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1. INTRODUCTION 

In a previous a r t i c l e [_ 1J , ce r t a in available r e su l t s concerning 
polynomial expansions were applied in o rder to i l lus t ra te a s imple gen-
e r a l technique for obtaining the coefficients p (a) in the s e r i e s 

(1.1) f(a) = X Pn(a) F n + 1 , 
n=0 

where f(a) is an " a r b i t r a r y " analytic function of a, and F a r e F ib-
onacci n u m b e r s . The same method may a lso be applied to develop 
s e r i e s expansions of the form 

(1.2) f(a) = i -A (a) L + 2 A (a) L 
x ' 2 o o • n n 

n=l 
w h e r e L a r e the L u c a s n u m b e r s (L = 2, L, = 1; L ,~ = L ., + L n ~ o 1 n+2 n+1 n 
for n - 0 , 1, o . . ) . Such s e r i e s , w h i c h c a n be d e r i v e d a s s p e c i a l c a s e s 

of m o r e g e n e r a l e x p a n s i o n s , a r e of u s e w h e n one d e s i r e s to m a k e s o m e 

g i v e n func t ion f s e r v e a s a g e n e r a t i n g func t ion of t he F i b o n a c c i o r 

L u c a s s e q u e n c e — t w o f a m o u s s e q u e n c e s w h o s e m a n y n u m b e r - t h e o -

r e t i c a l p r o p e r t i e s a r e of p r i m a r y c o n c e r n to t h i s j o u r n a l . 

' i n g e n e r a l , a n y in f in i t e s e r i e s of the f o r m 

00 

f(a) = G[a; j y n [ ] = 2 g^a) yn 

n=0 

is called a generat ing function of a number sequence jy | if g (a) a r e 
l inear ly independent functions of a. The famil iar type, when g (a) 
is taken to be a or a /nl , is a special case of the m o r e genera l 
definition. 

101 
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The main purpose of the present article is to review one tech-

nique for finding the coefficients of (1. 1) or (1. 2), and to give explicit 

expansions of a variety of transcendental, functions in terms involving 

Lucas numbers. Another objective is to point out how certain extensions 

might be made to considerations involving similar sequences of integers. 

2. EXPANSIONS IN TERMS OF GEGENBAUER POLYNOMIALS 

We begin by first seeking a formal series expansion expressed by 

(2.1) £(2ax) = Do> k(2a) Co> k(x) + £ D ^ k<2a) C ^ fc(x) . 

m=l 

where the functions C ^(x)> the well-known Gegenbauer polynomials 

[2 J , are given by C , (x) = I, and 

fm/2] 
m.k1"' _ rTk) ^ v " ' r(m-r + l) 

r=o (for k >-l /2,k/0) 

[™/2] 
_ (-1) / m - r \ n .m-2r ,- , n . n x 

= S ~~^ \ r / ( * ' ( = ' m > 0 ) 

r=o 

These polynomials satisfy the orthogonality relation 

1 2 k ' 2 77r(2k+m)§ 
(2.3) / A i ^ J _ c (X)C k ( x ) d x = - E j H E - , ^ ( k ^ O ) , 

1 / S T ? 4K(m+k)r(m+l)[r(k).r 

= 2 TT§ /m for k = 0, m / 0, 
mp ' 

(2.2) C m , » = ^ s (-D^ ^ : : ; r : ( m ; r ) ( 2 X ) 

with 8 being equal to 0 when m 4 p and to 1 when m = p. If we 
mP 2 k-1/2 

multiply both sides of (2.1) by (1 - x ) ' C , (x) and then integrate 
p , K 

from -1 to 1, we obtain (upon setting x = cosy and making use of (2. 3)) 

the coefficient formulas 

We find it convenient to write C , (x) instead of using the standard 
k m, k & 

notation C (x). r- mV 
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D , (2a) = ^ ^ ^ m, kv 2 rr (2k+m) 

° (for m = 0, 1, . . ; k ^ 0) 

Vf(2a cosy)C , (cosy)dy m, k 7 

D i, o ( 2 a ) = T F J" f ( 2 a c o s y ) Cm, o( c O S y ) d y ( f o r m ^ °» k = °) > 

D o , k( 2 a> 
r(k + i) 

•r(-i)J \ATr 

7T 

I 
2 k sin 7 f(2a cosy )dy 

Now it will be seen that both (1.1) and (1 . 2) can eas i ly be obtained as 
special ca ses of the m o r e genera l s e r i e s (2» 1). 

