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1. INTRODUCTION 

Let a, (3 be the roots of 

(1.1) x2 - px + q = 0 

where p, q are arbitrary integers. Usually, we think of a, p as 

being real, though this need not be so. 

Write 

d = (p - 4q) ' p 

a= (p +d)/2, P= (p - d)/2 

a + P = p, aP = q, a - P = d. 

Recently [6] , a certain generalized sequence |w j was defined: 

(1.5) j w l = jwn (a, b;p, q)| : wQ = a, w ^ b , w n = p w n 4 - q w n _ 2 ( n ^ Z) 

in which 

(1.6) w = Acin + Bpn , 

where 

(I 1) A - b " aP R - a a " b 

1 1 - 7 » A " a - p ii5 " a - P 
whence 

(1.8) A + B = a, A - B = (2b - pa)d-1 , A B = e d"2 

in which we have written 

2 2 
( 1 . 9 ) e = pab - qa - b . 
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Sequences like jw [ have been previous ly introduced by, for 
example , Besse l -Hagen [ l ] and Tagiur i [l l] , though in the avai lable 
l i t e r a tu re I cannot find evidence of much p r o g r e s s from the definition 
[11] to have d i scovered a few of the r e su l t s l is ted he reunde r . 

The purpose of [6 J was to de te rmine a r e c u r r e n c e re la t ion for 
the k powers of w (k an in teger) , that i s , to obtain an explicit 
form for 

wk(x) 2 _ 
n=0 

k n w x 

Here , we propose to examine some of the fundamental a r i t hme t i ca l 
p r o p e r t i e s of jw 1 . No a t tempt at a l l is made to analyze congruence 
or p r i m e number fea tures of 5w t . In select ing p r o p e r t i e s to gene r -
al ize we have been guided by those p r o p e r t i e s of the re la ted sequences 
(see 2. below) which in the l i t e r a tu r e and from exper ience seem mos t 
bas ic . Natural ly , the l ist could be extended as far as the r e a d e r ' s en-
thus ia sm p e r s i s t s . 

It is intended that this paper should be the f i r s t of a s e r i e s in-
vest igat ing a spec t s of jw I . Organizat ion of the m a t e r i a l is as fol-
lows: in 2» , var ious special (known) sequences re la ted to Iw [ a r e 
introduced, while in 3. some l inear formulas involving jw I a r e e s -
tabl ished, and in 4. some non- l inear express ions a r e obtained. F ina l -

2 iy, in 5 . , some comments on the degenera te case p = 4q a r e offered,, 

2. RELATED SEQUENCES 

P a r t i c u l a r ca se s of 5w I a r e the sequences ^u I , 5v t , jh I , 
j f n j , j l n [ given by: 

(2.1) w n (1, p; p, q) = u n (p, q) 

(2.2) w n (2, p; p, q) = Vn (p, q) 

(2.3) w (r, r + s ; 1, -1) = h (r, s) 
n n 
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(2.4) w n ( 1 ; 1; 1, -1)= f n ( = u n ( l , - l ) = hn(l,0)) 

(2.5) w n (2 , 1; 1, -1)= l n ( = v n ( l , - l ) = h n (Z , - l ) ) . 

Historical information about these second order recurrence se-

quences may be found in Dickson [3] . Of course, Jf I is the famous 

Fibonacci sequence, il I is the Lucas sequence, and Ju [ and Jv I 

are generalizations of these, while Jh 1 discussed in [4] is a different 

generalization of them. Chief properties of ju I , Jv [ , Jf [ and il [ 

may be found in, for instance, Jarden [7] , Lucas [81 and Tagiuri [10] 

and [l l] , those of Jf I especially being featured in Subba Rao [9j and 

Vorob'ev [l 2] . 

Two rather interesting specializations of (2. 1) and (2. 2) are the 

Fermat sequences Ju (3, 2)1 =J2 - l l and Jv (3, 2)1 = j2 + l [ , 

and the Pell sequences Ju (2, -1)[ and Jv (2, -1)1 . (See [l] or [8]).. 

