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1. The Fibonacci sequence is defined by the recurrence relation 

< L > Fn+2 = F n + l + F n • 

together with the particular values 

(2) FQ = 0, F1 = 1 . 

It is easily verified that the unique solution'1' of (1) and (2) is given by 

(3) F n = (a11 - pn)/(a - p) , 

where a and (3 are the roots of the equation 

(4) 
namely 

(5) 

(4) x2 = x + 1 

1 ( 1 + ^5), p = 1 ( 1 - /5 ) 

The sequence is thus defined for all integers n, positive or negative 

or zero. From (1) and (2), we infer that (3) takes integer values for 

all ns and we observe, by (3) and (5), that 

(6) F = (- l)n + 1F . 
x ' -n n 

This sequence and its generalizations have been the subject of a 

vast literature, and a very large number of identities of different kinds, 

involving the Fibonacci numbers, can be demonstrated. It is the pur-

pose of this paper to show how a considerable body of these may be ob-

tained as particular cases of a single identity. 

Direct substitution shows that (3) is a solution of (1) and (2), If F' 

were another solution, f = F - F1 would satisfy a relation (1), with 
n n n J v " fA - f1 = 0. Induction on n now shows that f = 0 for all n, so that 0 1 n 

(3) is the unique solution, as stated. 
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2„ We beg in by de f in ing t h e func t i on 

(7) S n (n) = F + F , . - F , 9 . x ' O n n+1 n+2 

Then , i m m e d i a t e l y , by (1), we s e e tha t , for a l l i n t e g e r s n, 

(8) SQ(n) = 0 . 

Now c o n s i d e r the func t ion 

(9) S, (m, n) = F F + F , . F , . - F , , . . 
1 m n m+1 n+1 m+n+1 

T h e n , by (1), fo r a n y m a n d n, 

(10) S ^ m + 1, n) = S ^ m , n) + S ^ m - 1, n) . 

A l s o , by (1), (2), (7), and (8), we h a v e t h a t 

S L (0 , n) = F n + 1 - F n + 1 = 0 

(11) 

a n d { S ^ l , n) = SQ(n) = 0; 

w h e n c e (10) y i e l d s , by u p w a r d and d o w n w a r d i n d u c t i o n on m , t h a t , fo r 
a l l i n t e g e r s m and n, 

(12) S j f m , n) = 0 . 

Nex t c o n s i d e r the func t ion 

(13) S , ( r , m , n) = F F - ( - l ) f ( F , F , - F F , , ) . v ' 2 X ' m n * ' v m + r n+ r r m + n + r 

A g a i n a p p l y i n g (1), we s e e t h a t 

(14) S2( r + 1, m , n) = S ( f - 1, m , n+2) - S2( f, m , n + 1) . 

Now, fo r a n y m o r n, by (2), (9), and (12), 

S o (0 , m , n ) = F F - F F = 0 2 ' m n m n 
(15) 

a n d f S ? ( l , m , n) = S, (m, n) = 0 

We m a y a l s o no t e t h a t , fo r a n y f ixed n, (10) i s a r e l a t i o n of t he f o r m 

(1) . T h u s , a s i n t h e p r e v i o u s f o o t n o t e , we ge t (12), fo r a l l m a n d n . 
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Thus, by upward and downward induction on r in (14), ' we find that, 
for al l i n t ege r s r , m, and n, 

(16) S2(r , m, n) = 0 . 

Final ly cons ider the function (with k > 0) 

k 
(17) S~(k, r , m, n) = F k F - {- l ) k f 1 ( k ) ( - l ) h F ^ F k T h F ,. ,, 

3 m n xn,x ' r f+m n+k r+hm 

h=0 

It is well known that 
(18) <h > = 0 + ( h- l } 

and 

(19) (£) = 0 when h< 0 or 0 < k < h . 

Thus we can show, by (13), (16), (18), and (19), that 

(20) S3(k + 1, r , m, n) = ' F m S 3 ( k , r, m, n) . 

