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T. A. Brennan [3] obtained the cha rac t e r i s t i c oolynomial for the 
k by k m a t r i x P, = [P..] .with the binomial coefficient ( " .J as the 
e lement P . . in the i- th row and j - t h column. See [6] and |.7| for 
special c a s e s . L. Car l i tz |5J used another method involving some 
very in te res t ing identi t ies to achieve the same r e s u l t . In this paper 
we find the c h a r a c t e r i s t i c polynomial for a genera l iza t ion of the P. . 

Let F be a field of c h a r a c t e r i s t i c zero , let p and q be in F , 
and let 

(i) y n + 2 = qyn + p y n + l v q / o 

be a second o rde r homogeneous l inear difference equation over F. We 
r e s t r i c t n to be an integer in (1). Let a and b be the ze ros of the 
auxi l ia ry polynomial 

x - px - q = (x - a)(x - b) 

of (1). We deal only with the case in which (1) is o rd inary in the sense 
of R. F . Tor re t to and J. A. Fuchs [ 4 ] , i . e . , we a s sume that e i ther 
a = b or a / b for all posit ive in tegers n. Using the notation of 
E. Lucas [ l ] we let U be the solution (a*1 - b n ) / ( a - b) of (1). Also 

n 
we use the notation of [3] and [4] for the general ized binomial coefficient 

U U , . . . U -.,, r n r i _ m m - 1 m-j+1 | ~ m l ~ 1 
L j J " Dy07T77~tr; j L o J ~ 

J 1 2 j 
of D. Ja rden [2] . 

Ja rden showed that the product z of the n-th t e r m s of k-1 
r n 

solutions of (1) sat isf ies 

<*> I <-nh[h
k] <-q>h(h-1)/2=vh 

h=0 
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T o r r e t t o and F u c h s s h o w e d t h a t (1) i s o r d i n a r y if and on ly if the " s e -
q u e n c e s " ( i . e . , f unc t i ons of the i n t e g r a l v a r i a b l e n) 

(3) zn(i, k) = u£ _ : V ; J ; i= 1, 2, . . . . k 

f o r m a b a s i s for the v e c t o r s p a c e of a l l s e q u e n c e s s a t i s f y i n g (2) . 

Le t C = C (k) be the k - d i m e n s i o n a l c o l u m n v e c t o r w i t h z ( i , k) n n* n ' 
t he e l e m e n t in the i - t h r o w and le t S = S(k) be the k by k m a t r i x 

' i j -

(4) s . . = ( k _ L ) q Jp 

We show be low t h a t S h a s the sh i f t ing p r o p e r t y SC = C , , and t h a t 
to r ^ J n n+1 

the c h a r a c t e r i s t i c p o l y n o m i a l of S i s the a u x i l i a r y p o l y n o m i a l 
k 

(5) f(X) = £ (~Dh[J;](-q)h(h-1)/2xn-h 

h=0 

of the d i f f e r e n c e e q u a t i o n (2). 

U s i n g (3) a n d (1) we h a v e , 

i -1 
IL\ /• i \ TT^"i / TT i TT \ i - l "V / ' i - 1 \ h i - 1 - h T T h T T k - l ~h 
(6) z n + 1 ( i , k ) = U n + 1 ( q U n + P U n + 1 ) = 2 . ( h ) q P U n U n + l ' 

h=0 

L e t t i n g h = k - j in (6) and r e v e r s i n g the o r d e r of the t e r m s l e a d s to 

k 
/-7\ /• i \ V"1 / i - l \ k - j i + j - k - 1 T Tk-j T T j - l 
< 7 > z

n + l ( l ' k ) = 2 ( k - j ) * ' P Un Un+1 ' 
j = k + l - i 

Us ing (4) and the fac t t h a t ( j = 0 for m < r , we c a n r e w r i t e (7) a s 

k 

<8> Z n + l^ k > = X S i j Z n^ k > ' 
j = l 

Le t T =jTt . . l be the m a t r i x f (S) , w h e r e f(X) i s a s de f ined in (5). In 

m a t r i x n o t a t i o n (8) i s SC = C . , . By i n d u c t i o n it fo l lows t h a t 
' n n+1 J 

S C = C . . . S ince the e l e m e n t s of the C in a f ixed p o s i t i o n s a t i s f y n n+i n r 
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the difference equation (2), so do the vec tors C . This is equivalent 
n to TC = 0 for all in tegers n, i. e. , n & ? 

(9) t u z n ( l , k) + t . 2 z J Z , k) + . . . + t . k zn(k, k) - 0 

for all n. Since it was proved in [3] that the sequences 

z n ( l , k ) , . . . , z j k , k) 

a r e l inear ly independent, (9) impl ies that each t . . = 0. Hence T = 0 
and we have shown that S sat isf ies f(X) = 0. Let g(X) = 0 be the 
monic polynomial equation of least degree over K for which g(S) = 0. 
Then g(X) divides f(X). 

Clear ly the last column of S is C, . Since only the last column 
of S is involved in finding the last column of S by the formula 
S 'S = S and since SC = C ., , it follows by induction that the 

n n+1 J 

last column of S is C . In pa r t i cu la r , the e lement in the f i rs t row 
n r 

and k- th column of S is z (1, k), which we shor ten to z in what 
n n 

follows. By definition 
Tk-1 r, n . nx /, . . ~| k-1 = n = U n " = [ ( a n - b n ) / ( a - b ) ] 

Expanding the b inomial (a -b ) we see that 

/ir»\ / k - l . n . . k-2 xn / U k - L n 
(10) z n = C l ( a ) + c z (a b) + . . . + cR(b ) 

with each c, different from z e r o . h 
Since g(S) = 0, the e lements in the S in a fixed position, and 

in pa r t i cu la r the z , sa t isf ies the difference equation for which g(x) 
r n 

is the auxi l ia ry polynomial . J a rden showed in [5] that the ze ros of 
f(x) a r e 

k-1 k-2, k - 3 , 2 , k - l 
(11) a , a b, a b , . . . , b 

The ze ros of g(x) thus a r e some or all of these ze ros of f(x). If 
f(x) / g(x), then g(x) has lower degree than f(x) and so 

J n J J n . i J n 

z = d , r 1 + d ~ r ^ + . 0 . + d r n 1 1 2 2 m m 
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with m < k, the d. in F, and each r . one of the e lements of (11). 
Since no c, in (10) is zero , this would mean that (10) is not unique and 
hence that the sequences (a b ) , 0 £ h < k - 1 , a r e l inear ly de-
pendent. As in [4] , this would contradict the fact that (1) is o rd inary . 
Hence f(X) = g(X). Since the c h a r a c t e r i s t i c polynomial 0(X) of S 
is monic, of degree k, and a mult iple of g(X), 0(X) mus t a l so be f(X) 
and (11) gives the c h a r a c t e r i s t i c values of S. This completes the proof. 
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(Continued from page 134) 
A m o r e extensive ana lys is of the genera ted composi t ions which 

yield Fibonacci numbers will be jointly a t tempted by Dr. Hoggatt and 
the author in a subsequent paper . In addition, the author is planning 
to submit some pape r s in the future, which will furnish some or iginal 
models and theo rems connected with Fibonacci number s and the i r 
p r o p e r t i e s . These models and theo rems have been incorpora ted in pa r t 
in the au thor ' s doctora l thes i s , which has been cited as a r e fe rence in 
this a r t i c l e . 