From (1.6), (1.7) and (2.1) - (2.5) it follows that 

n+1 fln+l 
(2.6) u =£ ^ £ 

' n d 

(2. 7) vn = an + pn 

(2.8) h _ (r + s - r P ^ a " - (r + 8 - r a ^ p " 

n+1 -n+1 
(2 -9 ) f _ al " h 

n ^5 

(2.10) 1 = a? + p!1 

v ' n i l 

wherein 

/9 n\ l + N / ^ o 1 -^5 (2.11) ax = -, , px = — 

that is, a, , (3 are the roots of 

(2.12) x2 - x - 1 = 0. 
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Consequently, by (1.4) 

(2. 13) ax + Px = 1, a 1 P 1 = - 1 , c^ - ^ = 5. 

To a s s i s t the r e a d e r , and as a source of ready re fe rence , the full set 
of r e su l t s for the five specia l iza t ions of Jw { will often be wr i t t en 
down, as in (Z. 6) - (Z. 10). 

Obviously from (1 . 9), e c h a r a c t e r i z e s the var ious sequences . 
F ° r j U n j >2 jVn( ' j h n | ' j f n [ ' \* n\ W e d e r i v e e = ^ ^ " ^' 
r - r s - s , 1, 5 respec t ive ly . 

By (1 . 6), (1 . 7) and (Z. 6) we have 

(Z0 14) w = au + (b - pa) u , = bu , - q a u 0 , 
v ' n n v r ' n-1 n-1 ^ n-Z 
with, in pa r t i cu l a r , the known [8] express ions 

(Z. 15) v = Zu - pu , = pu , - 2q u - . 
x ' n n c n-1 r n-1 ^ n-Z 
(Ultimately, of cou r se , these yield 1 = Zf - f . + Zf ~. ) 7 7 n n n-1 n-Z 

Putt ing n = 0 in(Z. 14) r e q u i r e s the exis tence of values for neg-
ative subsc r ip t s , as yet not defined. Allowing u n r e s t r i c t e d values of 
n therefore in (1 . 6) we obtain 

C w' = A a" n + B (3~n 

(2.16) 
N = q Kî V-l* 

after s implif icat ion using 

(Z. 17) u = q u ^ , 
x ' -n ^ n-Z 

which follows from (Z. 6). 
Combining (Z. 14) and (Z. 16) we have 

(au - bu -,) /o i o\ -n ' n n - 1 ' 
(Z.18) w = q r- , w 
v ' -n H au + (b - pa u T n 

n r n-1 
whence it follows from (Z. Z) - (Z. 5) that 

(2; 19) v = qn v 
' -n ^ n 
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\r (u - u , ) - su A 
( 2 . 2 0 ) h = ( - l ) n « - 2 l l 2 l i ? h 

- n r u -f s u , n 
n n - 1 

< 2 - 2 1 > ^ n ^ " 1 ^ 

In p a r t i c u l a r , 

( 2 . 2 3 ) w , = A a" 1 + (3"1 = P a " b 

-1 q 

u l - 0 

so 
(2 . 

(2 . 

(2. 

t h a t 
24) 

25) 

.26) 

- 1 
V = p 

h - l - s 

( 2 . 2 7 ) f = 0 

(2 . 28) l = -1 

M a n y of the s i m p l e s t Iw \ a r e e x p r e s s i b l e in t e r m s of jf 1 

B e s i d e s ( 2 . 4 ) we h a v e 

( 2 . 2 9 ) w
n

( _ 1 ' 1 ; - 1 ' _ 1 ) = < " 1 ) n " 1 f
n 

( 2 . 3 0 ) w n ( 1, - 1 ; 1, -1 ) = -fn_3 

( 2 . 3 1 ) w n ( 1, 1; - 1 , -1) = ( - l ) n _ 1 f n 3 . 

