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This paper gives an e l emen ta ry d iscuss ion of the problem of ex-
p ress ing an a r b i t r a r y positive in teger as a sum of dist inct Fibonacci 
n u m b e r s . The r ecu r s ive re la t ion 

(1) F 4.7 = F .1 + F 
n+2 n+1 n 

together with F , = F~ = 1 is used as the definition of Fibonacci num-
b e r s . No use will be made of F , in any rep resen ta t ion . 

As an example consider the integer 29. It may be expressed as 
a sum of Fibonacci numbers in the following ways: 

29 = F + F , = F + F +F = F + F + F +F v *8 6 8 5 4 8 5 3 2 

= F + F , + F +F = F + F , + F +F +F *7 6 5 4 7 6 '5 ̂ 3 2 

F r o m this example it immedia te ly becomes apparent that we 
shall need to impose some "ground r u l e s " if we a r e to differentiate 
between the var ious types of r ep re sen t a t i ons . This leads us to the 
following definitions. 

A rep resen ta t ion will be called min imal if it contains no two con-
secutive Fibonacci n u m b e r s . 

A rep resen ta t ion is said to be maximal if no two consecutive 
Fibonacci numbers F. and F . , , a r e omitted from the r e p r e s e n t a -

l i+l 
tion, where F~ L̂. F . < F. ,, 5L F and F is the l a rges t Fibonacci 2 I i+l n n to 

number involved in the r ep resen ta t ion . 
Thus Fft + F/ is a min imal r ep resen ta t ion of the in teger 29 

while F^+F/ +F,-+F0+F~ is a max imal r ep resen ta t ion . 7 6 5 3 2 
It follows that a max imal (minimal) r ep resen ta t ion may be t r a n s -

formed into a min imal (maximal) one by the applicat ion or repea ted 
applicat ion of (1). 

We shall f i r s t r e s t r i c t our attention to min imal r ep r e sen t a t i ons . 
As an i l lus t ra t ive example of min imal r ep resen ta t ions we con-

s ider the r ep resen ta t ions of all in tegers N such that 
21 



22 ON THE REPRESENTATION OF INTEGERS AS F e b r u a r y 

F ? < N < F 8 

Thus N may be any one of the eight in tegers 13, 14, 15, 16, 17,18, 
19, or 20. Now the smal les t in teger in this set, namely 13, cannot be 
r ep re sen ted by the Fibonacci numbers F ? , F~, F ,, F,- and F / , since 
the l a rges t in teger under the min ima l r ep resen ta t ion rule which they 
can r e p r e s e n t is 

F 6 + F 4 + F 2 = 1 2 

Hence to r e p r e s e n t all in tegers of this set r equ i r e s F ? , F~, F ., 
FJ-J F / and F ? . 

By t r i a l we obtain the following represen ta t ions 

13 = F ? ; 14 = F ? + F 2 ; 15 = F ? + F 3 ; 16 = F ? + F 4 ; 

17 = F - + F . + F , ; 18 = F^+F^; 19 = F„+F._+F9; 7 4 2 7 5 7 5 2 

20 = F ? + F 5 + F 3 . 

One of these in tege r s , namely 13, r equ i r e s only one Fibonacci 
number to r e p r e s e n t i t . Four of them, namely, 14, 15, 16 and 18 r e -
quire two and th ree of them 17, 19, and 20 requ i re t h r e e . 

Let U denote the number of in tegers N in the range F ^. 
n, m to to n 

N<F ,, which requ i re m Fibonacci numbers to r e p r e s e n t them. 
Then 

U 7 f l = l ; U 7 > 2 = 4 ; U 7 i 3 = 3 

It is a lso evident that 
U 7 , 1 + U 7 , 2 + U 7 , 3 = F 8 - F 7 = F 6 

Now it is known (1) that 

U = 0, if m > [ 2 ] 
n, m L 2 J 

Thus we may wr i te 

n 
1 U . = F ,. - F = F . n, i n+1 n n-1 

i=l 
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Table I gives values of U for n = 1, 2, 3, . . . . 8 ; m = 1. 
to n, m ' 

2, 3, . . . , 4 . 
We now d i scuss some p rope r t i e s of the function U 

n, m 
Consider in tegers P, Q and R, defined by the following re la t ions 

F < P < F ^ . ; F < Q < F ; F ~ < R < F , 
n n+1 n-1 n n-2 n-1 

Thus 

(2) P = F n + P f p = 0 , 1 , 2 , ...-," F n _ r l 

(3) n - 1 ' H ' H " " ' " " » • • • • • • x
n - 2 

(4) R - F n _ 2 + r , r = 0 , 1 , 2 , . . . , F ^ - l 

We a r r a n g e the in tegers P in two se ts (A) and (B) as follows. 

