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Send all communicat ions regard ing E lemen ta ry P r o b l e m s and 
Solutions to P r o f e s s o r A. P . Hillman, Mathemat ics Depar tment , Uni-
ve r s i t y of Santa Clara , Santa Clara , California. Any problem believed 
to be new in the a r e a of r e c u r r e n t sequences and any new approaches 
to exist ing prob lems will be welcomed. The p ropose r should submit 
each problem with solution in legible form, preferab ly typed in double 
spacing with name and a d d r e s s of the p roposer as a headinge 

Solutions to p rob lems should be submitted on separa te sheets in 
the format used below within two months of publication. 

B - 6 4 Proposed by Verner E. Hoggatt, Jr., San Jose State College, San Jose, California 

Show that L L ,, = L~ , ,+(-1) . where L is the n-th Lucas n n+1 2n+l n 
number defined by L, = 1, L0 = 3, and L l 0 = L M + L . y 1 2 n+^ n+1 n 
B - 6 5 Proposed by Verner E. Hoggatt, Jr., San Jose State College, San Jose, California 

Let u and v be sequences satisfying u , J a u , ,+bu =0 and n n n+2 n+1 n 
v . T+CV ,, +dv =0 where a, b, c, and d a r e constants and let 

n+Z n+1 n A % 7 
(E2+aE+b)(E2+cE+d) = E 4 +pE +qE + r E + s . Show that y =u +v sat is f ies 

y j / i + p y j -2+qy . o + r y . i + s y ~ ° 
7n+4 r / n + 3 n / n + 2 7n+l Jn 

B - 6 6 Proposed by D.G. Mead, University of Santa Clara, Santa Clara, California 

Find constants p, q, r, and s such that 
y n + 4 + p y n + 3 + q y n + 2 + r y n + 1 + s y n = o 

is a 4th o rde r r e c u r s i o n re la t ionfor the t e r m - b y - t e r m products y =u v 
3 r J n n n of solutions of u l 0 - u M - u = 0 and v , 0 - 2 v ,, -v = 0. n+2 n+1 n n+2 n+1 n 

B - 6 7 Proposed by D.G. Mead, Uni versity of Santa Clara, Santa Clara, California 

Find the sum 1' 1 +1 * 2+2B 5+3' 12+. . . +F G , where F ^ = F ,. +F 
n n n+Z n+1 n 

and G n + 2 = 2 G n + 1 + G n . 

153 
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B - 6 8 Proposed by Walter W. Horner, Pittsburgh, Pennsylvania 

Find express ions in t e r m s of Fibonacci numbers which will gen-
e ra t e in tegers for the dimensions and diagonal of a rec tangula r pa ra l l e l -
opiped, i. e. , solutions of 

2 , , 2 , 2 ,2 
a +b +c = d 

B - 6 9 Proposed by Werner E. Hoggatt, Jr., San Jose State College, San Jose, California 

Solve the sys tem of s imultaneous equations: 

x F ,, +yF = x +y n+1 J n J 

x F n + 2 + y F n + l = x 2 + 2 x y 

where F is the n- th Fibonacci number . n 

SOLUTIONS 

CHEBYSHEV POLYNOMIALS 

B - 2 7 Proposed by D.C. Cross, Exeter, England 

Correc ted and r e s t a t ed from Vol. 1, No. 4: The Chebyshev 
Polynomials P (x) a r e defined by P (x) = cos(nArccos x). Letting 
(f>= Arccos x, we have 

:os <f> - x = P (x), 

cos (2$) = 2cos 0 - 1 = 2x - 1 = P ? (x) , 

cos (3<f>) = 4cos 0 - 3cos <j> = 4x - 3x = P~(x), 

cos (40) = 8 c o s 4 0 - 8 c o s 2 0 + 1 = 8 x 4 - 8x2 + 1 = P 4 (x) , e tc . 

It is well known that 

Pn+2<x> = 2 x P n + l< X > " P n ( x > ' 

Show that 
m 

P (x) = I B. x n ' 2 j 
nx j n 

j=0 
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where 
m = [n/2 J , 

the g rea t e s t in teger not exceeding n / 2 , and 

(1) B = 2 n _ 1 
' on 

(2) B . , , x l = 2 B . . . - B. . 
j + l , n + l j + l , n j , n - l 

(3) I f S = | B I + | B . | + . . . + | B I, then S 10 = 2S , . + S 
n ' on ' ' I n 1 ' m n ' n+2 n+1 n 

Solution by Douglas Lind, University of Virginia, Charlottesville, Va. 