Also, by (13), (16), (17), and (19), 

S«(0, r , m , n) = F - F = 0 3 n n 
(21) 

and J S~(l, r , m, n) = S^(T3 m, n) = 0 

Thus, by upward induction on k in (20), we get that, for al l i n t ege r s 
r, m, and n, and all in tegers k 2 0, 

(22) S3(k, rs m, n) = 0 

We observe that, while the inductive a rgument leading to (12) a s s u m e s 
an a r b i t r a r i l y chosenand fixed n; the cor responding a rgument yie ld-
ing (16) a s s u m e s , at each step, that (16) holds for a consecutive pai r 
of values of r , an a r b i t r a r y fixed value of m, and al l values of n. 
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T h i s i s t he g e n e r a l i d e n t i t y p r o m i s e d a b o v e : 

(23) FkF = ( - D k r s (5(-i)hF>^:h F +v +. L 
m n x ' vh / v ' f r + m n + k r + h m ? h=0 

3 . We m a y now look a t s o m e of the i d e n t i t i e s w h i c h a r e o b t a i n e d a s 
p a r t i c u l a r c a s e s of (23) . On the left of e a c h i d e n t i t y be low, t h e v e c t o r 

(k, r , m , n) i s s h o w n . In s o m e c a s e s , t he i d e n t i t y (6) i s u s e d to r e -

m o v e n e g a t i v e s u b s c r i p t s . 

k 
(24) (k, r , - m , - n ) : F k F = 2 ( k ) ( _ 1 } ( m - 1 M k - h ^ k - h x ' x ' ' ' ' m n ** V x ' f r ~ m n - k r + h m 

h=0 

/oc \ /i • i \ i-k „ v /^\ / i x ( m - l ) ( k - h ) _ h _ k - h „ 
(25) (k, f, - m , - k r - n ) : F F ,, = Z (, ) ( - l ) F * F , . F 

x ' m n + k r xh r r . -m : 
n+hm 

h=0 

(26) ( k , r , m , - k r ) : F ^ F k r = 2 (JX-D^^^F^ 
h= l 

(27) (k, r,m,m): F k + 1 = ( - l ) k f 2 ( 5 ( - l ) h F ? F k ; h F, , , , ,_ . 
v r v .' s ' ' m s ' xri ' r r+m k r + ( h + l ) r 

h=0 

(28) (k, r, m , n r ) : F k F = ( - l ) k f 2 ( k ) ( - 1 ) h F h F k ~ h F , ,. . ,, v ' v ' ' ' ' m n r ' vh / v ' r r + m (n+k) r+hm 
h=0 

(29) (k, r , m r , n) : F k F = ' ( - l ) k f 2 ( k ) ( - l ) h F h F /
 k T ^ F ..*.,' , N ' v ' ' ' ' m r n ' h ' r ( m + l ) r n+(k+hm)r 

h=0 

(30) (k, r , m , 0) : 2 (k)(-J. ) h F h F k T h F , ,, = 0 \ / \ > 9 » j xfa,x/ r r + m k r + h m 
h=0 

(31) (k. r .m,±l); F ^ = (-l>k' 1 <£)<-1 ^ F ) ^ r + h m ± 1 

h=0 
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k 

(32) ( k , r , m r , 0 ) : 2 ^ - ^ V ^ / J ^ , F / l r + , * = 0 

n r (m+l)r (k+hm)r 

k 
(33) ( k . r . ± l . n ) : F R = ( -1 ) 1 " 2 ^ ( " D ^ F ^ F ^ ^ 

h=0 

(34) ( k . , . ± l . - k r - n ) : F n + k f = S & F J F ^ F ^ 

k 
(35) < k . r . ± l , - k r ) : F k r = S ^ F ^ F ^ F ^ 

h=l 

k 
(36) ( V , * l . n r ) : F ^ = ( - i f 2 ( f r - U ^ F ^ F ^ , ^ 

h=0 

(37) ( k . r . ± 2 . n ) : F n = <±1 ) k ( - 1 ) k ' 2 £ > ( - n ^ ^ n + k ^ h 

k 
(38) (k, r , ± 2 , - k r ) : F ^ = ( ± l ) k 2 (£)(- 1 ) h " l F > ^ F ± 2 h 

h=l 

(39) ( k . ± l . m f n , : F ^ F n = ( - D k 2 fy-^^n±k+hm 

h=0 

(40) ( k ) ± l , m ) ? k ) : F ^ F ^ ( ± D k 2 # < - 1 ^ ' F ^ 
h=l 

(41) ( k , ± 2 , m , n ) : F ^ = 2 ft^F^F^Zk+hm 
h=0 
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k 
(42) ( k . r ^ l . 0 ) : 2 ( ^ ( - l > h ^ ; j F k r ± h = 0 

h=0 

k 
(43) (k,r,±2,0): 2 fy-^>^kr±Zh = 0 

h=0 

k 
(44) (k.il.m.O): S ( J ) ( - D h F m

k X ± k = 0 

k 
(45) ( k , ± l , m , ± . l ) : F ^ = ( - l ) k 1 ( ^ ) ( - l ) h F ^ ± V h m ± k ± 1 1 

k 

(46) (k . l . l . -n ) :F a S = X <£)Fn_k_h 

h=0 

k 
(47) ( k , l , l , - n k ) : F n k = X <*>F ( n _ 1 ) k _ h 

h=0 

k 
(48) (k, 1,1, -k) : F k = 2 (^) ( - l ) h "" 1 F h 

(49) (k, 2, - 1 , - n ) : F n 

(50) (k, - 1 , 2 , -n): F n 

(51) (k, 2, - 1 , -2k): F 
h=0 

." S ( h ) F n - 2 k + h 
h=0 

k 

= 2 ^ - ^ n + k - Z h 
h=:0 
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k 

