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1. The Fibonacci sequence is defined by the recurrence relation

(1) Fn+2 - Fn+1 * Fn ’

together with the particular values

(2) FO:O,F1=1 .

It is easily verified that the unique solution™ of (1) and (2) is given by

n n

(3)  F_=(a -p)/(a-8) ,

where a and P are the roots of the equation
2

(4) : x =x+1 ,
namely
(5) a=3(1+45), p=5 (- /)= -a”} .

The sequence is thus defined for all integers n, positive or negative
or zero. From (l) and (2), we infer that (3) takes integer values for
all n, and we observe, by (3) and (5), that

+1
(6) F_=(-1""F

-n n

This sequence and its generalizations have been the subject of a
vast literature, anda verylarge number of identities of different kinds,
involving the Fibonacci numbers, can be demonstrated. It is the pur-
pose ofthis paper toshow how a considerable body of these may be ob-

tained as particular cases of a single identity.

*Direct substitution shows that (3) is a solution of (1) and (2). If Fl',1
were another solution, fn = Fn - FI'1 would satisfy a relation (1), with
fo = fl = 0. Induction on n now shows that fn = 0 for all n, so that
(3) is the unique solution, as stated.
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2, We begin by defining the function

- F o

(7) SO(n) - Fn * Fn+1 n+2

Then, immediately, by (1), we see that, for all integers n,

(8)

So(n) =0 .

Now consider the function

(9)

Sj(m, n) = F F +F 1Fnt1 " Fnt1 -

Then, by (1), for any m and n,

(10)

Sy(m +1, n)=S5/(m, n) +S (m -1, n)

Also, by (1), (2), (7), and (8), we have that

(11)

and

500, m) = F ) - F =0

S.(l, n) = So(n) = 0;

14

whence (10) yields, by upwardand downward induction on m, that, for

x

all integers m and n,

(12)

Sl(m, n) =0

Next consider the function

(13)

S,(r, m, n)= F_F_- (-1)7 (F ) .

m+ an+ r Fr F1rr1+n+1'

Again applying (1), we see that

(14)

Sz(r+l, m, n):SZ(f— 1, m, n+2)—SZ(1', m, nt+1l) .

Now, for any m or n, by (2), (9), and (12),

(15)

and

SZ(O,m, n)=F F -F_ F =0
m n m n

Sz(l, m, n) = Sl(m, n)=0 .

“We may also note that, for any fixed n, (10) is a relation of the form

(1).

Thus, as inthe previous footnote, we get (12), for all m and n.
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Thus, by upward and downward induction on 7 in (14), we find that,

for all integers ¢ , m, and mn,

(16) SZ(T, m, n) =0

Finally consider the function (with k 2 0)

k
=k kr k h_h_k-h
U7 sk vy my n) = F F - (1) Z (G FF L F o
h=0
It is well known that
ktl, _ k k
(18) (o = 6+
and
k
(19) (h)szhenh<OorO§ k<h

Thus we can show, by (13), (16), (18), and (19), that

(20) S3(k+ l, r, m, n) = FmS3(k, r, m, n) .

Also, by (13), (16), (17), and (19),

7

n
g
i
o
i
)

54(0, T, m, n)
(21)

and 83(1, r, m, n)= Sz(r, m, n)=0 .

N

Thus, by upward induction on k in (20), we get that, for all integers

r, m, and n, and all integers k 2 0,

{22) Sylk, 7, m, n)=0 .

*We observe that, while the inductive argumentleading to (12) assumes
an arbitrarily chosenand fixed n; the corresponding argument yield-
ing (16) assumes, at each step, that (16) holds for a consecutive pair

of values of 7, an arbitrary fixed value of m, and all values of n.
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This is the general identity promised above:

February

k _ kr h_h_k-h
(23) Fmfn= (-1)7" % (h)( D Fatk rthm
h=0 !
3. We may now look at some of the identities which are

particular cases of (23). On the left of each identity below
(k, 7, m, n) is shown. In some cases, the identity (6) is

move negative subscripts.