(A) P = F n + P l , P l = 0 , 1 , 2 , . . . , F n _ 2 - 1 

(B) P = F n + p 2 , pz= F n . 2 , F n _ 2 + l , F n _ 2 + 2 F n _ 2 + ( F n _ r F n _ 2 - l ) 

= F n _ 2 + r , r = 0 , 1 . 2 , . . . , F ^ - l 

If k is a posit ive integer ,(1) impl ies that 

Hence for the set (A) 

• F + k = F _ + k + F ~ n n-1 n-2 

F- + p, = F , + p, + F . n ^1 n-1 r l n-^ 
P = F , + q + F 9 n-1 ^ n-2 
P = F + q n 

Comparing the las t equation with (2) and (3) we see that the r e -
presen ta t ion of an integer Q may be converted into a r ep resen ta t ion 

• of anin tegex P of the set (A) by replacing F , in the fo rmer by F . 
By this operat ion we m a y d e r i v e the r ep resen ta t ions of F 7 of 

the in tegers P from the r ep resen ta t ions of the in tegers Q. Der iva-
tion of the r ep resen ta t ions of P in this manner leaves the number of 
Fibonacci numbers unchanged. 
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We have now to consider the in tegers P in the set (B). 
We have 

P = F +p7, p~ = F _, F ? + l , F ?+2, . . . , F _+(F . - F 7-l) n 2 ^2 n-2 n-2 n-2 n-2 n-1 n-2 

= F +F ^+r, r = 0, 1, 2, . . . , F . - 1 n n-2 n-3 

= ' F +R by (4) 

The las t r e su l t impl ies that the r ep resen ta t ions of the in tegers 
P in the set (B) may be der ived from the r ep resen ta t ions of the in te-
g e r s R by adding F to each of the la t te r . This operat ion i n c r e a s e s 
by one the number of the F . in the r ep resen ta t ion of P over that of 
R from which it is der ived. 

By these two operat ions the r ep resen ta t ions of the F , in te-
ge r s in F <L P < F -, . can be der ived from the r ep re sen ta t ions of 6 n n+1 ^ 
the F ~, in tegers in F , £ Q < F and the F 0 in tegers in n-2 & n-1 n n -3 to 

F 7 < Q < F . . n-2 n-1 
The following equations follow from the above d iscuss ion: 

u = u , +u ~ , (n > 2, m > 1) 
n, m n - l , m n-2 , m-1 

u = 0 for 2m > n. 
n, m 

These equations indicate that the u may be re la ted to the 
^ n, m J 

binomial coefficients ( ) , which have the following p r o p e r t i e s : 

( 5 ) = 0 for k > r . 

Letting U = ( , ), these re la t ions for t h e ( , ) become the r e -
to n, m \ m -1 / ' v k ' 

lations (5) with the U subst i tuted for the u . Since (5) makes 
n, m n, m 

it possible to calculate any u with n > 2 and m > 1, these r e -
r * n, m , 

lations c h a r a c t e r i z e the u and s o u = U = ( , j for 
n, m n, m n, m \ m-1 / 

n > 2 and m > 10 
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The r e a d e r is r e f e r r e d to the paper "A Combinational P r o b l e m " 
by Lafer and Long in the November 1962 i ssue of the Amer ican Math-
emat ica l Monthly for an exposi tory account of the inductive and deduc-
tive aspec t s of a s imi l a r p rob lem. [3] 

The proof of this is left to the r e a d e r . 
We turn now to a d i scuss ion of max imal r ep resen ta t ion of in te -

ge r s as sums of Fibonacci n u m b e r s . In this d i scuss ion we shall use 
a different technique,. one that could have been used equally well in the 
d i scuss ion of min imal r ep re sen t a t i ons . 

As an example we cons ider the in tegers N such that F -1 <. 
N < F 0 - l . These a r e , 13, 14, 15, 16, 17, 18, 19 and 20. The r ea son o 
for using the range F -1 <, N < F instead of F ? < N < F g will 
become evident l a te r . 

Bear ing in mind the definition of max imal r ep resen ta t ion we 
der ive the following r ep resen ta t ions 

12 F6+F4+F2; 13 = F6+F4+F3; 14 = F 6 + F 4 + F 3 + F2; 

15 = F6+F5 +F3; 16 = F ^ F ^ + F ^ 17= F ^ + F ^ ; 

18 = F6+F5+F4+F3; 19 F 6 + F 5 + F 4 + F 3 + F 2 

These eight r ep re sen ta t ions may be wr i t t en compact ly in the 
following form. 

