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This paper gives an elementarydiscussion of the problem of ex-
pressing an arbitrary positive integer as a sum of distinct Fibonacci

numbers. The recursive relation

(1) Fn+2 - Fn+1 * Fn

together with F,=F,= 1 is used as the definition of Fibonacci num-
bers. No use will be made of Fl in any representation.
As an example consider the integer 29. It may be expressed as

a sum of Fibonacci numbers in the following ways:

29 = F8+F6 = F8+F5+F4 = F8+F5+F3+FZ

1]

F7+F6+F5+F4 = F7+F6+F5+F3+FZ

From this example it immediately becomes apparent that we
shall need to impose some ''ground rules' if we are to differentiate
between the various types of representations. This leads us to the
following definitions.

A representationwill be called minimal if it contains no two con-
secutive Fibonacci numbers.

A representation is said to be maximal if no two consecutive
Fibonacci numbers Fi and F. are omitted from the representa-

i+l
tion, where F, & Fi < Fi+ < Fn and Fn is the largest Fibonacci

number involveé in the reprisentation.

Thus F8 + F6 is a minimal representation of the integer 29
while F7+F6+F5+F3+FZ is a maximal representation.

It follows that a maximal (minimal) representation may be trans-
formed into a minimal (maximal) one by the application or repeated
application of (1).

We shall first restrict our attention to minimal representations.

As an illustrative example of minimal representations we con-
sider the representations of all integers N such that
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22 ON THE REPRESENTATION OF INTEGERS AS February

<
]:7‘7,_N<F8

Thus N may be any one of the eight integers 13, 14, 15, 16, 17,18,
19, or 20. Now the smallest integer in this set, namely 13, cannot be
represented by the Fibonacci numbers FZ’ F3, F4, F5 and Fé, since
the largest integer under the minimal representation rule which they
can represent is
F6+F4+F2 = 12

Hence to represent all integers of this set requires FZ, F3, F4,
F5, F() and F7.

By trial we obtain the following representations

13 = F7; 14=F7+F2;15:F7+F3;16=F7+F4;
17 = F7+F4+F2; 18 = F7+F5; 19 = F7+F5+F2;
20 = F7+F5+F3

One of these integers, namely 13, requires only one Fibonacci
number to represent it. Four of them, namely, 14, 15, 16 and 18 re-

quire two and three of them 17, 19, and 20 require three.

Let U denote the number of integers N in the range 'Fn <
N<Frl+1 which require m Fibonacci numbers to represent them.
Then
U7’l=l; U7'2=4; U7’3=3 .
It is also evident that
Uz,1 P U2t Ug 3= Fg-Fy=Fg=8
Now it is known (1) that
_ . n
Uy = 0 ifm> [5]
Thus we may write
n
X Un,1= Fn+1 - Fn: Fn—l °
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Table I gives values of Un m for n=1, 2, 3, ..., 8, m=1,
2, 3, ..., 4.
We now discuss some properties of the function Un m*
£l

‘ Consider integers P, Q and R, defined bythe following relations

Fn <P < Fn-lrl; Fn—l £ 0« Fn; Fn_z <R < Fn-l
Thus
(2) v Pan+p, p=20,1,2, s Fn—l_l
(G Q=F_ %4, 9=0,1,2,..., F -1
(4) Ran_2+r, r=0,1,2,..., Fn-3-1
We arrange the integers P in two sets (A) and (B) as follows.
(A) P = Fn+p1, py = 0,1,2,..., Fn_z-l
(B) P=F +p,, p, = F_ . F L+, F_ 42, .., F HF_-F_ ,-1)
=F otr, r= 0,1,2,..., Fn_3—1

If k is a positive integer,(l) implies that

F +k=F +k+F
n n

n-1 -2
Hence for the set (A)
Fn+pl=Fn_1+p1+F -2
P=F_,+q+F_,
P:Fn+q

Comparing the last equation with (2) and (3) we see that the re-
presentation of an integer Q may be converted into a representation
ofaninteger P of the set(A)by replacing F o inthe former by Fn.

By this operation we mayderive the representations of Fn—Z of
the integers P from the representations of the integers (. Deriva-
tion of the representations of P in this manner leaves the number of

Fibonacci numbers unchanged.
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We have now to consider the integers P in the set (B).