obtained as
, the vector

used to re-

K
(24) (K7, -m, -n): FLF = 3 (-1 HUCRIghgloh n-k r+hm
h=0
K
(25) (i 7, -m, -kron): PR F o= 3 ((-1m D Rgeh
h=0
K
(26) (k,r, m, -kr7): F;Fkr = 3 (h)( 1)h ! h I;Jr?n hm
h=1
K
K+ hph k-h
@7) (g romym): B = (1S OEDIEESE R L
h=0
K
K hphok-h
(28) (k, r,m,nr): FLF_ = (-1 I (91 FrFs 2 (n+k) r+hm
h=0
K
K kr < k., .h h_ k-h
(29) (k, 7, mr,n): Fman: (-1) 2 (h)(-l) F1'F(rn*l—l)1'Fn+(k+hm)r
h=0
k
hph k-h
(30) (k,7,m,0): = (h)( L F F  Frrthm = ©
h=0
K
K hehpkeh
(31) (k,r,m,%1): F_ = (-1) > (h)( ) FF  Fo

h=0
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(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)

(40)

(41)

(k, #1, m, Fk): F_F = TSR RPELHF

(k, £2, m, n): FII;F =3 (11:)(+1) F
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k h_h_ k-h

(o romr, 0): 2 (D F F Ly Flomm)r = O
h=0
k
kr ¢ Jk, ; h h_k-h
(k, 7, %1, n): F_ = (-1)7 2 ())(-1) F a1 Fnttcrsn
h=0
k
_ k _h_k-h
(7, %1, -kron): F o= 3 (OF,F 1 F o
h=0
k
_ k,_h_k-h
(k,r,i'l, —kf). Fkr = 2 (h)FTFTﬂ:lF:Fh
h=1
k
B kr « Jk, ;b _h_k-h
I ry#l,nr): F o= (-1)7 2 ()-1)F F (n+k) 7 +h
h=0
k
_ k, . krg k., . h h_k-h
(kyr,#2,n): F_ = (&) (-1)° 2 (W-DTFIFSOF o0
h=0

k h-1_h_k-h

ik
(k, 7, %2, -kr): F) = (£1)° 2 ()(-1)7 FFOF
h=1
k
k . _, .k« Kk, h_k-h
(k, £1, m, n):Fan— (-1)y" % (h)(_l) Fm:l:]. ntk+hm
h=0
k

k
k

—; h_k-h
n m=2~ n*2k+hm

h=0
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(42)

(43)

(44)

(45)

(46)

(47)

(48)

(49)

(50)

(51)
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k
(k,7,%1,0): = (h)( 1)'F
h=0

k
k h_h_k-h -
(k, r,%2,0): 3, (h)('l) FTFTﬂ;ZFkTiZh— 0
h=0

k
h k-h
(k, i]-, m, O)~ 2 (h)( ) mil Fhl’nik -
h=0

k

K h_k-h
1 .
(k21 m, 211): FS = (DS 2 (EDESAE
h_.

k
— k
(k,l,l, —n): Fn—- 2 (h)Fn—k—h
h=0
k
k
(kL 1, -nk): F o= 3 G)F 0 ey
h=0
k
e k, _, h-1
(k,1,1,-k): Fy = 3 ()(-1) " Fp
h=0

B k h
(ks -1,2,-n): F_= 2 ()-1)F 0 oy
h=0
k
) ~ k
(k,2,-1,-2k): Fpy = 3 ())F
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(52)

(53)

(54)

(55)

(56)

(57)

(58)

(59)

(60)
(61)
(62)

(63)

(64)

(65)

(66)
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k
(k -1,2,k): Fy = Z (lﬁ)(‘l)k_thh
h=0
k
(51,1,00 % ()-1"F,, =0
h=0
k
(k, 2, -1, 0): 2(11§><'1)th1<-}1 =0
h=0
k
(k, -1,2,0): % (E)('l)th-Zh =0
h=0

. = - L4 -
(1,7, m, n): Fan (-1) (Fm+an+r l:‘rl‘“rn~l~n+r

(1: T, m, -n): Fan - Fm+an-r - (-1) 7 m-ntr

2
(1,r,m,-m): F._ - F F___=1(1)

(1,7, m, n-r): FrFrn+n= Ttm n m n-r

(1, 7-k mtk, -m+k): ¥ F_  -F  F_

(1, #1, m, n): Fm+nil - Fan * Fm:tan:tI

(1,1, m,n-1): Fm+n= Fm+an + Fan—l

(1,2, m-1,n-1): Fm+n - Fm+an+1 - Fm-an-l

FZ +FZ

(1, £1, m, m): FZm:hl = 'm m=l

(1,1, m, m-1): FZm = Fm(Fm+1 + Fm—l)

