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In this paper we develop some ideas with the r e c u r r i n g s e r i e s 

(1) B = k, B , + k^B OJ B n = 1, (k. and k0 / 0) , 
n 1 n-1 2 n-2 0 1 2 ' ' 

and show a re la t ionship between this sequence and the s imple network 
of r e s i s t o r s known as a Ladder-network. 

The ladder -ne twork in F igure 1 is an impor tan t network in com-
municat ion s y s t e m s . The m - L sect ions in cascade that make up this 
network can be cha rac t e r i zed by defining: 

(2) a) the at tenuation (input voltage/output voltage) = A, 

b) the output impedance = z , 

c) the input impedance v 
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A resu l t obtained by applying Kirchhoff's and Ohm's Laws to 
l adder -ne tworks with m = 1, 2, 3, . . . , R, = 'R~k-, was tabulated with 
the r e su l t s in Table 1, where sett ing k, = 1, R- = 1 ohm, the network 
in F igure 1 was analyzed by inspect ion [1] . 
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We o b s e r v e t h a t t he n th r o w in T a b l e 1, m a y be w r i t t e n 

m 

n 

zo 
( C 2 n - 2 / y 2 n - l ) R 2 

A 

C 9 
2n 

z i 

( C 2 i A 2 n - l ) R 2 

w h e r e , 
1/2 (3) a) C = k ; C , + C 9 , C n x ' n 1 n - 1 n - 2 0 

b) y r k, ' i n - 1 + y n - 2 ' y 0 = IA; 
1/2 

It t h e n r e m a i n s to s o l v e for y and C i n (3), to be a b l e to a n a l y z e 
J n n 

( F i g u r e 1) by i n s p e c t i o n for a n y v a l u e of k (k ^ 0) , w h e r e R = 1 o h m . 
So t h a t , i n (1), we le t 

(4) a) w = (kL + (k* + 4 k 2 ) l / 2 ) / 2 , 

b) v = 

w h e r e i t i s e v i d e n t , 

(kx - (k 2 + 4 k 2 ) l / 2 ) / 2 

c) k, W + V 

and 

d) k~ = - wv 

T h e n , c o m b i n i n g (c) and (d) w i t h (1), l e a d s to 

(5) B ((w - v )B , - w v ( w - v ) B 9 ) / ( w - v ) n - l n - L 
o o 2 2 

B = ((w ~v )B 0 - wv(w - v )B o ) / ( w - v ) , n n - 2 v ' n - 3 " 
• » • • • i 

B = ((w - v )(w+v) - wv(w " - v ) B 0 ) / ( w - v ) 
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and we h a v e , _ 
n+1 n+1 

(6) B = ™—--a— . 
n w - v 

1/2 
W h e r e , i n (1) w e r e p l a c e k, w i t h k, ' and k 9 w i t h 1, and c o m b i n -
ing t h i s r e s u l t w i t h (3) and (6), l e a d s to 

( k ; / 2
 + ( k 1 + 4 ) i / 2 ) n + 1 - ( k ! / 2 - ( k 1 + 4 ) 1 / 2 ) n + 1 

( 7 ) a ) C n = ~ ' 1/2 n + l = 0 ( k 1 ) , 
n ((k +4) ' ) 2 n l 

and . /,, 
b) y n = ^ ( k ^ / k } ^ . 

(8) T h e o r e m . 
T h e a t t e n u a t i o n ( input v o l t a g e / o u t p u t v o l t a g e = A) of m - L s e c -

t i o n s in c a s c a d e i n a l a d d e r - n e t w o r k i s g i v e n by 

2 m - 2 

A 2 = 2 c ( ( - c 7 1 ) / c 9 7 ) r ) . 
^ r 2 m - l " 2 m - 2 ; ' 

r=0 
T h e p r o o f of t he t h e o r e m r e s t s on the fo l lowing 

(9) L e m m a , 
T h e p o w e r s e r i e s 

n 

( - l ) n 2 B r x r , 

r = 0 
i s a l w a y s a s q u a r e , w h e r e B i s de f ined i n . ( l ) . 

P r o o f of l e m m a , 

Le t 
n 

(10) 1 = (1 -k jX - k 2 x 2 ) ( 1 B r x r ) , 
r=0 

t h e n , by c o m p a r i n g c o e f f i c i e n t s a n d by (1), we h a v e 
- ( B k. + B , k 9 ) - B , . 

,, . . n 1 n-.l 2 ' n+1 
(11) X = _ = - _ - , 

n 2 n 2 
2 

and r e p l a c i n g x w i t h ( - B > i ) / ( B k ? ) i n ^ - k j ^ - k ? * 1 ^ l e a d s t o 

(12) l - k l X - k 0 x 2 = ( B 2 k » + B B ^ . k , - B 2
x 1 ) / ( B 2 k 9 ) . x ' 1 2 x n 2 n n+1 1 n + l , / v n 2 ' 

By (4, d) and (6) i t i s e a s i l y v e r i f i e d 
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(13) B 2 - B , . B . = ( - k - ) n , 
n n+1 n-1 2 

so that 
(14) B2k„ + B B . . k . - B 2 = ( - l ) n k ^ + 1 . x ' n 2 n n+1 1 n+1 x ' 2 

Then, replacing the n u m e r a t o r in (12) by the r e su l t in (14) leads to 

(15) 1-k x - k ? x 2 = ( ( - l ) n k * ) / B 2 , 

so that (10) may be wr i t t en as 
n 

(16) ( - l ) n B 2 = 2 B x r , 
n r 

r=0 
which completes the proof of the l emma. 
(17) The proof of the theorem is immedia te , when in (11) and (16), we 

. _ . _ _ __ 
rep lace n with 21X1-23, k, with k , ' , k ? with 1, and combine the 
r e su l t with (7, a) and the values of the at tenuation in Table 1. 

REFERENCES 

1. a) S. L. Basin, "The Appearance of Fibonacci Numbers and the 
Q Matr ix in E l e c t r i c a l Network Theory, " Math Mag. , 36(1963) 
pp. 84-970 

b) S. L. Basin, "The Fibonacci Sequence as it Appears in Na-
tu re , " Fibonacci Quar te r ly , 1(1963) pp. 54-55 . 

The author e x p r e s s e s his grat i tude and thanks to P r o f e s s o r L. 
Car l i t z , Duke Universi ty; P r o f e s s o r V. E. Hoggatt, J r . , San Jose 
State College; and the r e f e r e e . 

XXXXXXXXXXXXXXX 

REQUEST 
The Fibonacci Bibl iographical R e s e a r c h Center d e s i r e s that any 

r e a d e r finding a Fibonacci r e fe rence , send a ca rd giving the re fe rence 
and a brief descr ip t ion of the contents . P l e a s e forward al l such in-
format ion to: 

Fibonacci Bibl iographical R e s e a r c h Center , 
Mathemat ics Depar tment , 

San Jose State College, 
San Jose , California 