(52) (k, - l , 2 , k ) : F k = X ( h H " 1 ) k ' h F 2 h 
h=0 

k 
(53) (k, 1,1,0): X ( h X - ^ ^ k + h 2 ° 

h=0 

k 

(54) (k ,2 , - 1 , 0 ) : 2 ( h ) ( - 1 ) h F 2 k - h = 0 

h=0 

(55) (k, - 1 , 2 , 0 ) : £ ( h J < - 1 ) h F k - 2 h = ° 
h=0 

(56) ( l , r , m , n): F F = ( - l ) f ( F , F , - F F , . ) \ / \ » > 9 / m n m+r n+ r r m+n+r ' 

(57) ( l , r , m , - n ) : F F - F X F = ( - l ) n ~ f F F , 
v ' * » » » ' m n m + r n - r r m - n + r 

(58) ( l , r , m , -m) : F 2 - F ^ F = ( - l ) m " r F 2 

(59) ( l , r , m , n - r ) : F F , = F ^ x F - ( - l ) f F F 
x ' v 5 ' ' ' r m+n r+m n m n- r 

(60) (1, r -k , m+k, -m+k): F , J . - F , F _ = ( - l ) m ~ f F F, 
v ' x ' ' ' ' m+k m - k m + r m - r r k+r 
(61) ( l , ± l , m , n ) : F , . , = F F + F . , .F . , v ' x ' ' ' m+n±l m n m±l n±i 

(62) (1, l , m , n-1) : F ^ = F , , F + F F , x ' x ' ' ' ' m+n m+1 n m n-1 

(63) (1, 2, m - 1 , n-1) : F ^ = F , . F ,. - F , F , v ' v ' ' ' ' m+n m+1 n+1 m - 1 n-1 

(64) ( l , ± l , m , m ) : F 9 , , = F 2 + F 2 . x ' 2m±l m m±l 

(65) (1, l , m , m - l ) : F 9 = F - ( F ,, + F . ) x 2m m m+1 m - 1 

(66) ( l , 2 , m - l , m - l ) : F 9 = F 2 , , - F 2 , 
2m m+1 m - 1 
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(67) (1, l ,m, -m): F 2 - F , . F 1 = ( - l ) m " 1 
x ' \ > > > m m+1 m-1 

(68) (1,2, m, -m): F 2 - F , ? F 7 = ( - l ) m 
x % m m+2 m-2 x ' 

(69) (1, l ,m+l , -m+1): F , . F _ - F , 7 F - .= 2 ( - l ) m 

m+1 m-1 m+2 m-2 ' 

This rather long list includes most of the identities, derivable 

as special cases of (23), which I have found in the literature, and a 

number of others (including (23) itself, (24)-(32), (37)-(45), and (60)), 

which I believe to be new and useful. ^ 

4. We may now ask what else can be done with the family of identi-

ties (23)-(69). Some of the further developments will be demonstrated 

belowo 

Putting n = m in (59) and dividing by F , we obtain, by (65) 

and (6), that 

(70) (F , . + F J F = F , +( - l ) i i a F x ' v m+1 m-1 r r +m x ' r-

Thus 

(71)|~F x 1 +F . - 1 - {- l )m]F r = (F j_ - F ) - ( - l ) m (F r - F ) . 
v 'L m+1 m-1 J T v r +m T' X ' s r r -m' 
The usefulness of this identity is seen when we put r = rm + n and 

sum from r = 1 to r = t. The right-hand side telescopes to yield 

t F - F ( - l ) m (F - F ) 
,_„. _, _ (t+l)m+n m+n tm+n ny 

(72) 2 F -

m v 
m 

r m + n F + F - 1 - ( - l ) m 

r=l m+1 ^m-1 K } 

(This result is known [1] , but I believe that the line of proof is new. ) 