We have
P=F 4p, p,=F_, F_ 4, F_42,..., F_,HF__ -F_ ,-1)
= Fn+Fn_2+r, r=0,1,2,..., Fn_3-1
= Fn+R by (4)

The last result implies that the representations of the integers
P in the set (B) may be derived from the representations of the inte-
gers R by adding Fn to each ofthe latter. This operation increases
by one the number of the Fi in the representation of P over that of

R from which it is derived.

By these two operations the representations of the Fn—l inte-
gers in Fn L P Fn+1 can be derived from the representations of
the F__, integers in F o £ Q< F and the F o integers in
F..2 £ Q< Fn—l'

The following equations follow from the above discussion:

un,m:un—l,m+un~2,m—l (o >2,m >1)
(5) un’ 1 =1

u =0 for 2m > n.

n, m

These equations indicate that the u o may be related to the

]

binomial coefficients (i) , which have the following properties:
- -1 -1
()= G+ (ID
(g) =1
(1)

Letting U = (Rl
n, m m-1

lations (5) with the Un

0 for k >r.

i

), these relations for the(li) become the re-

substituted for the woe Since (5) makes

3 t4

it possible to calculate any u with n > 2 and m > 1, these re-

lations characterize the u and so u =U :(n-m—1> for
n, m n, m n, m m-1

n>2 and m >1,
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The reader is referred to the paper ""A Combinational Problem"
by Lafer and Long in the November 1962 issue of the American Math-
ematical Monthly for an expositoryaccount of the inductive and deduc-
tive aspects of a similar problem. [3]

The proof of this is left to the reader.

We turn now to a discussion of maximal representation of inte-
gers as sums of Fibonacci numbers. In this discussion we shall use
a different technique, one that could have been used equally well in the
discussion of minimal representations.

As an example we consider the integers N such that F_-1Z<

7
N < F8—1. These are, 13, 14, 15, 16, 17, 18, 19 and 20. The reason
for using the range F7—1 SN < Fo 4y instead of F, <N <Fg will

become evident later.
Bearing in mind the definition of maximal representation we

derive the following representations

12 = F6+F4+F2; 13 = F6+F4+F3; 14 = F6+F4+F3+F2;
15 = F6+F5+F3; 16 = F6+F5+F3+F2; 17 = F6+F5+F4+F2;
18 = F, +F_+F +F 19=F6+F +F +F +F

6 5T 4Ty 57475372

These eight representations may be written compactly in the

following form.

12 = (1 0 1 0 1)
13 = (1 0 1 1 0 )
14 = (1 0 1 1 1)
15 = (1 1 0 1 0 )
16 = (1 1 0 1 1)
17 = (1 1 1 0 1)
18 = ( 1 1 1 1 0 )

19 = (1 1 1 1 1 )
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In this display wehave used the binary digits in conjunction with
Fibonacci numbers denoting place values. It should be noticed that
with this scheme two zeros cannot be in adjacent places in maximal
representation. For example (...100...) must be replaced by
(...011...) since Fi = Fi—l + Fi—2°
noting the positional values are arranged in ascending order from the

Also the Fibonacci numbers de-

right to left beginning with F,.
We now consider the general case. Let N be an integer defined

by

- < -
Fnl"N<Fn+1 1

Let Vn m denote the number of integers N in this interval which
3

require m Fibonacci numbers to represent them in maximal repre-

sentation.

Thus for the illustrative example given above

V7’3=3; V7’4=4; V7’5:1
Also
V7,37F7,4"Ve, 5= FgFy = Fg =8
E 13 . . _ < - . -
The largest integer in the interval Fn 1 s 1\I<Fn+1 1 is Fn+1 2

and since (2)

n-1
b Fi - Fn+2—2
i=2
it follows that
F -2 =(111...11) (n-2 digits)

n+l

in which no zeros appear and in which the left hand positional value is
F_

Fn+1—l instead of Fn

This explains the reason for taking the upper bound of N to be

+1°
The smallestinteger in the range in question is Fn—l and since
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i=2

it follows that there must be a ''one'' inthe first (left hand position) de-

fined by Fn-l' Further since (2)

F2+F4+F6+. . +Fn Fn-+l (n even)

F +Fg+F +...+F_=F__, (nodd)

it follows that the smallestinteger in the range in question is indicated
by

(1010...10) or (1010...101)
according as n is odd or even.