12 

13 

14 

15 

16 

17 

18 

19 

0 

0 

0 

1 

1 

1 

0 

0 

1 

1 

1 

0 

1 

1 

1 

1 

0 

1 

1 

1 ) 

o ) 

1 ) 

o ) 

1 ) 

1 ) 

o ) 

1 ) 



26 ON THE REPRESENTATION OF INTEGERS AS F e b r u a r y 

In this display we have used the b inary digits in conjunction with 
Fibonacci numbers denoting place va lues . It should be noticed that 
with this scheme two ze ros cannot be in adjacent p laces in max ima l 
r ep resen ta t ion . For example (. . . 100. 0 . ) mus t be rep laced by 
( . , . 0 1 1 . . o ) since F . = F . , + F . o0 Also the Fibonacci number s de-

1 i - l i - 2 

noting the posi t ional values a r e a r r anged in ascending o rde r from the 
r ight to left beginning with F ? . 

We now consider the genera l c a s e . Let N be an in teger defined 
by 

F -1 <. N < F , , - 1 n n+1 

Let V denote the number of in tegers N in this in terva l which 
n, m ° 

r equ i r e m Fibonacci numbers to r e p r e s e n t them in max ima l r e p r e -
sentat ion. 

Thus for the i l lus t ra t ive example given above 
v = 3* V = 4 - V = 1 
v 7 , 3 ' 7 ,4 ' V7, 5 

Also 

V +F +V = F - F = F , = 8 
V 7 , 3 7 ,4 V 7 , 5 *8 7 6 

The l a rges t in teger in the in te rva l F -1 < N<F ^ , - 1 is F ^ , - 2 & & n n+1 n+1 
and since (2) 

n-1 
2 F . = F , ? - 2 ^ 1 n+2 

it follows that 

i=2 

F -2 = (111. . .11) (n-2 digits) 

in which no ze ros appear and in which the left hand posi t ional value is 
F , . This explains the r ea son for taking the upper bound of N to be 
F , , - 1 instead.of F . , . n+1 n+1 

The sma l l e s t in teger in the range in quest ion is F -1 and since 
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n-2 

V F. = F -2 < F -1 i n n 
i=2 

it follows that there must be a "one" in the first (left hand position) de-

fined by F , . Further since (2) 
J n-1 v ' 

F0+F/1+F,+. . . +F = F ,, (n even) 
2 4 6 n n+1 ' 

FQ+F-+F„+. . . +F = F M (n odd) 
3 5 7 n n+1 

it follows that the smallest integer in the range in question is indicated 

by 

(1010. . . 10) or (1010...101) 

according as n is odd or even. 
From these observations we conclude that 

/ m > n- 2 or n < m+2 

V = 0 if 
n ' m ~ \m < p ^ ] or n>2(m+l 

n-2 

I V . = F X 1 -F = F . 
n, I n+1 n n-1 

• n - 1 
i «-[¥] 

Table II gives values of V for n = 2, 3, . , . I 2 ; m ~ l s 2, . , . , io . 

We now establish the recursive relation 

(6) V • ' = V . ,+V 9 , 
K ' n, m n - l , m - l n-2,-m-l 

Consider integers P, Q and R defined by 

F -1 < P < F , . -1 n n+1 

F .• - 1 <- Q < F - 1 n-1 n 

F 0 - l < R < F . -1 n-2 n-1 

The Fibonacci positional representation of the integers Q are of 

the type 
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F F F F 
n-2 n -3 n -4 " 2 

Q = ( 1 a b . . . c ) 

Adding F , to each integer Q will produce F _ in tegers 
& n-1 ° r n-2 ° 

all of which will be within the in te rva l 
F , + F , - l ^ . Q + F , < F _+F -1 . n-.l n-1 n-1 n-1 n 

This is equivalent to 

F ,, - F +F . -1 < Q + F . < F ,. -1 n+1 n n-1 n-1 n+1 

F X 1 - F , - F 7 + F , - l < Q + F ! < F , , - 1 n+1 n-1 n-2 n-1 n-1 n+1 

F _F -1 < Q + F < F -1 
n+1 n-2 - W n-1 n+1 

F +F . - 1 C Q + F . < F , . - 1 n n-3 n-1 n+1 

These F 0 in tegers Q + F , a r e all in the in te rva l F -1 < P < 
n-2 ° n-1 n 

F , - 1 . Their posi t ional r ep resen ta t ion takes the form 

n-1 n-2 n-3 n -4 2 
Q + F . = ( 1 1 a b ' . . .. c ) 

n-1 
Hence the r ep resen ta t ions oi F ? of the in tegers P may be 

der ived from the in tegers Q by crea t ing an additional posi t ion defined 
as F , . n-1 