3. RELATIONSHIP BETWEEN GEGENBAUER POLYNOMIALS AND 
THE SO-CALLED FIBONACCI AND LUCAS POLYNOMIALS 

The Gegenbauer (u l t raspher ica l ) polynomials C , (x) of degree 
m and order k satisfy the r e c u r r e n c e formula, given in re fe rence |_2 J , 

(3.1) ( m + 2 ) C m + 2 > k ( x ) = 2 ( m + l + k ) x C m + l j k ( x ) - (m+2k)C m j k (x ) , 

which reduces to 

(3.2) C x_ . (x) - 2xC ,, . (x) + C . (x) = 0 m+2, 1 m+1,1 m, 1 

when k = 1. Relat ion (3.2) , with conditions Cn , (x) = 1 and 
C, (x) = 2x, is the well-known r e c u r r e n c e formula defining the 

1 , 1 

Chebyshev polynomials U (x) of the second kind, and one may thus 
wr i te 

( 3 . 3 ) C m > 1 ( x ) = Um(x) = U m ( c o s y ) = ^ g ^ - . (x = cos y ) . 

When k = 0, formula (3„ 1) becomes 

(3.4) ( m + 2 ) C m + 2 ) 0 ( x ) - 2 ( m + l ) x C m + 1 ) 0 ( x ) - m C m ) 0 ( x ) = 0 , 

so that, since C (x) = 1, C, (x o, o 1, o 2x, and 

(3.5) C (x) = — T (x) = — T (cos y) ^ - C O S m y : , (x= cos y , m / 0 ) , 
m, o m m 

we have 
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( 3 . 6 ) T , 7 ( x ) - 2x T (x) + T (x) = 0 , 
v ' m-l-2N m + 1 m 

A p r i l 

w h i c h i s the r e l a t i o n s a t i s f i e d by C h e b y s h e v p o l y n o m i a l s T (x) of t he 

f i r s t k ind . 
Now, a s p o i n t e d out in r e f e r e n c e s [1] and [3] , t he F i b o n a c c i p o l y -

n o m i a l s <f> (x) a n d the L u c a s p o l y n o m i a l s X (x) a r e s i m p l y m o d i f i e d 
m m 

C h e b y s h e v p o l y n o m i a l s h a v i n g t h e r e l a t i o n s h i p 

( 3 . 7 ) <£ m + 1 (x) = ( - i ) m U m ( i x ) , X m ( x ) = Z ( - i ) m T m ( i x ) , (i = / T ) . 

In v i e w of ( 3 . 3) a n d ( 3 . 5), we h a v e 

( 3 . 8 ) 4> ^ ( x ) = ( - i ) m C , ( i x ) , X (x) = m ( - i ) m C ( ix) , (m > 1) , v ' ^ m + l m , 1 m m , o 

t h u s s h o w i n g t h a t t he F i b o n a c c i and L u c a s p o l y n o m i a l s a r e r e l a t e d to 

m o d i f i e d G e g e n b a u e r p o l y n o m i a l s fo r t he s p e c i a l c a s e s of k = 1 a n d 

k = 0 . 