M o r e g e n e r a l l y , 

( 2 . 3 2 ) w n (a, b; 1, -1 ) = afn_2 + b f ^ 

( 2 . 3 3 ) w (a, b; - 1 , -1) = ( - l ) n k f 9 - bf A y n I n -Z n-1) 

N o t i c e t h a t 

w n ( a l f b i ; p r q x ) = - w n ( a 2 , b 2 ; p 2 > q 2 ) 

(2. 34)<[provided 
a 2 = ' a r b2 = " b i ' P2

 = p r q2 = qr 
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Some sequences a r e cycl ic . Examples a r e 

(2.35) w n (a, b; - 1 , 1) 

2 for which a, (3 (= a ) a r e the complex cube roots of 1 and 

(2.36) w n (a, b; 1, 1) 

2 for which a, (3 (= a ) a r e the complex cube roots of - 1 . Sequence 
(2. 35) is cyclic of o rde r 3 (with t e r m s a, b, -a - b) since a = p = 1 , 
while sequence (2.36) is cyclic of o rde r 6 (with t e r m s a, b, -a + b, 

, u\ • 3n 0 3n , 6n Q6n , , , , . ^ . 
-a , -b , a - b) since a = p = - 1 , so a = p = l ( n odd m this 
case ) . (Refer (1.6)) . 

Geomet r ic - type sequences a r i s e when p .= 0 (so that by (1.5) 
w n + 1 = - q w n 4 ) and q = 0 (so that w n + 1 = p w j . 

3. LINEAR PROPERTIES 

F r o m (1.5) and (1.6) it follows that 

(3.1) w 
n w , n-1 

CL 

P.. 

k 
w (a 
w . > /P n - k ( 

if 
if 

-1 < p < 1 , 

-1 < a < 1 , 

2 (3. 2) w n + 2 - (p - q) w n + pq w n ^ x = 0 , 

and 

(3 . 3) P W n + 2 - (p2 - q) w n + 1 + q 2 w n _ x = 0 . 

Repeated use of qw, , = -w, ,, + pw (k = 1, . . . , n) leads to 
the sum of the f i r s t n t e r m s 

n-1 
(3. 4) q 2 ] w^ = (p -1) (w2 + w 3 + + wn) - w n + 1 + pW]L 

j=0 

whence 
n-1 

(3.5) (p - q - 1) ^ w = w n + 1 - wx -(p - 1) (wn - wQ) 
j=0 
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while the cor responding r e s u l t s for differences a r e 
n-1 

(3.6) q ] T (-1)J w. = (p +1) (-w2 + w 3 

j=0 
• • • + ( - 1 ) n _ 1 W n ) + ( - 1 ) I l w n + l + p W l 

and n - X 

(P - q + D X (-1) w . 
(3.7) j " ° 

= ( - l ) n + 1 w n + 1 +w1 -(p+1) j ( - l ) n + 1 w n + wQ [ . 

Replace n by 2n in (3. 4), (3. 5) (3. 6) and (3. 7). Write 

(3.8) < 7 = w 0 + w 2 + . . . + w 2 n _ 2 , 

and 

(3.9) P = wx + w 3 + . . . + w 2 n _ 1 . 

Adding and subtract ing (3. 4), (3. 6) give 

(3.10) (1 +q) (J = - p p - ( w 2 n - wQ) 

and 

(3.11) (1 +q ) p = p O +q(w2 n_1 - w_x) 

for the sum of the even - (odd -) indexed t e r m s of ^w \ . Clear ly by 
(1.5) addition of (3. 10) and (3. 11) yields the sum of the f i rs t 2n t e r m s 
(3. 4) as expected. Solve (3. 10) and (3. 11) so that 

(3.12) j p 2 - ( l+q)2[ a = ( l+q) (w 2 n - wQ) - pq ( w ^ ^ - w ^ ) 

and 

(3.13) j p 2 - ( l+q)2[ 9 = p ( w 2 n - wQ) - q ( l+q) (w 2 n _ 1 - w ^ ) . 