2 2
(1,2, m-1,m-1): F, =F, . -F |

F = (-1)"FF

37

k+r
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2 _ m-1
(67) (1,1, m, -m): Fm - Fm+1Fm_1 = (-1)

.l _ m
(68) (1,2,m,-m): F_ - F_ L F_ -=(I)

(69) (1,1, m+l, -m+l): F 2(-1)™

m+1fm-1 " Fmt2Fm-2=

This rather long list includes most of the identities, derivable
as special cases of (23), which I have found in the literature, and a
number of others (including (23) itself, (24)-(32), (37)-(45), and (60)),

which I believe to be new and useful. *

4, We may now ask whatelse can be done with the family of identi-
ties (23)-(69). Some of the further developments will be demonstrated
below.

Putting n=m in (59) and dividing by Fm’ we obtain, by (65)
and (6), that

m
(70) (F FF_PF, = F  +(DTF .

m+l T+

Thus

m-Fr)-(—l)m(FT -F. ) .

T T-m

(71) [FmH tF_  -1- (-1)m] F, = (F,,

The usefulness of this identity is seen when we put 7 = rm +n and

sum from r =1 to r =t., The right-hand side telescopes to yield

' m
(72) S F — F(t+1)m+n - Fm+n - (-1) (th+n - Fn)
rm+n F + F -1 - (-
r=1 m+l m-1
(This result is known [1], but I believe that the line of proof is new.)

Certainparticular cases have been knownfor a long time; for instance,

EDITORIAL NOTE: A different form of the identity (23) appears in
anunpublished Master's Thesis entitled '"Moduls m properties of the
Fibonaccinumbers, '"written by John Vinsonat Oregon State University
in 1961. (Other parts of thatthesis appear as a paper by John Vinson
in the Fibonacci Quarterly, 1(1963) No. 2, pp. 37-45.)
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t
(73) X Foig~

r=1

Finez Fres T Feas  Fs ™ Figgi " Fayn

t
(74) % Fpirs) = Foqerras) " T2(14s) ™ Faqers) T F2s ™ Foqts)+1 ™ Fast1

r=1

t

(75) F

Fotts) ~ Fas

2 Fylrts)-1 =
r=1

and

o

3(e+l+s) ~ T3(l+s) T

t
z F."’)(r-l-s) = z(F

(76) r=1

1

—

-F, )= F

35) 7(F3(t+s)+z’ 3542)°

If we sum (64) from m=s+1 to m=s +t, put r = m - s, use

(75), and slightly rearrange the result, we obtain that

1
(77) 2 F = Z(FZ(’HS) t+s 2s s

Now rewrite (65), using (1), in the form

2
(78) FZm + Frn = ZFmFmil s

and sum (78) as before, using (74) and (77); then we get

—

+F2 - F 2

(FZ(t+s)+3 t+s 2s+3

(79) > F.

r=1

+sFr+s+1 Z

If we sum (73) with t=w - s, from s=v to s =w -1, we get

that
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w-1 W W u-1 W W
s 3 F, = by zpu: b (u-v)F = p3 uF +vF_ ., -
s=v  u=s+l u=v+l s=v u=v+l u=v+l
w-1
" VEG T Xt F) =W IF o s s P s
s=v
which yields
w
(80) > uFu:WFW+Z—FW+3-VFV+Z+FV+3 .
u=v+l

The same process of summation applied to (80) yields

w

2 2
(81) X wu Fu=w F oo~ @w-1)F

u=v+l

+2F_,T(2v-1)F . -2F

+3 +3 v+4

and we can evidently iterate the procedure to obtain the sum of umFu
for any positive integer m.

Again, replace m by 7 +m in(63)andapply (61) to the result.