From these observations we conclude that

m > n-2 or n < m+2

Vn,m SO0 ;m < [n—gl—] or n >2(m+l)
n-2
z Vn,i = Fn+1_Fn - Fn—l
-5

Table II gives values of Vn m for n=2, 3, ... 12;m=1, 2, .,., 10.

t

We now establish the recursive relation

(6) A% =V

n, m n-l,m—1+Vn-2,m—1

Consider integers P, Q and R defined by

-1 € -
Fnl-P <Fn+11

F -1£Q <CF_-1
n

The Fibonacci positional representation of the integers Q are of

the type
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Fn-Z Fn-3 Fn-4 oo FZ

Q=( 1 a b ... c)

Adding Fn—l to each integer Q will produce Fn—Z integers

all of which will be within the interval

F +F -1£Q+F
1 n

< F +F -1
n-1 n- n

-1 n-1
This is equivalent to

- -1 £ -
Fn+1 Fn+Fn-l l_.Q+Fn_1 <Fn+1 1

- -1 ¢ < -
F_,-1<Q+F | <F -1

F _+F -l £Q+F < F -1
n n

-1

These F integers Q + F are all in the interval F -1 £ P<
n-2 n-1 n

Fnﬂ—l. Their positional representation takes the form

Q+F =( 1 1 a b ... c¢)

Hence the representations of Fn-Z of the integers P may be

derived from the integers Q by creatingan additional position defined
as Fn-l'
The Fn-3 integers R have positional representations of the

form

Adding Fn—l to each of these Fn-3 integers will result in integers
all in the interval
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That is, these Fn 3 integers are all within the interval F -1 < P<
- n

Fn_H-l. Each of them will have representations of the form

Fn--l F1'1—2 Fn-3 n-4 Fn—5 F2

R+F_ . =( 1 0 1 d e ... f)

F

Hence the representations of Fn“?) of the integers P may be
obtained from the representations of R by adding on the left two posi-

tional values namely Fn and Fn

Since the first operaltion resulti in a representation which has a
""one' in the second (from the left) place while the second operation
gives arepresentationwith a zeroin that place the two representations
are disjoint. Thus thereis no overlappingand all integers P are ac-
counted for by these two operations.

This completes the proof of (6).
It is readily verified that

(7) Vn,rn - (n—rrfx—IZ)

satisfies the recursive relation (6).

From (7) we find that

2(m+1)
2 Vs () (M () ()

i=m+2
Also from the paragraph following (5) and (7) we see that
v =U

n, m n, n-m-1
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ON THE REPRESENTATION OF INTEGERS AS February
Table I
Values OfUn,m n=1,2,...,8 m=1,2,...,4
NEERRERERE
F| <N <F, 1 10101 0:0
F,<N<F, 2 71107070
F, SN <F, 31 140{01}0
F, $N<F, 4 111110140
F,€N<F, | 5 [ 112[0]0
Fy <N« F, 6 11 13¢11]0
F,aN<Fg | 7 |1 413100
FguN<Fg{ 8 115 {6
Table II
ValuesofV1 n=2,3,4,...,12; m=1,2,3,...,10
nm 1121358 4 5 6 7 ] 87 9 {10
F,-1 <N <Fj-1 21 0(0j0f0% 0% 0f 010710 0
F;-1 <N <F,-1 3 110 0_50 0 0f 0o0loio 0
F -1 <N <F -1 4] 1 1!oio oio 00140 0
Fo-1SN <Fg-1 | 510 zglro of;fo o{oiol o
Fe-1 <N <F_-1 650 R ol 0] 0loiol o
Fo-lSN <Fg-1 | 7|0 0‘3?4 1 0} 010i0j o
Fg-1 <N <Fg-1 g8l otoil1ieée ] 5 1{ 0}0}0 0
Fg-1 <N <F -1 9 0joi0)4jl0 6 1{040 0
Flo-l SN <F -1 10 } 010 {0{1 |10 115 7411 {0 0
F -l SN <F -1 11 lo0jo0io0lol 512012118111 o0
F-leN<F -1l12 [ 00 ow; 44444 0o 1 1 {15 {35 128 o i
N. B. The entries in the vertical columns are rows of PASCAL's

arithmetic triangle so that the table may be easily extended.
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