The F « in tegers R have posi t ional r ep resen ta t ions of the 
form 

F . F A F . . . . F 7 n -3 n -4 n-5 2 
R = ( 1 d e . . . f ) 

Adding F , to each of these F 0 in tegers will r e su l t in in tegers to n-1 n -3 ° ° 
all in the in te rva l 

F , + F „- l < R + F , < F , + F . - 1 n-1 n-2 n-1 n-1 n-1 

F -1 < R + F . < F _L1 - F 0 - l n n-1 n+1 n-1 
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That i s , these F « in tegers a r e al l within the in terval F -1 < P < 
n-o n 

F . - 1 . Each of them will have r ep resen ta t ions of the form 

n-1 n-2 n-3 n-4 n-5 ° e o 2 
R + F . n-1 

Hence the r ep resen ta t ions of F 0 of the in tegers P mav be 
r n -3 & J 

obtained from the r ep resen ta t ions of R by adding on the left two pos i -
tional values namely F , and F ~. 

J n-1 n-2 
Since the f i rs t operat ion r e su l t s in a r ep resen ta t ion which has a 

"one" in the second (from the left) place while the second operat ion 
gives a r ep re sen ta t i on with a ze ro in that place the two rep resen ta t ions 
a r e disjoint . Thus the re is no overlapping and all in tegers P a r e a c -
counted for by these two opera t ions . 

This completes the proof of (6). 
It is readi ly verified that 

(7) v = ( m -) 
x . n, m Vn-m-2 / 
sa t isf ies the r e c u r s i v e re la t ion (6). 

F r o m (7) we find that 

2(m+l) 
X v ^ . ( £ ) • ( ? ) • ( » ) + . . . • ( » ) 

i=m+2 

Also from the pa rag raph following (5) and (7) we see that 
V = U 

n. m n, n - m - 1 
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Table I 
Values of U n = 1, 2, . . . , 8 m == 1, 2, . . . , 4 

F e b r u a r y 

1 " Km] 
F , I N ^ ' F , j 1 

[ I L | 

PFTYN < F ~r i 
2 i 1 rv3 < N < Yp 

\ F , S N < F c 
1 4 

F 5 1 N < F 6
 1 

F 6 " l N < F 7 

| F 7 i N C F 8 ' 

fFgVN < F / 

3 

4 

5 

6 

7 

: 8 

1 1 2 j -3 | 4 

_ u 4—X J 0 ! 0 | 0 | 0 j 

1 1 
1 

° 
0 

r 1 1 1 
j -

o I 
0 

0 

2 j 0 

l"j 3] 1 

rTTrtr 
j | 5 | 6 

i 1 

0 

0 | 

0 

0 

0 

0 

! l ! 
I ' 

Values of V 
Table II 

n = 2, 3, 4, . . . , 12; m = 1, 2, 3, . . . , 10 

3 4 5 6 8 10 

F 2 - l < N < F 3 - 1 2 0 0 0 \ 0 0 J 0 0 0 0 

F Q -1 I N < F , - l \ 3 
D 4: J 

1 I 0 j 0 I 0 0 0 {• 0 ) 0 
! S \ 

F . - l I N < F _ - 1 
4 D 

F , - 1 £ N < F , - l 5 o 

4 1 j 1 S CM 0 0 I 0 o I o I o j 
0 1 0 o i o i o 

F 6 - l 1 N < F -1 6 I 0 1 I 3 | 1 0 0 1 0 

F ? - l <_ N < F g - l 0 I 3 

F 8 - l £ N < F 9 - 1 0 | 0 j 1 i 6 

4 1 
— I i_ 

o s o I o 

0 0 0 

F 9 - 1 < N < F 1 0 - 1 | 
I 

0 | 0 j 4 J 10 • j 6 
X 

i o 
- — . - 1 — ~ 
10 j 15 

5 | 20 
\ 

1 15 j 

^O"1 ^ N ^ l l - 1 ) 1 0 1 ° 
F1 -1 1 N < F 1 7 - l [ i l l 0 

F _ - l < N < F 1 0 - l | 12 | 0 12 13 

0 I 0 J 1 

T{ 0 f 0 
0 * 0 ) 0 

i x 

l 0 

21 j 8 t 1 

N. B. The en t r i e s in the ve r t i ca l columns a r e rows of PASCAL'S 
a r i thme t i c t r iangle so that the table may be eas i ly extended. 
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