Using the a l te rna t ive express ion w = bu , - qau ~ (2. 14), 
we have 

( n+1 I n ^ 0 n-1 
/ w i o = w~ u - q w, u , \ n+^ 2 n n 1 n-1 
f w . 0 = w0 u - q w~ u , V n+3 3 n n 2 n-1 
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whence 
C w , = w u - q w , u , \ n+r r n ^ r - 1 n-1 

(3.14) < 
i = w u - q w 1 u 1 
I n r ^ n-1 r - 1 

on interchanging n and r . Equations (3.14) may a lso be obtained 
from (1.5) , (2. 1) and (2. 1.-4). Of course 

(3.15) 

w , • = w . u ,. - q w . . u , . , n+r r - j n+j ^ r - j - 1 n+j-1 

n+j r - j ^ n+j-1 r - j - 1 

a l so . 
Fu r the r , from (1 . 6) and (2. 7) it follows that 

, r w . + q w 
/o i £\ n + r n-r 
(3.16) = v 

w r 
n 

t h a t i s , the expres s ion on the left is independent of a, b, n. Interchange 
r and n in (3. 16) and then set r = 0. Accordingly, 

(3. 17) w + q w = a v . 
n ^ . -n n 

Observe a l so from (1 . 6) and (2. 6) that 

r w . - q w u , 
(3.18) - £ ± I n " r r _ 1 

s u , 
7 . - q w s -1 
n+s ^ n - s which [lo] is an in teger provided s divides r . 

Two binomial r e su l t s of i n t e r e s t may be noted. F i r s t l y , from 
(1.6) it follows that 

(3.19) w 2 n = ( " q ) Z ( j>(-£> w--< 

where we have used the fact a^ - pa + q = 0, (3^ - pp + q = 0. 
Start ing from (1 . 3) and (1 . 6), we read i ly der ive 

2 n w = A(p + d ) n + B(p - d ) n 
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[n/2] 
(3.20) 2 n w n = a Z p n _ 2 j d Z J ( J ) [n - l j 

j=o 2J — 
+ ( 2 b - p a ) Z ( * J p ^ ^ d 2 ; 

J=0 J 

whence follow the known [ l ] exp res s ions 

(3.21) 2 n u n = [ n £ ] ( J + +
1

1 ) p n - 2 J d 2 J 
j=0 

(3.22) 2 n " 1 v n = ^ ( J ) p n - 2 J d 2 J 

j=0 

[ n / 2 ] n+1 i 
(3.23) 2 n f n = £ <2 j+V 5 

j=0 

n /2] 
(3.24) 2 n _ l l

n
= Z ( 2 j ) ^ * 

j=0 

Suitable subst i tut ions in the above r e su l t s lead to the specia l c a s e s 

K l * j V n | ' J M ' j f n j and j l n j ; for example , for j f n j , in (3.4) for 

< T + P = f 2 n + l - 1 ' 
and in (3. 14) with r = n, 

£n + f n - l = f 2 n = £ <& f
n - k ' k=0 

using (3. 19). 
If we wr i t e 

(3.25) % _ _ r 
Wn+1 

so that, by (1 .5) , 

(3.26) r = l , r 
n - p - q r x ' n-1 - p - q r 2 
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enabling us t o e x p r e s s the l imit of the ra t io as a continued fract ion. 
Somet imes , when q = - 1 , it is notationally convenient to wr i te 

a - e " = smh f] + cosh n 
Q O 'O 

- 7] - sinh T) - cosh n p = -e o 'o b 
o 

whe re (1.2) 

- o -1 
(3. 28) cosh T) = ' , sinh r\ = £• , tanh t) - p d 
* • ' o 2 ' 'o 2 o ^ o 
Zero suffices signify that q = - 1 . 