This gives

Fr+m+n - (FT+1Fm+l * l:‘r Frn)Fn-Fl h (Fr Frn * Fr-lFrn-l)Fn—l
or, by (1),
(82) Ftmtn ” ¥, +1Fm+an+l tE, Fan B Fr -lFm—an-l :

In particular,

.3 3 3
(83) F3m B 1:‘rn+1 + Fm - Fm-l
and
(84) F3m = FmFm+lFm+2 + Fm—lFmFmH - Frn-Z.Frn—lFm :

We may note, at this point, that (83) can be put in yet another form,
with the help of (67):
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3 2 2
E = F + (F - F B E E F
( ) m+l * m+l m-1 + rn—l)

1
0!

3 , 2
m * Fm [(Fm+1 - Fm-l) Jr3F1'1’1+1Frn-1]
=F +F {FZ +3[F2 +(-1)m]}
m m " m m
or

3 m
(85) F, =5F  +3(-1)7F_ .

By summing (83)and (84)from m=s +1 to m = s +t, and using (76),

we obtain respectively that

t
301 3 3
(86) 2 F s " 2Fs(ieyo1 ~ 2Fps1 - Fagor T2F )
r=1
and
t t
3 t+s s
(87) p Fr+s—lFr+sFr+s+1 = X Fr+s+(—1) F1:-|-s—1 - (-1) Fs—l
r=1 r=1

If we multiply (67) by Fm and sum from m=s+1 to m=3s +t, we

get that

t t t
z Fi%-s -z Fr+s—1Fr-l-sFr+s-l~1 = Z (-1)r+s—1Fr+s :
r=1 r=1 r=1
A comparison of this last result with (87) yields
t
(88) ) (_1)r+SFr+s = (_1)t+SFt+s—l B (—I)SFs-l *

This last result maybe verified by combining (73) and (74), or by sum-
ming the identity (derived from (1)),

r+s r+s-2 r+s-1

(89) (-1)" °F = (-1) F F .

r+s-2 (-1) r+s-1

As a final illustration of the large family of identities springing

from (23), we consider the generalizations of (66) and (83), analogous
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to that of (1) in (70). First we obtain a few results analogous to (85).

Clearly
F +F )= (F “F ) t4F | F
( m+l m-1" 7 ( m+1 -1 m+l m-1 "~
thus, by (1) and (67),
2 2 m
(90) (F_y tF, ) =5F +4-1)7
and therefore, by (65),
2 4 m_2
(91) B, = 5F. +4(-1)TFC
Also, by (1),
_ 1
(92) Fn+l * Fn-l - Fn+2 B Fn-Z - —Z—(Fn+3 * Fn-3) ’

whence, by (85) and (67),

_ 2 m
(93) F3m+l * F3rn-1 - (Fm+l + Fm-l) [SFm +(-1) ]

Putting 2r for ¢+ and 2m for m in (70), we get, by (64), (66), and
(67), that

2 2 2 2
r+m+l ~ T r4m-1 r-m+l =~ T r-m-1

(94) [spfn +2(-1)"F, =F

Alternatively, on squaring (70), we obtain, by (58) and (90), that

2 m 2 2 2 mr._2 T+m_2
[s£2 +a(-1)™]r2 = ¥2+F%__ +2(-1)7[F7-(-1) Fm] ,
whence
2 mT_2 r2 2 2
(95) [SFm+2(-1) 177 +2¢-1) FC o= Fp, tF_ .

We see that (94) yields (66) on putting one for m and m for r. Fi-
nally, put 37 for r and 3m for m in(70). Then, by (85) and (93),

we get
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2 m _ 3 T+m
(F sy *Foy) [BFZ +(-1) ]F3r-5Fr+m+3(—l) P+

+ 5(-1)me’_m +3(—177Fr_m

3 m_3 T4+m
5Fr+m+5(—1) F _m+3(—1) (Fm+1+Fm—1)Fr

3 m
5Fr+m+5(—l) F

1

1

Thus, by (65),

3 m_3
+F_F; +(-D)7F .

T-m

(96) F_F, F, =F, - (-1)7(F

This identityis new, but we can find in the literature [2] the particular

cases when m =1 and m = 2, namely (83) (with 7 for m) and

3 3 3
(97) 3F, =F,,, - 3F, +F,,
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The Fibonacci Bibliographical Research Center desires that any
reader findinga Fibonacci reference, send acard giving the reference
and a brief description of the contents, Please forward all such in-
formation to:

Fibonacci Bibliographical Research Center,

Mathematics Department,

San Jose State College
San Jose, California