Certain particular cases have been knownfor a long time; for instance, 

EDITORIAL NOTE: A different form of the identity (23) appears in 

an unpublished Master's Thesis entitled "Moduls m properties of the 

Fibonacci numbers, "written by John Vinson at Oregon State University 

in 1961. (Other parts of that thesis appear as a paper by John Vinson 

in the Fibonacci Quarterly, 1(1963) No. 2, pp. 37-45.) 
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(73) I F , = F. , 1 , 9 - F. ... + F. , - F = F+, ^ - F ^ , N r+s t+1+2 1+s t+s s t+s+2 s+2 
r=l ' 

t 

(74) X F 2( r + S ) = F2(t+l+s)~ F2(l+s)~ F2( t+s)+ F2s = F2(t+s)+l "* F2s+1' 
r=l 

(75) 2 F2( r+s)-l " F2(t+s) " F2s 3 

r=l 

and 

t 

(76) r=l 
2 F3(r+s) 4(F3(t+l+s) ~ F3(l+s) + 

+ F - F ^ = — ( F - F ) 
* 3 ( t + s ) r 3 s ' 2 i r 3 ( t + s ) + 2 r 3 s + 2 ; 

If w e s u m (64) f r o m m = s + 1 to m = s• + t, pu t r = m - s, u s e 

(75), a n d s l i g h t l y r e a r r a n g e t h e r e s u l t , we o b t a i n t h a t 

t 

<77> £ F r + B = - i < F 2 ( t + f l ) + F t + B - F 2 B - F B ) • 
r=l 

Now rewrite (65), using (1), in the form 

(78) F0 ± F 2 = 2F F J_. , 
x ' 2m m m m±i 

and sum (78) as before, using (74) and (77); then we get 

(79) I Fr+sFr+s+l ~ 4^F2(t+s)+3 + Ft+s " F2s+3 " Fs^ ' 
r=l 

If we sum (7 3) with t = w - s, from s = v to s = w - 1, we get 

that 
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w-1 w w u-1 w w 
2 2 F =• 2 2 F = 2 (u-v)F =' 2 u F + vF x , -

u u u u v+2 
s=v u=s+l u=v+l s=v u=v+l u=v+l 

w-1 
- v F , , = 2 (F , 9 - F , . ) = (w - v)F x 9 - F , Q + F ^ , w+2 w+2 s+2 w+2 w+3 v+3 

s=v 

which yields 

w 
(80) 2 u F = w F , 0 - F , Q - v F , , + F ^ . 

u w+2 w+3 v+2 v+3 

u=v+l 

The same p r o c e s s of summat ion applied to (80) yields 
w 

(81) 2 u 2 F = w 2 F , 7 - ( 2 w - l ) F . • 4 ~ + 2 F ,A + ( 2 v - l ) F ,- - 2F ,, 
x ' u w+2 s ' w+3 w+4 v ' v+3 v+4 

u=v+l 

and we can evidently i t e ra t e the p rocedu re to obtain the sum of u F 
for any posi t ive in teger m . 

Again, rep lace m by r + m in (63) and apply (61) to the r e su l t . 
This gives 

F = (F F + F F ) F — ( F F + F F )F 
r+m+n r+1 m+1 r m n+1 r m r -1 m - 1 n-1 

or , by (1), 

(82) F r + m + n = F r + 1 F m + 1 F n + 1 + F r F m F n - F _ 1 F m _ 1 F n _ 1 . 

In pa r t i cu l a r , 
3 3 3 

(83) F = F + F - F 
v 3m m+1 m m - 1 
and 

(84) F = F F F + F F F - F F F 
* 3m m m+1 m+2 m - 1 m m+1 m - 2 m - 1 m 
We may note, at this point, that (83) can be put in yet another form, 
with the help of (67): 
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F~ = F 3 + (F ,. - F . ) ( F 2 , T + F ,. F . + F 2 . ) = 3m m m+1 m - l / x m+1 m+1 m - 1 m - 1 ' 

= F + F [~(F - F ) + 3 F F 1 = 
in m L m+1 m - 1 m+1 m ~ U 

= F3 +F ( F 2 + 3 [ F 2 + ( - l ) m ] l 
m m ( m L m J J 

or 
(85) F~ = 5 F 3 + 3 ( - l ) m F 

3m m m 
By summing (83) and (84) from m = s + 1 to m = s + t, and using (76), 
we obtain respec t ive ly that 

t 
(86) £ F 3 = i ( F _ . , x , - 2 F 3 . - F . . + 2 F 3 .) ^ r+s 2 ' 3( t+s)- l t+s-1 3 s - l s - 1 ' 

r=l 

and 
t t 

(87) 2 F x , F , F , , , = 2 F 3 , + ( - l ) t + S F . , , - ( ~ 1 ) S F , . x ' r+s -1 r+s r+s+1 r+s t+s-1 v s-1 
r=l r=l 