By De Moivre ' s Theorem, 

(cos <f> + i sin </>) - cos n 0 + i sin rub 

Letting x = cos <fi, and expanding the left side, 

/——2 n 
c o s n 0 + i s i n n 0 = (x + i vl - x ) 

. n . 
= 2 (- l ) j / 2 (Jxn- j ( l - x V / 2 • 

j=o 

We equate r ea l p a r t s , noting that only the even t e r m s of the sum a r e 
r ea l , 

[n/2] k 
cos n<£ = P j x ) = h X ( - l ) k (2^) x n " 2 k ( l - x2) . 

k=0 
We m a y p r o v e from this (cf. Fo rmula (22), p. 185, Higher T ranscend-
tal Funct ions , Vol. 2 by Erde ly i et al; R. G. Buschman, "Fibonacci 
Numbers , Chebyshev Polynomia ls , General iza t ions and Difference 
Equat ions, " Fibonacci Quar te r ly , Vol. 1, No. 4, p. 2) that 

(*) 

F r o m this , 

(1) 

B. J, n 

we have 

11 \ - l / O \1L-J-Xf. 

H (n-Zj): 

B = 2n~l . o, n 
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It is a lso easy to show from (*) that 

(2) B. ,, ,, = 2 B. ,, - B. • . 
j + l , n + l J + l , n J, n-1 

Now (*) impl ies 

J ,n ' j , n ' 
so that (2) becomes 

B. = (-1)J | B . 

("D j + 1 | B . + 1 + J = 2 ( - l ) j + 1 |B . + T I + ( - D J + 1 |B. , 1 j + l , n + l J ' j + l , n J ' j , n - l 

B . , , , , = 2 B . , T + B . .. 
1 j+1, n+1 ' ' j+1, n1 j , n -1 

Summing both sides for j to I —=—J, we have 

(3) S ,. = 2 S + S . 
v ' n+1 n n-1 

Also solved by the proposer. 

A S P E C I A L C A S E 

B - 5 2 Proposed by Venter E. Hoggatt, Jr., San Jose State College, San Jose, California 

Showthat F 0 F ^ - F 2 = ( - l ) n + 1 , where F is the n - th F ib -n-2 n+2 n x n 
onacci number , defined by F , = F~ = 1 and F 0 = F , + F . 

3 1 2 n+2 n+1 n 
Solution by John L. Broivn, Jr., Pennsylvania State University, State College, Pa. 

Identity XXII (Fibonacci Quar te r ly , Vol. 1, No. 2, Apr i l 1963, 
p . 68) s t a t e s : 

F F - F . F ,. = ( - l ) n ~ k F, F ,. n m n -k m+k k m+k-n 

The proposed identi ty is immedia te on taking m = n and k = 2. 
More general ly , we have 

F Z - F _ F „ = ( - l ) n " k F , 2 for 0 < k < n . n n -k n+k k 

Also solved by Marjorie Bicknell, Herta T. Freitag, John E. Homer, Jr., J.A.H. Hunter, 
Douglas Lind, Gary C. MacDonald, Robert McGee, C.B.A. Peck, Howard Walton, John 
Wessner, Charles Ziegenfus, and the proposer. 
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SU MMIN G M U L T I P L E S O F S Q U A R E S 

B - 5 3 Proposed by Verner E. Hoggatt, Jr., San Jose State College, San Jose, California 

Show t h a t 

(2n - 1 ) F ? + (2n - Z)Y* + . . . 4- F ^ _ = F!T 1 2 Zn-1 2n 

Solution by James D. Mooney, University of Notre Dame, Notre Dame, Indiana 

Remember ing that 

I F,2 = F F , , , ^ k n n+1 
k=0 

2 2 
we m a y proceed by induction. C lea r ly fo r n = 1, F , = 1 = F - . Assume 

[2(n- l ) - l ] ? \ + [>(n- l ) - 2] T\ + . . . + F ^ ^ ^ = 

= (2n-3)F2 + (2n-4) F 2 + . . . + F 2 n _ 3 = F ^ . 

Then 
( 2 n - l ) F j + . . . + F 2 n _ x = [ (2n-3)F j + . . . + F 2 n _ 3 ] + 

2n-2 2n- l 

2(F? + . . . + F 2
 9) + F 2 . = F 2

 ? + 1 F 2 + 2 F ? > v 1 2n-2 2n- l 2n-2 k k 
k=0 k=0 

F 2 n - 2 + F 2 n - 2 F 2 n - l + F 2 n - l F 2 n = F 2 n - 2 + F 2 n - 2 F 2 n - l + 

+ F 2 n - l ( F 2 n - 2 + F2n-1> = F 2 n - 2 + 2 F 2 n - 2 F 2 n - l + F 2 n - 1 = 

<F2n-2 + F 2 n - l ) 2 = F 2 n " Q ' E " D ' 

Also solved by Marforie Bicknell, J.L. Brown, Jr., Douglas Lind, John E. Homer, Jr., 
Robert McGee, C.B.A. Peck, Howard Walton, David Zeitlin, Charles Ziegenfus, and 
the proposer. 
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RECURRENCE RELATION FOR DETERMINANTS 

B - 5 4 Proposed by C.A. Church, Jr., Duke University, Durham, N. Carolina 

Show that the n- th o rde r de te rminant 

ax 1 0 0 

-1 a 2 1 0 

0 -1 a . 1 

0 0 

Apri l 

£(n) 

~3 
-1 

0 

0 

0 

0 

0 

0 

0 

0 

n-1 
-1 

sat isf ies the r e c u r r e n c e f(n) - a f (n- l ) + f(n-Z) for n > 2. 

