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1. Introduction

Let X be a finite set with |X+ = 7. A metric on X is a real valued func-
tion d defined on all pairs of points of X and satisfying the triangle inequal-
ity:

() az, J) +d(g, k) z d(z, k)

for all triples (Z, J, k) of points of X. We allow d(Z, j) = 0 for some pairs
(Z, j); so we use the term '"metric" for denoting what is usually called semi-
metric. We set d(Z, §) = d(Jjs 7) for all pairs (Z, J) and d(Z, ) = 0 for all
points ¢ of X. The pair (X, d) is called a metric space. The &;-metric on R"
is defined by:

dz, y) = |= - y|, =l<;<m |z, - yql-

A metric space (X, d) is isometrically f#;-embeddable if there exist points zg,
%y}, ..., X, in some space R™ such that

d(i, §) = |z, - aﬁul for all 0 < Z < § < n.

The family of all metrics d on X which are isometrically #;-embeddable forms a
cone: C(X) = C,, called cut cone (or Hamming cone). The cut cone (, is gen~
erated by the cut metrics dg for subsets S of X, where

dg(i, §) =1 if |S n {2, j}\ =1 and dg(Z, J) = 0 otherwise.

Therefore, a metric d on X is isometrically f%;-embeddable if and only if d is
the conic hull of cut metrics:
d = 2 rgdg, with Ag = 0.
SCX

The cut metrics dg correspond, in graph terminology, to the cuts §(5); we shall
use the latter terminology here. The study of the 2;-embeddable finite metric
spaces, i.e., of the cut cone (,, was started in 1960 in [5] and continued,
e.g., in [1}, [3], [6], [8], [9], and [10]. If d is rational valued, then d is
isometrically f#;-embeddable if and only if kd is isometrically embeddable into
the vertex set of the hypercube of R™ for some integers k, m ([2]).

Given a vector v = (V;;)1<;<j<ns the inequality v.x < 0 is called valid
over the cut cone (, if it is satisfied by all points of (y or, in other words,
by all metrics on 7 points which are isometrically f;-embeddable. The roots of
inequality v.x < 0 are the cuts 6(S5) satisfying equality: v.8(5) = 0. The rank
of inequality v.x < 0 is the rank of its set of roots. Geometrically, valid
inequalities correspond to faces of the cone (, while valid inequalities of
highest possible rank:

(Z) - l=nn-1)/2 -1

define facets of (.
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Many examples of valid inequalities over the cut cone (, are known; for
example,

(a) the hypermetric inequalities ([5], [11], [8]) of the form
> b, b;d(i, j) <0,
l<si<jsn

where by, ..., b, are integers satisfying

Z: bi =13

1<7 <n

including triangle inequality (1) as a special case for b=(1,1,-1,0, ..., 0).

(b) the bicycle odd wheel inequality [4], defined on 2k + 3 points {0, 0',
1, 2, «v., 2k + 1} for k 2 1 by

(2) d(o, 0'") - > (d(0, ©) +d(o’, ©) + Y d, ) <0,

1<7<2k+1 (Z,J)ecC
where C denotes the cycle (1, 2, ..., 2k + 1).

(¢) the parachute inequality [8], denoted as Paryy,;, defined on the 2k +1
points {0, 1, 2, ..., k, 1', 2', ..., k'} by:

(3) Par,, ,,.d= 3 d, ) - 2 (d0, ©) + d(0, i)

(2, J)EP 1<i<k-1
+ d(k, 7') + d(k', 7)) - d(k, k') <0,
where P is the path (k, kK - 1, ..., 2, 1, 1", 2", ..., (k-1)", k").

(d) the Fibonacei inequality [10], denoted as Fib,y, defined on the 2k
points {0, 0', 1, 1', 2, 2', ..., (k-1), (k- 1)'} by

(2, J)€Q 1<i<k-1
- Y (d(o', i) +d', i) <0,
1l<i<k-2

where @ is the path (k - 1, kK = 2, ..., 2, 1, 1', 2", ..., (k-2)", (k-1)").
We call the above inequality (4) the Fibonacci inequality, since its number of
roots is related to the Fibonacci number fi (f1 = f2 =1, fr+2 = fr+1 + f%)-

See Figures 1-3 for the graphic representation of inequalities (2) and (3)
on seven points and inequality (4) on six points (a plain line indicates coef-
ficient +1 and a dotted line indicates coefficient -1).