M o r e o v e r , t h e F i b o n a c c i and L u c a s n u m b e r s a r e p a r t i c u l a r v a l -

u e s of ( 3 . 8) w h e n x = 1/2; t h a t i s 

(3.9) 

V C o > 1 < i / 2 ) = I , F m + 1 = ( - i ) m C m f l ( i / 2 ) 

L = 2C ( i / 2 ) = 2, L = m ( - i ) m C ( i / 2 ) 
o o, ov ' ' m v ' m , o ' 

(m > 1) 

Wi th t he a b o v e r e l a t i o n s h i p s , t h e s e r i e s e x p a n s i o n s ( 1 . 1) o r ( 1 . 2 ) fo r 

a g i v e n f u n c t i o n f i n t e r m s i n v o l v i n g F i b o n a c c i o r L u c a s n u m b e r s c a n 

be o b t a i n e d f r o m (2 . 1) by t a k i n g 

( 3 . 10) x = i / 2 a n d 2a = - 2 i a 

T h u s , we h a v e the s e r i e s 

( 3 . 1 1 M 

f(a) = \ D ( - 2 i a ) L + 1 D ( - 2 i a ) L 
2 o, o o m m , o in 

m = l 

(i= f^) 

f(a) = 1 I D 1 ( - 2 i a ) F , . 
m , 1 ' m + 1 

m = o 
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w h e r e , f r o m ( 2 . 4 ) , ( 3 . 3 ) , and ( 3 . 5 ) , t he c o e f f i c i e n t s m a y be e x p r e s s e d 
by the de f in i t e i n t e g r a l s 

n 
D o , o ( " 2 i a ) = W f f ( " 2 i a c o s y )dy = A Q (a) , 

o 

D ( -2 i a ) = — f f ( - 2 i a c o s y ) c o s m y d y = ( - i ) m m A (a) , 

° ( m > l ) 

( 3 . 1 2 ) 

. . m r D _ , ( -2 i a ) = - f f ( - 2 i a c o s y ) s i n y s i n ( m + l ) y d y = ( - i ) " 1 (3_ (a ) m , T m 

( m >„ 0) . 
4. E X A M P L E S 

S ince m a n y s p e c i f i c e x a m p l e s w e r e p r e s e n t e d in r e f e r e n c e [l ] fo r 

c e r t a i n s e r i e s i n t e r m s of F i b o n a c c i n u m b e r s , we s h a l l now on ly g ive 

s o m e e x p l i c i t e x p a n s i o n s in t e r m s i n v o l v i n g L u c a s n u m b e r s . 

C o n s i d e r f i r s t t he func t ion 

( 4 . 1 ) f(a) = e a , 

s o t h a t f r o m ( 3 . 12) we h a v e 

n 
( 4 . 2 ) D ( -2 ia ) = \-[ e " 2 i a C O S y d y = J ( -2a ) = J (2a) , 
x ' O , O TT J ' O O 

O 
a n d 

77 

IA o\ T-N / o- \ ni f - 2 i a c o s y . . , m _ lo . 
(4 . 3) D ( -2 ia ) = — I e ' c o s m y dy = m ( - i ) J (2a) , 
x m , o 77 J r r m * 

o 
w h e r e J a r e B e s s e l f u n c t i o n s of o r d e r m [41 . ( E v a l u a t i o n of t h e m 
a b o v e i n t e g r a l s , a s w e l l a s o t h e r s to fo l low, w a s m a d e by u s e of t a b l e s 

a n d f o r m u l a s i n [2] , |4] , a n d [5] . ) S u b s t i t u t i n g t h e v a l u e s of ( 4 . 2 ) 

a n d (4 . 3) i n t o ( 3 . 11) t h e n y i e l d s t he e x p a n s i o n 

(4 .4) e a = I J (2a) L + £ J (2a) L 
~x o m m 

m = l 
2 °ox 
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which converges for 0 <_ j a ) < °° , since 

a 1 + \f~5 
(4.5) 

J (2a) L ,-
r m ._ m + l 

m —^ <*> ~—J (Za)L 7 m m 
lim —-TTT —r~ m .-^ co m+1 2 

for all finite values of a. If application is now made of the familiar 
relations 

( cosh a = (e + e )/2? sinh a = (e - e )/2 , 

(4.6) { . ia -ia, , . . . -la ia. / 
cos a = (e + e )/2, sm a = i(e - e )/2 , 

I J (ia) = i I (a), m m V " ^ * - 1 * J
m<Q> • 

the following series expansions' can be easily derived from (4, 4): 

(4.7) { 

sin a = £ (-1) -L, . (2a)L„ - , ** s ' Z m - r 2m-l 
m=l 

cos a = I (2a) + 2 (-1) I„ (2a)L„ 
o 2m 2m 

m=l 

where I are modified Bessel functions of order m, and m 

(4.8) 

sinh a = 2 Jo i (2a) L_ , 
2m-1 2m~l 

m=l 

cosh a = J (2a) + 2 Jn (2a) L» , o 2m 2m 
m=l 

The four examples in (4.7) and (4.8) ail converge for 0 .<_ | a | < °° . 