Solution by John E. Homer, Jr., La Crosse. Wisconsin 

Expanding by e lements of the n- th column yields the des i r ed re-
lation immedia te ly . 

Also solved by Marjorie Bicknell, Douglas Lind, Robert McGee, C.B.A. Peck, 
Charles Ziegenfus, and the proposer. 

AN EQUATION FOR THE GOLDEN MEAN 

B - 5 5 From a proposal by Charles R. Wall, Texas Christian University, Ft. Worth, Texas 

Show that x - x F - F , = 0 has no solution g r ea t e r than a, n n-1 to 

where a = (1 + >/fT)/2, F is the n- th Fibonacci number , and n > 1. 

Solution by G.L. Alexanderson, University of Santa Clara, California 

For n > 1 let p(x, n) = x - x F - F , , g(x) = x - x - 1, and 
i , x n-2 n -3 , - n - 4 . , „ n -k -1 . . _ , _ 
h(x, n) = x + x + 2 x + . . . + F , x + . . . + F 0 x + F . . 

k n-2 n-1 
It is eas i ly seen that p(x, n) = g(x)h(x, n), g(x) < 0 for - l / a < x < a, 
g(a) = 0, g(x) > 0 for x > a, and h(x, n) > 0 for x > 0. Hence x = a 
is the unique posi t ive root of p(x, n) = 0. Also solved by J.L. Broum, Jr., Douglas Lind, C.B.A. Peck, and the proposer. 
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GOLDEN MEAN AS A LIMIT 
B - 5 6 Proposed by Charles R. Wall, Texas Christian University, Ft. Worth, Texas 

Let F be the n- th Fibonacci number . Let x^ > 0 and define n 0 
x, , x„, . 0 . by x. .. = f(x, ) where 1 Z J k+1 k 

f(x) = n \ /F . + x F . n-1 n 
For n > 1, prove that the limit of x, as k goes to infinity exis ts and 
find the l imit . (See B-43 and B-55. ) 

Solution by G.L. Alexanderson, University of Santa Clara, Santa Clara, California 

For n > 1 let p(x) = X
n - x F - F . . Let a = (1 + \[5)/2. As r v n n-1 

in the proof of B-55, one sees that p(x) > 0 for x > a and that 
p(x) < 0 for 0 < x < ae If x, > a, we then have 

(x ) > x F + F = (x ) 
k k n n-1 k+1 

and so x, > x. , , . It is a lso c lear that x, > a impl ies k k+1 k 
(x. ^ ) n = x, F + F , > a F + F . = a11 

k+1 k n n-1 n n-1 
and hence x, , , > a. Thus x > a impl ies x > x, > x^ > . . . > a. k+1 o r o 1 Z 
Similar ly , 0 < x < a impl ies 0 < x < x. < x_ < . . . < a. In both ' • o o 1 Z 
ca ses the sequence x , x, , . . . is monotonic and bounded. Hence x, n o 1 k 
has a l imit L > 0 as k goes to infinity. Since L sat is f ies 

L = n^Y+rr , 
n-1 n 

L mus t be the unique posit ive solution of p(x) = 0. 

Also solved by Douglas Lind and the proposer. 

A F I B O N A C C I - L U C A S I N E Q U A L I T Y 

B - 5 7 Proposed by G.L. Alexanderson, University of Santa Clara, Santa Clara, California 

Let F and L be the n- th Fibonacci and n- th Lucas num-n n 
ber respec t ive ly . P rove that 

( F 4 n / n ) n > L 2 L 6 L 1 0 . . . L 4 n _ 2 

for all in tegers n > 2. 
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Solution by David Zeitlin, Minneapolis, Minnesota 

Using mathemat i ca l induction, one may show that 

n 
F 4 n = 2 L 4 k - 2 ' n = 1, 2f . . . 

k=l 

If we apply the well-known a r i t h m e t i c - g e o m e t r i c inequality to the un-
equal positive numbers LOJ L, , L. AJ . . . , L . „, we obtain for 

2 o 10 4n-Z 
n = 2, 3, 

n 
2 L 4 k - 2 

4n k=l _ _ _ _ N / L 2 L 6 L 1 0 . . . L ^ ^ 

which is the des i r ed inequality. 

Also solved by Douglas hind and the proposer. 
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CORRECTION Volume 3 , Number 1 
Page 26, line 10 from bottom of page 

V„ ~+V- /)+V7 _ = F Q - F _ = F A = 8 7 , 3 7 , 4 7 , 5 8 7 6 
Page 27, lines 4 and 5 

F ^ + F . + F , * . . . +F = F ,, -1 (n even) 
2 4 6 n n+1 

FQ+FC+F^+. . . + F = F ,. -1 (n odd) 
3 5 7 n n+1 
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