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1. INTRODUCTION
Atheorem due to E. Zeckendorf(see [1] for proofand discussion)
asserts that every positive integer n can be represented uniquely as
a sum of distinct Fibonacci numbers such that no two consecutive Fib-
onacci numbers appear in the representation. With the definition
=1, u

u = 2,and u =u +u for n 21, Zeckendorf'stheorem
2 nt+2 n n

1 +1
yvields an expansion for each positive integer n in the form

®

n = .a.
3 0-11 ’
1

2 1.

where a, is either 0 or 1 for each i 21 and a.a..q = 0 for i
Thus each positive integer n canbe associated with a binary sequence
A,Gpy8g,0 ey Quye e vy where for given n, we see that ai(n) =1 if u,
appears in the Zeckendorf expansion of n; otherwise ai(n) = 0. The
constraint a.a; g = 0 for i 21 effectivelystatesthattwoconsecutive
1's can never appear inthe binary sequence corresponding to n. For
example, if n=17, then 17=1+3 +13 = uy +u3 + ug, SO that 17 is
associated with the binary sequence 101001. (It is clear that each such
expansion must haveall zeros to the right of some i= io dependingon.
n and these noncontributing zeros are suppressed.)

The question arises as to what occurs if, instead of disallowing
two consecutive non-zero coefficients in a Fibonacci expansion, we
disallow two consecutive zero coefficients. In other words, we wish
to consider representing an arbitrary positive integer n as a sum of
distinct Fibonacci numbers,

N
n = % B;u,
1
with binary coefficients satisfying BN =1 and B; * Bin 2 1‘ for

i=1, 2, ..., N-2. In the following, Theorem 1 affords a result dual
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to the Zeckendorf theorem by showing that such an expansion always
exists for everypositive integer and moreover the expansion is unique
under the imposed coefficient constraints. Theorem 2, which is our
main result, shows that the expansion property of Theorem 1 together
with the uniqueness requirement is sufficient to characterize the Fib-
onacci numbers. This converse theorem for the dual representation

corresponds to Daykin's result [2] on the converse to Zeckendorf's

theorem,
2. A DUAL-ZECKENDORF THEOREM
Definition 1: The Fibonacci sequence {1} is defined by u, = 1,
u, = 2, and woo,Fuog + u for n 2 1.
Lemma 1:
Uy T 1 = uk+u.k_2 +uk_4+ +u.3 +uy for k odd.
(a)
Upig T 1 = uk—!-uk_2 +uk—4+"' ~l—u4+u2 for k even.
(b) Yol T Uk T ez T Uea T T Ukezpiz T zpn
where
p=1,2,..., 1% for k evenand p=1,2,..., k—é—l- for k odd.
k-1 !t
(c) Uiy - 2 = 3 uy for k 21, where 3
1 m
is defined to be zero for n < m.
Proofi. The straightforward inductive proof is left to the reader.

Our first theorem, as noted in the introduction, is essentially a

dual of the Zeckendorf theorem [1] :

Theorem 1: Every positive integer n has one and only one represen-
tation in the form

k
(1) n =3 Bu

1

where the Bi are binary digits satisfying
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(2) BB, 21 for i = 1,2,..., k-2
and
(3) B, =1

Fora given positive integer n, the value of k is determined as

the unique integer for which the inequality,

(4) uk+1-2<n Suk+2-2 ,
is satisfied.
Convention: It will be assumed without explicit mention in the re-

mainder of the paper that all expansion coefficients (subscripted var-
iables a and ) are binary digits, that is, digits having either the

value zero or the value unity.

Proof of Theorem: Let n bea positive integer satisfying inequality

(4). From (c) of Lemma 1, we obtain the equivalent inequality,

k-1 k
(5) I ui<nS.§‘,ui R
1 1
so that by the Zeckendorf theorem, the non-negative integer
k
3 u, - n
1

possesses an expansion in the form,

k @
(6) 3 u, -n = 3 au ,
1 1
with coefficients satisfying a.a = 0 for i21.
Note from (5) that
k k k-1
2 ow-n<iou- 3 u, = u o,

1 1 1
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which implies ai =0 for i 2 k in(6). Inparticular, ak = 0. Hence,
(6) may be rewritten
k k
3 u, - n = S aiui with a, = o,
1 1
or
k k
(7) n =73 (1 - ai)ui = 3 Biui with ,Bkzl ,
1 1

where we have defined Bi =1 - a, for i=1, 2, ..., k. Itis clear
i = ={(1 -~ - 2
from the relations a a ., 0 and a.a. (1 ,Bi)(l Bi+l) that Bi + Bi+1_1
for i=1, 2, ..., k- 2, as required.
To show uniqueness, assume there exists a positive integer n

with two representations:

m P
(8) n=3% Bu =% Bu ,
1 1

- ! - 1 = -
where Bm—Bp—l, 'Bi+'81+1 21 for i=1, 2, ..., m 2 and
1 ! 5 =
ﬁi+Bi+1 21 for i=1, 2, ..., p - 2.
If m # p, thenweassume m > p withoutloss of generality, and

from the coefficient constraints and Lemma 1, we have

m
by Biui Zum-hlrn-Z-I-um—l}+"' +u1,2 = Ym+l -l
1
while
p p m-1
5 B'wyy< ¥ ows ¥ owo=uw -2 .
1 1 1

(Here and in what follows, the subscript notation u, , servesto indi-
E]
cate the final term in a sum, the value of the final term being either

u; or u, depending on the parity of the index associated with the initial
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term in the sum.) This is in evident contradiction to (8) and we con-
clude m = p. ’

Now, define a = 1 - Bi and ai‘ = -Bi' for i=1, 2, ..., p.