Although these series are apparently not found in the literature in the 

specific form we have given for our purposes, they are modified cases 

of some expansions due to Gegenbauer (e .g . , see [4] , pp. 368-369). 

Series for such functions in terms involving certain powers of Lucas 

numbers may also be obtained and will be presented in a later article. 
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(4 . 9) f(a) = a r c t a n a . 
Now 
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( 4 . 1 0 ) 

but 

D 9 ( -2 i a ) = 0, fo r m = 0, 1, 
2 m , o ' ' ' 

(4 . 11) D ? . ( -2 i a ) = I a r c t a n ( - 2 i a c o s y ) c o s ( 2 m - l ) y d y , 

o 

w h i c h c a n be i n t e g r a t e d by p a r t s to g ive 

iA i o \ T-* / ->• \ ^ i a f s i n ( 2 m - l ) y s i n y , , , 0 . 
( 4 ' 1 2 ) D 2 m - l , o ( - 2 l a ) = - - 7 T - J - \ 2 1 * ^ ( m = l , 2 , . . . ) , 

J l - 4 a c o s y 

i a r c o s 2m y - c o s ( 2 m - 2 ) y l a f c o s 2m y - co __ _ | 2 
^ 1-4a co 7" 

s y 
d y , 

o r , f i na l l y , 

( 4 . 1 3 ) D - - ' > 2 i a ) = i ^ ^ ^ 2 m - l , o 

U s e of (4 . 10) and (4 . 13) i n t h e f i r s t e q u a t i o n of ( 3 . 11) y i e l d s t he s e r i e s 

e x p a n s i o n s 

(4 . 14) a r c t a n a = £ 

m = l 

( - l ) ™ ' 1 (I - J ^ 4 j \ Z m - 1 . . , m 
^ ^ T T - ( Z H — J * L 2 m - 1 ( a ^ 0 ) ' 

w h i c h w i l l c o n v e r g e for 0 <. | a | < l / \ / 5 . If we now t a k e a = \ /2 - 1, 
w e o b t a i n , s i n c e a r c t a n ( J~Z~ - 1) = TT/8, t he i n t e r e s t i n g e q u a t i o n 

(4.i5),= 8 I t^lri^+Dd-yrTf^Ti)' 
Zm -1 

m = l 

2 m - l 

" 2 m - 1 

F o r a = 0, t h e r i g h t - h a n d s i d e of (4 . 14) b e c o m e s a n i n d e t e r m i n a t e 

f o r m , but t h e c o r r e c t r e s u l t i s o b t a i n e d in t h e l i m i t . 
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Cer ta in higher t r anscenden ta l functions such as the Besse l func-
J (a) can a l so be eas i ly expande* 

b e r s . Thus, if f(a) = J (a), we have 
tion J (a) can a l so be eas i ly expanded in t e r m s involving Lucas num-

o 

(4. 16) DQ} Q(-2ia) = i J J Q ( -2 ia cos y )dy = [ l Q (a ) ] 2 ; 

a n d 

(4. 17) D^ (-2ia) = —2L I J (-2ia cos y )cos 2m y d y = 2m [l (a) 1 , 

and hence from (3. 11) we obtain, since for an even function D~ . = 0, 
2 m - l , o 

the s e r i e s 
00 

(4.18) Jo(a) 4 [lo(a)] 2 L Q + 2 (-1)™ [lm(a)] 2 L ^ „ 
m=l 

It can be shown in a s imi l a r manne r that the expansions of Besse l func-
tions for al l even o r d e r s a r e given by 

CO 

(4.19) J ? (a) = I [i ( a ) ] 2 L + 1 ( - l ) m " n I , (a)I (a) L , , x 2n 2 Ln J o m+n m - n 2m 
m=l 

(n= 0 , 1 , 2 , . . . ) 
and a r e convergent for 0 <. \a\ < co . 

