un 

ur 

ur 

u. 
U, 

Ur 

= 0 

s ince U , -, = &U ,, + SU with U, and U0 a r b i t r a r y . The expan-n+2 n+1 ^ n 1 Z 
sion of this de te rminan t yields products whose subsc r ip t s add up to the 
requ is i t e 15 and yields the equality asked for in the p rob lem. 
Also solved by the proposer. 

G O L D E N S E C T I O N IN C E N T R O I D S 

H - 3 6 Proposed by J. D.E. Konhauser, State College, Pa. 

Consider a rec tangle R. F r o m the upper r ight co rne r of R r e -
move a rec tangle S ( s imi la r to R and with s ides pa ra l l e l to the s ides 
of R. Determine the l inear ra t io K= L / L c if the centroid of the 
remaining L shaped region is where the lower left co rne r of the r e -
moved rec tangle was . 
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Solution by John Wessner, Melbourne High School, Melbourne, Florida 

G 
O 

F e b r u a r y 

D 

G O r L R 

CD =: 

OD = 

OE = 

Ls 
a L 

a L 

T h e c e n t r o i d of A G P B i s a t * | L + L i.i .1 R 
a n d h a s w e i g h t 

a L R \ L^ - L [ . S i m i l a r l y t h e c e n t r o i d of B E D C i s a t -j L^ , 

y a Lq + L R I and h a s w e i g h t a L q j L~ - L p | . The c e n t r o i d of t h i s 

r e m a i n d e r m u s t be a t P a n d h a v e x - c o o r d i n a t e 

L ZLSaIVLR! + H L S + L R I I V L R I LR 
R -K-4I 

o r u p o n e x p a n d i n g 

2 L R I L S - L R I L S - L R 

D i v i s i o n by L g i v e s R 
K 3 - l 

A f t e r r e m o v i n g the o b v i o u s r o o t +1 we h a v e K - K - 1 = 0 w h i c h 

h a s a s i t s p o s i t i v e r o o t y = (1 + \]5)/2. 

E d i t o r i a l C o m m e n t : T h e a b o v e p r o p e r t y i s s h a r e d by . m a n y 

g e o m e t r i c f i g u r e s i n c l u d i n g the e l l ipse , , A s h o r t p a p e r l a t e r w i l l s h o w 

t h i s . 

Also solved by David Sowers and the proposer. 

A F A S C I N A T I N G R E C U R R E N C E 

H - 3 7 Proposed by H.W. Gould, West Virginia University, Morgantown, West. Va. 

F i n d a t r i a n g l e w i t h s i d e s n + 1 , n, n - 1 h a v i n g i n t e g r a l a r e a . 

T h e f i r s t t w o e x a m p l e s a p p e a r t o be 3 , 4, 5 w i t h a r e a 6; a n d 1 3 , 14, 

15 w i t h a r e a 8 4 . 
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The p r o p o s e r ' s paper comprehens ive ly d i scuss ing this problem 
wil l soon appear in the Quar t e r ly . 

NO SOLUTIONS RECEIVED 
H - 3 8 Proposed by R.G. Buschman, SUNY,Buffalo, N.Y. 

(See Fibonacci Numbers , Chebyshev Polynomia ls , Genera l i za -
t ions and Difference Equations Vol. 1, No. 4, Dec. 1963, pp. 1-7.) 

Show (u + ( -b ) r u ) /u = \ . 
n+r n- r n r 

CORRECTED 
H - 4 0 Proposed by Walter Blumberg, New Hyde Park, L.I., N.Y. 

Let U, V, A and B be in t ege r s , subject to the following con-
ditions (i) U > 1, (ii) (U, 3) = 1; (iii) (A, V) = 1; 

(iv) V - ^/(U2 - l ) / 5 
2 

Show A U+BV is not a squa re . 
CONVOLUTIONS AND OPTICAL 2-STACK 

H - 3 9 Proposed by Verner E. Hoggatt, Jr., San Jose State College, San Jose, California 

Solve the difference equation in closed form 
Cn+2 = Cn+1 + C n + F n+2 ' 

where C, = 1, C0 = 2, and F is the nth Fibonacci number . Give 1 Z n 
two sepa ra t e cha rac t e r i za t i ons of these n u m b e r s . 
Solution by L. Carlitz, Duke University, Durham, N.C. 