If we mul t ip ly (67) by F and sum from m = s + l to m = s + t, we 
get that 

t t t 
2 F 3 , , - S F , i F ^ F x _,_ = 2 ( - l ) r + S " " 1 F , ^ r+s ^ r+ s -1 r+s r+s + 1 x ' r+s 

r=l r=l r=l 

A compar i son of this las t r e su l t with (87) yields 

t 
(88) 2 ( - l ) r + S F r + s M - D t + S F t + s . 1 - ( - l ) S F s . 1 . 

r=l 

This las t r e su l t m a y b e verif ied by combining (73) and (74), or by sum-
ming the identi ty (derived from (l))9 

(89) ( - D r + S F r + s = ( - l ) r + S " 2 F r + s . 2 - ( - D ^ - ' F ^ . J • 

As a final i l lus t ra t ion of the la rge family of ident i t ies springing 
from (23), we cons ider the genera l iza t ions of (66) and (83), analogous 



42 ON A GENERAL FIBONACCI IDENTITY February 

to that of (1) in (70). First we obtain a few results analogous to (85). 

Clearly 

2 ? 
(F + F ) = (F - F ) + 4F F 
1 m+1 m-r l m+1 m-l} * m + l m-1 ' 

thus, by (1) and (67), 

(90) (F , . + F . ) 2 = 5F2 + 4 ( - l ) m , w ' v m+1 m-1 m 

and therefore, by (65), 

(91) F 2 - 5 F 4 + 4 ( - l ) m F 2 . 
Zm m m 

Also, by (I), 

(92) F , . + F = F - F • = I (F , % + F ) ; ' n+1 n-1 n+2 n-2 2 n+3 n-3 

whence, by (85) and (67), 

<93> F 3 m + 1 + F 3 m - 1 = < F
m + l + Fr»-1> [ 5 F L + ^ 1 • 

Putting 2r for f and 2m for m in (70), we get, by (64), (66), and 

(67), that 

(94, [ 5 F ^ + 2 ( - l , m ] . F 2 r = FZ
T+m+l - F 2 ^ + F 2 _ m + 1 - F 2 . ^ . 

Alternatively, on squaring (70), we obtain, by (58) and (90), that 

r 5 F 2 + 4 ( - l ) m > 2 = F* + F 2 + 2 ( - l ) m r F 2 - ( - l ) r + m F 2 1 , L m x ' J 7 r+m r-m L r v ' m J 

whence 

(95) T5F2 +2 ( - l ) m ~ |F 2 + 2 ( - l ) r F 2 = F 2 + F 2 

x ' L m X / J r x / m r +m r - m 

We see that (94) yields (66) on putting one for m and m for r . Fi-

nally, put 3r for r and 3m for m in (70). Then, by (85) and (93), 

we get 
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(F ,. + F ,) [ 5 F 2 + ( - l ) m ] F Q = 5 F 3 + 3 ( - l ) f + m F , + m+1 m - 1 ' L m v ' J 3r f+m v ' r+m 

+ 5 ( - l ) m F 3 + 3 ( - l ) r F 
r - m s ' r - m 

^ 5 F r
3

+ m + 5 ( - l ) m F j _ m + 3 ( - l ) r + ™ ( F m + 1 + F m _ 1 ) F r 

= 5 F j + m + 5 ( - l ) m F r
3 _ m + ( - l ) m ( F m + 1 + F m _ 1 ) ( F 3 r - 5 F 3 ) . 

Thus, by (65), 

(96) F F„ F . = F 3 ^ - ( - l ) m ( F ., + F 1 ) F 3 + ( - l ) m F 3 

m 2 m 3r f+m m+1 m - 1 r x ' r - m 
This identity is new, but we can find in the l i t e r a tu re [2] the pa r t i cu la r 
ca ses when m = 1 and m = 2, namely (83) (with f for m) and 

(97) 3 F 3 r = F r + 2 " 3 F r + F l 2 • 
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REQUEST 

The Fibonacci Bibl iographical R e s e a r c h Center d e s i r e s that any 
r e a d e r finding a Fibonacci r e fe rence , send a card giving the re fe rence 
and a brief descr ip t ion of the contents . P l ea se forward al l such in-
format ion to: 

Fibonacci Bibl iographical R e s e a r c h Center , 
Mathemat ics Depar tment , 
San Jose State College 
San Jose , California 