A proposed problem for the r e a d e r is to show that the Besse l 
function J, (a) m a y be exp re s sed in the form 

CD 

(4.20) JA*)= S (~ l ) m I (a)I , (a) L9 . 
x ' Is ' x ' m

x ' m - 1 2 m - l 
m=l 

The r e a d e r may a l so use the las t equations in (3. 11) and (3. 12) to show 
that, in t e r m s of Fibonacci num ber s F 0 , 

.—.—— 2m 

(4.21) a r c t a n a ^ £ ( - l )™" 1 [ * - ^ L 1 l , 2"1"1 F 
s ' ** \ t L2m-1 2m+l J 2m 3 

m=l 
and whence 
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TT= 8 X (-1) 
m=l 

m - 1 1 
2 m - l 2m+l d F 2m 

(4 .23) b = ̂ L [l - Jl-4*2\,. d = I [( JZ + 1)(1 - /8 /T"- 11 

The r e su l t s (4.21) and (40 22) can actual ly be obtained m o r e readi ly , 
as indicated in the following r e m a r k s , 

5. REMARKS 

If one has a l r eady found the coefficients A (a) in (1«2) for an 
expansion in t e r m s of Lucas n u m b e r s , it is not n e c e s s a r y to c a r r y out 
the in tegra t ion in the las t equation of (3, 12) in o rde r to obtain the co-
efficients P (a) in (1.1) for a s e r i e s in t e r m s involving Fibonacci 

n u m b e r s . Fo r , s ince F 
easy to show that 

(5.1) 

0, L = 2 , and L o n F + F . , it is 
n+1 n-1 

Pn(a) = A n + 1 ( a ) + A n _ 1 ( a ) , 

and thus that 

(5.2) f(a) * [An<Q>+ An+2<Q> 
n=o 

n+1 

Expansions in t e r m s of Fibonacci numbers or of Lucas n u m b e r s , 
however, a r e not very efficient for computing approximate values of a 
function. For example , to compute n co r r ec t l y to 6 p laces using 
formula (4. 15) r e q u i r e s 36 t e r m s in compar i son to 9 t e r m s using the 
s e r i e s 

(5 .3) 2 fe^r- (vT- i) 2m+l 

which is based on a slowly convergent Maclaur in expansion. But the 
s e r i e s 
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n = 16 2 I— 
2m 

U^- [ (/T-+1H/4-2 A - X)] 2m+l 

based on a m o r e rapidly convergent expansion in t e r m s of Chebyshev 
polynomials , yields 6-place accuracy with only 5 t e r m s . 

As pointed out by Gould [6] , if f(a) has a power s e r i e s expansion 

(5.4) f(a) = I y n a n , 
n=o 

then the s e r i e s 
CO 

(5. 5) G(a) = f(a1a) + f(a2a) = £ y a n L n , 
n=o 

where 

, , M 1 + /5~ 1 - / 5 " (5.6) ax = 2 — , a 2 = z — , 

will furnish a whole special c l a s s of generat ing functions for the Lucas 
sequence. Similar ly , the s e r i e s 

CO 

(5. 7) H(a) = f(a1a) - f(a a) = 1 / ? y a11 F n 

n=o 

yields a c l a s s of generat ing functions for the Fibonacci sequence. It 
is to be noted, however, that this technique of Gould for obtaining gen-
era t ing functions for Lucas or Fibonacci numbers is not intended to a c -
complish our purpose of making some given function f se rve as the 
generat ing function by the expansion (1.1) or (1 . 2). Clear ly the func-
tions G( a) and H( a) in (5.5) and (5.7) a r e not the same as the given 
function f. 