Then a;a; g = ai'ai'._l_1 =0 for i=1, 2, ..., p -1, and (8) becomes

P P
3 (- ai)u:.L = 3 (1 -ai')u
1 1
or
p p
{9) T oau = > czl'ui
1 1

Since both sides of (9)are admissible Zeckendorf representations, the
uniqueness of such representations implies a, = ai‘ yfor i=1,2, ..., p
or equivalently ﬁi = Bi' for i=1, 2, ..., p, whichproves uniqueness

of the dual representation and completes the proof of Theorem 1.

3. THE CONVERSE THEOREM

Next, we will show that the expansion property expressed in
Theorem 1 actuallyprovides a characterization of the Fibonacci num-

bers.

Definjtion 2: An arhitrary sequence of positive integers, (v.},

i=1, 2, ... will be said to possess the dual unique representation

property (Property D) if and only if every positive integer n has a

unique representation in the form

p
{10) n =3 Bivi with Bp:l, and
1
> i = -
(11) Bi+Bi+1 21 for i=1,2,.00s p~-2 .
Corollary 1: A sequence () possessing Property D has distinct

elements; that is, v.__ # v. for m # n.
m’ 'n
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Proof: Assume m #n and VoS Vo Take m > n 21 withoutloss

of generality; then,

i
contradicting the assumed uniqueness of expansions satisfying (10) and
(11).

Lemma 2: If {V;} Possesses PropertyD, then V=Y and v, =u

where () is the Fibonacci sequence of Definition 1.

2’

Proof:  In orderto representthe integer 1 in the proper form [(10)-
(11)], itis clear thateither vy or v, mustbe equal to 1. If v, =1,
then v, = 2 necessarily and the Lemma is proved. In the remaining
case, v, = 2, v, = 1 and it Ffollows that vy = 3 and V= 6. At this
point, it is impossible to represent the integer 8 in proper form no

matter how the remaining (distinct) v, are chosen. Thus vy = l'=nu

1
and v, = 2 = u, as stated.
Theorem 2. If (Vi)» i=1, 2, ... is anarbitrary sequence of posi-
tive integers possessing Property D, then Vs for all i 21,
Proof: The assertionistruefor i=1 and i= 2 as proved in Lemma
2. Now, assume as an inductionhypothesis that Vi =y, v, S Uy eney

_ 5 . - .
V=T 9 for some k 2 2. We wishto show that Vil T U4y Recessarily.
Recall from Theorem 1 (noting vy =y for i=1, 2, ..., k by

the inductive assumption) that every positive integer n satisfying

k
0<n<y \f
1
has a representation
m
n = 3 ’Bivi ,
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where m < k, Brn: 1 and Bi+Bi+1 21 for i=1,2, ..., m- 2,
We show first that Vi1 2 Upige For, if not, then Vit < U

and

(12) v

Kt +Vk—1+vk—3+' .o +v1’ 2 < Uy +uk_1+uk_3+. .o +u1, 2=uk+2-1,

which implies

Viedl Vo1 T VY, 2 S 072 =

- M ®
<

From (12) and the remark in the preceding paragraph, we have

m
Vit i1 g Tty o = 2 By
1
with m <k, Bm =1 and Bi+Bi+1 >21 for i=1, 2, .c., m - 2.

Since both sides are inthe proper form and are not identical, uniqueness

is contradicted. Therefore Y+l 2 uk+l as asserted.

Now assume Vil > Uy We shall show that this assumption
also leads to a contradiction of gn1queness. If Vit > U then the
unique representation of the integer

k
3 u, +1
has the form 1
k k+m
- 1 > —
(13) 3 ui+1 > 'Bivi with m 2 2, Bk+m 1 and Bi+B_i+1 21
1 1

for i=1,2,..., ktm-2.

(For, if m < 2 in(13), then m =1 since Vi must certainly appear

+1
with non-vanishing coefficient. But

k+1
+ .+ =
T2 e e s T T 2 7 e e M3 T 2

k

= 3 ui+1’ so that (13) could not be valid.)
1
The foregoing argument also shows Bk+1 =0 in (13); hence

Bk = '8k+2. =1 from the coefficient constraints, and
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k k+m

Towtl = X By 2y otutuy oteeduy o=

1 1

k-1
T Vw21 T T Ve B2 ot
1

or uk Vit From Corollary 1, we infer (note vy = uk) that
(14) Viegz < U -
Now, consider the particular integer, N= Vi+2 + Vi + Vo2 +ooot Vl’ 2
which is in this admissible form of (10) - (11). We have
(15) k+2+vk+vk 2 to.. +v1’ o <u +(uk+uk 2 +.o . .+u1’ 2) =

=yt gl =t

or k

_ < -2 =
N = v o™V Ve ot vy S p-2 = 20w

1
Thus N also hasa representationinadmissible form involving at most
the first k members ofthe sequence {vi} , and uniqueness is contra-
dicted.

The inequality v is therefore untenable and we have

>u s
k+1 k+1
shown Vi1 = Uetr” The theorem then follows immediately by induction.

Thus, the dual unique representation property {(Property D) is a
property enjoyed only by the Fibonacci numbers and is therefore suf-

ficient to characterize the sequence {ui}.
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