Combining this hyperbolic notation with the r e m a r k s immedia te ly 
preceding (3.27), and proceeding to the l imit ( refer (3.1)) , wevsee that 
for p - 1, q == - 1 , that i s , for \h I (and i ts specia l iza t ions Si \, Si (), 

n . 1 -r\\ 
T- r - e 
h .. a n i l "1 

cosh 7| - sinh r\ 

1 + 
1 + 1 

1 2 
(observe that by (2.12) — = g is a root of x + x - 1 = 0 so t h a t 

i ttl 

g - — } leading to the continued fract ion. ) 
F u r t h e r m o r e , (3.27) and (3.28), with (1.5) , imply 

(3130) w =(A + (~l)nB ) sinh n rj + (A - (-1 ) n B ) cosh n ri 
o, n o x ' o 'o x o % ' o' 'o 

Hyperbol ic expres s ions for the special ized sequences a r e then, from 
(2.6) , (2.7) , (2.9) , (2.10), 

sinh (n + 1) 77 
u = T———— (n odd) 

n cosh ' 
(3.31) J ° cosh (n + 1) 71 , x 

'o (n even) cosh 
o 
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v = 2 s i n h n T) (n even) 
( 3 . 3 2 ) ' n ° 

2 c o s h n r) (n odd) 

w i t h c o r r e s p o n d i n g e x p r e s s i o n s for f , 1 r e s p e c t i v e l y , i n w h i c h r\ 

i s r e p l a c e d by T] . A h y p e r b o l i c e x p r e s s i o n for h i s g i v e n in [5] . 

4 . N O N - L I N E A R P R O P E R T I E S 

E s s e n t i a l l y , t he p r o b l e m in o b t a i n i n g n o n - l i n e a r f o r m u l a s ( as in 

the l i n e a r c a s e ) i s to d e t e c t t he a p p r o p r i a t e c o e f f i c i e n t s ( func t ions of 
k p , q) of w . B a s i c n o n - l i n e a r ( q u a d r a t i c ) r e s u l t s h a v e a l r e a d y b e e n 

r e c o r d e d in [6 J , n a m e l y ; 

(4 . 1) a w , + ( b - p a ) w , . - w w - qw , w , , x ' m + n r m + n - 1 m n ^ m - 1 n - 1 

2 2 
(4 . 2) a w 0 + ( b - p a ) w~ , = w - qw , = w . , w , - q w w 0 , v ' 2n v r ' 2 n - l n ^ n - 1 n+1 n - 1 ^ n n - 2 

iA o\ 2 n - 1 
(4 . 3) w ., w , - w = q e . 
x ' n+1 n - 1 n n 

O b v i o u s l y , f r o m (4 . 3) w i t h n = 0, 

(4, 4) e = q (wl w ^ x - wQ) 

w h i c h m a y be c o m p a r e d w i t h ( 1 . 9), u s i n g ( 1 . 5) and (2 . 23 ) . 

An e x t e n s i o n of (4 . 3) i s , by ( 1 . 6) and (2 . 6) , 

/ A r\ 2 n - r 2 
(4 . 5) w , w - w = e q u , . 
v ' n + r n - r n n r - 1 

P u t t i n g r = n in ( 4 . 5 ) , we h a v e 

2 2 
(4. 6) w + e u T = a w 0 
x ' n n - 1 2n 

I n t e r c h a n g e r and n in ( 4 . 5 ) , t h e n s u p p o s e r =. 0. We d e d u c e 

/ A ~7\ 2 . - n 2 
(4 . 7) w w = a + e q u , . 
x ' n - n ^ n - 1 
(n = 1 r e d u c e s (4. 7) to (4. 4) . ) 

S p e c i a l i z a t i o n s of (4 . 1) a r e , on m u l t i p l i c a t i o n by 2 and u s e of 