6. CERTAIN EXTENSIONS 

In re fe rence [1] , we cons idered the expansion of functions in 
t e r m s involving numbers (those of Fibonacci) a s soc ia t ed with modified 
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Gegenbauer polynomials for the special case when k = 1, and in the 
p r e sen t a r t i c l e in t e r m s of numbers (those of Lucas) for the case when 
k = 0. Now from the genera l c l a s s , the re appear to be other special 
ca ses w h i c h m a y a lso prove of i n t e r e s t to students "devoted to the study 
of in tege r s with specia l p r o p e r t i e s . " 

For ins tance , upon taking k'= 1/2, one may consider the set of 
polynomials R (x) defined by 

(6. 1) R (x) = 4™(- i ) m C . / ? ( ix ) = 4 m ( - i ) m P (ix), (m = 0, 1, . . . ) , 
i i i m j I / d m 

where P a r e the Legendre polynomials . F r o m equation (3.1) Ave 
then have the r e c u r r e n c e re la t ion 

(6.2) (m+2)R ^ ( x ) = 4(2m+3)xR L. (x) + l6 (m+l)R (x) 
m+2 m+1 m 

with R (x) = 1 and R, (x) = 4x; or , m o r e explicit ly, from (2. 2), we 
can wr i te 

[m/2] 
(6.3) RmW = 2 m 2 ( T ) ( 2 m m 2 j ) x m " 2 j ' 

which has a generat ing function exp re s sed by 

(6.4) i = S R n ( x ) z n , ( | 8 x z | + | l 6 z 2 I < 1) . 
y i - 8 x z - l 6 z „_„ 

Now let H be the sequence of numbers (which we shall cal l m 
"H-numbers" ) obtained from R (x) by taking x = 1/2. Thus / m 

, 6 . 5 , H m = " S ( » ) ( J ° ^ ) 4 i . , m > 0 , , 
j = o 

with H = 1, H, = 2, H~ = 14, H- = 68, . . , ), and one may invest igate 
O 1 L ^ D 

what pa r t i cu la r p rope r t i e s ' these numbers might have . 

''What, for ins tance , is i m (H / H ,, ) ? Are the re any in te res t ing 
' m — â> m / m+1 3 & 

ident i t ies , e tc . ? 



112 EXPANSION OF ANALYTIC FUNCTIONS IN TERMS Apri l 

By the p rocedure we have i l lus t ra ted , one may a l so find expan-
sions which would make a given function se rve as a generat ing function 
for such n u m b e r s . Thus, from (2. 1), (2.4), (3.10), and (6.1) , we ob-
tain the s e r i e s 

(6.6) f(a) = D . , 9 ( -2ia) H + X — D . / 9 ( -2 ia ) H , x ' x o, 1/2X ' o ** /m m, 1/2X ' m 

m=l 

where the coefficients a r e exp re s sed by 

2 +1 n 

( 6 . 7 ) D m , l / 2 ( " 2 i a ) = ~ 2 T ~ ^ f S i n y f ( - 2 i a c o s y ) P m ( c o s y ) d y ( m = 0 , 1 , . . . ) . 
o 

For example , if we take the analytic function 
(6.8) f(a) = e a 

then 

iL n\ T̂  / o- A 2m+l r ' • +. -2 ia cosy _ / x , , 
(6 .9) D ^ x / 2 ( -2ia) = — j — I s in y e r P m ( c o s y ) d y 

o 
1 

/
- 2 i a z _ , x , 2m+l , . .m nj~ . . . 

e P (z)dz = —=— (-1) & J / 9(2a) , 
m 2 y a m + l / 2 x ' 

(m = 0 , 1 , 2 , . . . ) 

2m+l 

• 1 

and hence from (6. 6) we have the expansion 

, ( a / 0 ) (*'10> **-lzK J, / 7 (2a)H + 1 ^Hi l 1 J ., / 9 (2a)H l / 2 ^ u ^ o x * — ^ J m + l / 2 ^ ' m 
m=l 

where J , /? a r e Besse l functions of o rde r half an odd in teger . Other 
functions f may be expanded in a s imi l a r way. 