Since C 2 = C, + C 0 + F - we have a l so C = 0. If we put 

c(t) = x c n t n , 

then it follows from 
n+2 n+1 n n+2 

that 

Thus 

( l - t - t 2 ) C ( t ) = 1 F n t n = —* 
1-t-t 0 

(1) C(t) = - y 
2 

( l - t - r ) 
Expanding we get 
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00 r 
C(t) = t 2 (r+l)( t+t2) 

r=0 

= 2 (r + l ) t r + 1 2 (l)tS 

r=0 s = 0 
n 

= 2 t n + 1 2 (r+l)( r ) f n - r 
n=0 r=0 

so that n 
C ,, = 2 (r+l)( r ) = 2 ( n - r + l ) ( n ~ r ) . n+1 / x n - r ' v /x r ' 

r=0 2 r < n 
Another explicit exp res s ion that follows from (1) is 

n-1 
C , = 2 F F n-1 r n - r 

r=l 
Next is we differentiate 

t = 2 F t n 

we get 

i - t - t 2 " „ n 

2 °° 
1 + t 2 (n+l)F^^ t n 

2 " ^ x ' n + 1 
(1- t - t ) 0 

which yields 

A consequence of this is 

C + C 7 = (n+l)F ,. n n-2 n+1 

C = 2 ( - l ) k ( n - 2 k + l ) F , , ,, n n-2k+l 
2k < n 

Final ly cons ider the number 
C = AnF + BnL n n n 

We find that 

Since 

we get 

C1 , 9 - C' . - C» = A(F X 9 + F ) + B(L , 9 + L ) n+2 n+1 n n+2 n n+2 n 

L , 9 + L = 5(F - F ) n+2 n n+2 n 

C'_i_o " C' , - C = (A+5B)F , 9 + (A-5B)F n+2 n+1 n v ' n+2 v n 
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Hence for A = 6, B = 1/10 it follows that 

Clear ly 
n+2 n+1 n n+2 

C = n /2 F + n/10 L + a F + bL n n ' n n n 
Taking n = 0 we get b = 0o Fo r n = 1 we get a = 2 /3 0 Therefore 
we have 

n L + 2F 
C = n /2 F + n / l O L + 2/5 F = £ l i . 

n ' n ' n n 5 
Also solved by Ronald Weimshenk, John L. Brown, Jr., Donald Knuth, H.H. Ferns and the proposer. 

Edi tor ia l Note: Another charac te r i za t ion , bes ides the convolu-
tion 

31+1 (n+l)L , 9 + 2 F ,_ 
C ,. = 1 F F = Jl+5 2+i f 

n+1 r n - r 5 
r=l 

i s the number of c ro s s ings of the in ter face , in the optical s tack in p r o b -
lem B-6, Dec. 1963, p . 75, for al l r ays which a r e ref lected n - t i m e s , 
If fQ(x) = 0, fx(x) = 1, and fn + 2(x) = xfn+1 (x) + y x ) , 
the Fibonacci polynomials , then 

f (1) = F and f ' ( l ) = C , . n n n n - 1 

XXXXXXXXXXXXXXX 

MATH MORALS 
Bro the r IL Alfred 

A tutor who tu tored two rabb i t s , 
Was intent on re forming the i r habi ts0 

Said the two to the tutor , 
"There a r e rabbi ts much cuter , 
But non-Fibonacci , dagnabi ts . " ' 

The author has jus t taken out poetic l icense # F q according to one 
c lause of which it is p e r m i s s i b l e to cor rup t cor rup ted w o r d s , 

XXXXXXXXXXXXXXX 