( 1 . 2 ) , ( 1 . 4 ) , ( 2 . 6 ) , ( 2 . 7 ) a n d (2 . 15) , t h e k n o w n [8] r e s u l t s 
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(4. 8) 2 u , 1 = u . 1 v + u , v 
x m+n-1 m - 1 n n-1 m 

and 

(4. 9) 2 v . . = v v . + d u 1 u 1 . 
' m+n m n m - 1 n-1 

Next, by (4.6) , we der ive , using (2. 6), (2.7) , (1 . 2) and (1 . 4), 

(4.10) • u- . , = u , v 
x ' 2n- l n-1 n 
and 

(4. 11) 2 v , = v 2 + d2 u 2
 1 

2n n n-1 

with 
i A i o\ 2 0 n , 2 2 I 0 n 
(4. 12) v . = v - 2q = d u , + 2q . 

2n n n-1 ^ 
Again, (4.1) with m = 2n gives an exp res s ion for w~ from 

which we deduce, by (4. 10), (2 .6) , (2.7) and the r e c u r r e n c e re la t ion 
for v~ , 3n 
/A i o\ 3n- l 2 n 
(4. 13) — = v - q 
x u T n H • • 

n-1 
and 

V-2 0 
/ A i A \ 3 n L 0 n 

(4. 14) = v - 3q 
x ' v n n 

n 
Resul t s (4. 10) - (4. 14) occur in Lucas [8] in a sl ightly adjusted 

notation. 
Coming now to the sum of the f i r s t n t e r m s , we use the f i rs t 

half of (4. 2). 
Write 

(4.15) ^ = Z w 
n-1 

2 
j=0 j 

Then, it follows that 

2 
(4.16) (1-q) r = a ( 7 + ( b - p a ) p - j ^ n - 1 + ( b " P a ) w 2 n - l 1 
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whence r may be found from (3. 12) and (3. 13). 

Repeating the first half of (4. 2) leads to 

(4.17) w ^ - q 2 w ^ x = b w 2 n + 1 + <b- p a ) q w 2 n - 1 . 

From (1. 6), (1.8) and (2.6), 

(4. 18) w w - w w .. = q e u , u ., , 
• n-r n+r+t n n+t ^ r-1 r+t-1 

whence t = 0 gives (4.5) 

Repiac 

for j) yields 

Replacing w by u in (3. 14) and (3. 15) (with -j substituted 

x . - u u - q u , u T = U . u , . - q u • i u . . , n+r n r n-1 r-1 n-j r+j ^ n-j-1 r+j-1 

whence 
u u - u . u , . = q (u , u , - u . , u . . ,) n r n-j r+j ^ n-1 r-1 n-j-1 r+j-1 

(4.20) { n-j , . 
x ' ^ - q J (u . u . . . - u ,9.) 

^ j r-n+j r-n+2j n-j+1 - q J u. -, u , . -
H j -1 r-n+j-1 

by repeated application of (4. 19) and replacement in the first half of 

(4. 19) of n by r-n+j and r by j to obtain an expression for u , , . 
(un = 1). Note that (4.20) is the special case of (4.18) for which 

w = u so that e = -q (n, r, j in (4. 20) replaced by n - r, n + r + t, n n ^ 
respectively and (2.17) used). 

In particular, it follows from (4.20) with j = 1 that 

(4. 21) u , u -> - u ^ u , ~ q u , . 
v ' n-1 r-2 n-2 r-1 ^ r-n-1 

Moreover, (4.21) and w = b u -, - qau 0 give for the se-x •' n n - 1 n n-2 & 

quences (w \ and jw' ( 

(4.22) w' w - w w' = q (a* b - a b!)(u n u ~ - u • *, u- , ) 
v ' n r n r n x ' n-1 r-2 n-2 r-1 

= q (a'b - a b') u , 
^ x ' r-n-1 

Cubic expressions in w are generally quite complicated, so we 

derive only the sum of the first n cubes, Cube both sides of(1.5)and 

then use (1.5) again. Thus 
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(4. 23) w ,, = p w - q w , - 3 pq w * w w , . 
x • ' n+1 r n n n-1 ^ n-1 n n+1 
But, from (4. 3), 

(4. 24) w , w w ,, = w + q e w , 
v ' n-1 n n+1 n ^ n 

so that from (4. 23) and (4. 24) it follows that 
O O Q. *2 ' "2 

(4. 25) w n + 1 + (3 pq - p ) w n + q w ^ = -3 pq11 e w n . 