The Lucas n u m b e r s , the Fibonacci n u m b e r s , and our so -ca l l ed 
H - n u m b e r s , in t e r m s of which we have expanded a given analytic func-
tion, a r e a l l seen to be m e r e specia l c a se s of a m o r e genera l sequence 
<V . /•, where I m, kj 

[m/2] 
(6.11) V t = a < S » k ) H m - r + k ) / m - r \ { k > . l / 2 ) . 

m, k r (k ) T(m-r+l ) \ r / ' 
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Our t h r e e p a r t i c u l a r c a s e s of t h e s e m a y be s u m m a r i z e d a s f o l l o w s : 

r k = 1, 

(6 . 12W k = 0, 

q ( m , k) = 1, 

q ( m , k) 
r(k) 

t h e n V m , 1 m+1 ' 

m , t h e n V = L 
m , o m 

(m = 0 , 1 , 2 , . . . ) 

L k = 1/2, q ( m , k ) = 4 m , t h e n V i 3 l / 2 H 

In t he f a m i l y (6 . 11), h o w e v e r , t h e r e m a y be m a n y o t h e r i n t e r e s t i n g 

s e t s of i n t e g e r s w o r t h y of c o n s i d e r a t i o n . F o r e x a m p l e , ' if k i s a n y 

i n t e g e r > 1, t h e n 

( 6 . 1 3 ) V 

[m/z] 
q ( m , k) ( m - r + k - l ) J 

m , k ( F T ) ] 
r = o 

( m - r ) I 
m - r 

w i l l o b v i o u s l y l e a d to v a r i o u s s e q u e n c e s of i n t e g e r s w h e n e v e r q ( m , k ) / 

(k-1)1 i s a n y a r b i t r a r i l y c h o s e n func t ion y i e l d i n g a p o s i t i v e i n t e g e r . 

E x p a n s i o n of a g i v e n func t ion f( a) in t e r m s i n v o l v i n g the n u m b e r s 
V , m a y e a s i l y be m a d e by t h e f a m i l i a r p r o c e d u r e a l r e a d y d e s c r i b e d . m , k 

B e s i d e s t h e G e g e n b a u e r p o l y n o m i a l s , t h e r e a r e of c o u r s e o t h e r 

w e l l - k n o w n f a m i l i e s of o r t h o g o n a l p o l y n o m i a l s w h i c h m a y be m o d i f i e d 

to f u r n i s h s t i l l o t h e r s o u r c e s of i n t e g e r - s e q u e n c e s . A g i v e n func t i on 

c o u l d be e x p a n d e d in t e r m s of s u c h n u m b e r s by a t e c h n i q u e s i m i l a r t o 

t h e one p r e s e n t e d in r e f e r e n c e [ l ] , o r in t h i s a r t i c l e . 

It c a n be e a s i l y s h o w n t h a t 

V 
L i m m , k 

V m + l , k 
L i m q ( m , k ) 

m _ ^ oo q ( m + l , k) 

a n d t h u s t h a t t he v a l u e of t h i s Limit fo r a l l s e q u e n c e s of t h e g e n e r a l 

f a m i l y h a s t he c o m m o n f a c t o r ( J5 - l ) / 2 , w h i c h i s the c l a s s i c a l 

" g o l d e n m e a n " for t h e F i b o n a c c i o r L u c a s s e q u e n c e . (Of c o u r s e , a n 

a p p r o p r i a t e c h o i c e of q ( m , k) s h o u l d be m a d e so t h a t the l i m i t on t h e 

r i g h t - h a n d s i d e e x i s t s . ) 
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INFORMATION AND AN OMISSION 

Reference related to H-37.. 

References by R. E. Greenwood: Problem 4047, Amer. Math. Mon, 

(issue of Feb, 1944, pp. 102-104), proposed by T. R. Running, solved 

by E. P. Starke, Problem #65, Nat. Math. Mag. (now just Math, Mag. ) 

issue of November 1934, p. 63, 

Omission H-37. Also solved by J. A. H. Hunter. 

CORRECTION 

H-28 Let 
r11"1 N +JSL+. . . N , 

GO o 1 n - 1 

S( r , a ,b ) = £ C . ( r , n ) a V n - n - j = b ( r " 1 ) n 2 (I) 