Now a calculat ion involving (1.6) and the summat ion of geomet r i c 
s e r i e s leads to 

n-1 . ^ 1 o 
(4.26) £ q J w = — — 3 j w x - q w 0 - q n ' ( w n - q w ^ x) \ . 

j = 1 i -pq+q 

Write 
n - 1 

(4.27) co = X w 3 

j=0 J 

Combining (4. 25), (4. 26) and (4. 27), we find 

(4,28) ( l+3pq-p 3 +q 3 )a ; = ^ E S £ _ j w ^ q ^ - q * 1 " V n q K ^ \ 
1-pq+q 

3 3 3 3 3 
+q w

n _ r w
n
 + ( l+3pq-p ) wQ 

Appropr ia te subst i tut ion in the above formulas of 4. Lead to co r -
responding r e su l t s for the special sequences (2.1) - (2 .5) . Fo r in-
s tance , applying (4. 16) and (4. 28) to if I , we have r ^ _ 

i f2n-rVi! • 
co = I J'f3 + f3 + St-l)11"*1 f , + z\ 4 < n-1 n x ' n-2 > 

re spec t ive ly . 

5. DEGENERATE CASE 

Throughout the ana lys i s of the na ture of Jw [ , the hypothesis 
2 2 

that p $ 4 q has been a s s u m e d . But suppose now that p = 4C1. The 
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s imples t degenera te case occurs when p = 2, q = 1 (a = p = 1) for 
which exis ts the t r iv ia l sequence (n ^ 0) 

(5.1) vn(2, 1) : 2, 2, 2, 2, 2, . . . . 

and the sequence of na tu ra l numbers (n > 0) 

(5.2) u n (2 , 1) : r, 2, 3, 4, 5, . . . , 

that i s , u = n+1 and v = 2 . For negative n, (2. 19) impl ies v =v . n n to r ~n n 
that i s , eve ry e lement of ju (2, 1)£ is 2, while (2. 17) impl ies 
u = -u 2 , that i s , like e lements of Ju (2, 1)1 a r e the posit ive and 
negative in tege r s in o r d e r . 

General ly , in the degenera te case , 

( 5 . 3 ) a = p = £ . 

The ma in fea tures of the degenera te case , as they apply to ju I 
and 5v | a r e d i scussed in Car l i tz [2] , with acknowledgement to 
Riordan. Brief comment s , as they re la te to Sw I , a r e made in [6 J . 
In pass ing , we note that Car l i tz [2] has es tabl ished the in te res t ing r e -
lat ionship between degenera te 

K < P . £ > ( 
and the Eu le r i an polynomial A, (x) which sat isf ies the differential 
equation 

A ,, (x) = (1 + nx) A (x) + x(l - x) ^ - A (x) , n+1 n dx n 
2 

where A (x) = A, (x) = 1, A~(x) = 1+x, A Ax) = 1 + 4x + x . 
Finally, it mus t be emphas ized that jh [ and i ts specia l iza t ions 

j f | and jl | can have no such degenera te c a s e s , because p - 4q 
then equals 5 ( + 0). 
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REQUEST 

The Fibonacci Bibl iographical R e s e a r c h Center d e s i r e s that any 
r e a d e r finding a Fibonacci r e fe rence , send a card giving the re fe rence 
and a brief descr ip t ion of the contents . P l ea se forward al l such in-
format ion to: 

Fibonacci Bibl iographical R e s e a r c h Center , 
Mathemat ics Depar tment , 

San Jose State College, 
San Jose , California 