-
~
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Figure 1 Figure 2 Figure 3

The Bicycle 0dd Wheel Inequality The Parachute Inequality The Fibonacci Inequality
on 7 Poimts Par, on 7 Points Fibg on 6 Points

In this note, we consider the Fibonacci and parachute inequalities, their
number of roots ‘in terms of Fibonacci numbers, their rank, their symmetries,
and the connectioms with the bicycle odd wheel inequality (2).
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2. Parachute and Fibonacci Inequalities: Equality Case

Given a path 4 = (1, 2, ..., n), a subset S of [1, n] is called alternated
along path 4 if

|Sn {i, £+ 1} <1 for all ¢

1, oo m-1,
and pseudo-alternated along path A if
|Sn {i, 2+ 1} =1 for all ¢

it

1, voer g -1, +1, ..., m—=1
and

|S N {7, J+ 1}] =0 or 2 for some j€ [1, n - 1].

One observes easily that, for n even, the number of pseudo-alternated sub-
sets S along path 4 = (1, ..., n) for which nodes 1, n belong to S5 is equal to
n — 1; an easy induction on »n shows that the number of alternated subsets of
[1, n] along path (1, 2, ..., n) is equal to the Fibonacci number f,,,, (where
[1, n] denotes the set of integers 1, 2, 3, ..., n).

Call a cut §(S) symmetric if, for =1, 2, ..., k, © belongs to § if and only
if 7' belongs to S, i.e., the involution

o= JI (")
1 <7<k
belonging to the symmetric group Sym(2k + 1) leaves S invariant.
We describe below the roots of the parachute inequality.

Proposition 1: The roots of the parachute inequality Par,;,; are the cuts §(5)
for which S is a subset of {1, kJU[l’, k'] of one of the following four types:

Type 1: nodes k, k' belong to S and § is pseudo-alternated along path P.

Type 2: nodes k, X' do not belong to S and S is alternated along path 4.

Type 3: for kK odd, node % belongs to S, node k' does not belong to § and
(a) or (b) holds:

(a) S =1{2', 4", ..., (k-1)', K}ulTl, where T is a subset of {1,
2, .., k= 2} alternated along path {1, 2, ..., k - 2}

() =1k, 1", (k- 1)'"YuTuUV, where T is a subset of {2, 3, .s
k - 2} alternated along path (2, 3, ..., kK - 2) and V is a sub-
set of {27, 3', ..., (k = 2)'} such that Vu{l'’, (k - 1)'} is

pseudo-alternated along path (1', 27, ..., (k- 1)7).
Type 3': similar to type 3, exchanging nodes Z, Z' for all < =1, 2, ..., k.
There are 2k - 1 roots of type 1, all of them linearly independent and the
only symmetric root among them is &({1, 3, ..., k, 1', 3', ..., k'}) for k odd
and §({2, 4, ..., k, 2', 47, ..., k'}) for k even. There are fj; roots of type
2, their rank is (Zk{1> - 2k + 3 and there are f; symmetric roots among them.

The roots of type 3, 3’ exist only for k odd; there are altogether 2(f, +
(kK = 1)fx-1) such roots and there are no symmetric roots among them.

Proposition 2: (i) The number of roots [including zero, i.e., cut &(¢)] of the
parachute inequality Pary,i is equal to for + 2kfi-1 + 2f3-o + 2k - 1 for k
odd and fop + 2k - 1 for k even, while the number of (nonzero) symmetri.c roots
is always the Fibonacci number f,. (ii) The parachute inequality Parsg,; is

facet inducing for k odd; for k even, it has rank (Zkgl) + 2, but it 1is not
valid.

Proof of Propositions 1 and 2: Given a subset S of [1, k]uU[l’, k'], we set
s =1Sn[l, k- 11| and s’ = [sN[1", (k- 1)']].

In order to characterize which cuts §(5) are roots of the parachute inequality
Paryy 41, we distinguish four cases:
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Case 1: k, k'e s

Then §(5) is a root of Pary,; if and only if [§(S)NP| = 2k - 2, i.e., all
edges of P but one are edges of 6(S), i.e., S is pseudo-alternated along path
P. So there are 2k - 1 such roots, among them only one symmetric root:

s({k, ..., 3, 1, 1", 3", ..., k'}) for k odd
and
S({ky «vvy 4, 2, 27, 4", ..., k'}) for k even.

Case 2: k, k'¢5S

Then §(S) is a root of Paryyy4+; if and only if lS(S)f\PI =2(s+s8" = 2|5,
i.e., S is alternated along the path (k - 1,...,1, 17, , (k-1)'") on 2k - 2
nodes, so there are f,; such roots. Among them, the number of symmetric roots
(including zero) is equal to the number of alternated subsets along path (2, 3,
vees k-1), i.e., to fk.

Case 3: kes, k'¢S
Then §(S) is a root of Pary 4 if and only if |8(S)NP| = k + 2s. Since
[§(S)NP| = |8(S) nPath(k, ..., 1, 1")| + |6(S)nPath(1l’, ..., k)|,

with the first term being less than or equal to 2s + 2, we have to distinguish
two cases.

Case 3a: |8(S)NPath(l’, ..., k")| =k -1
If k is even, then, necessarily, 1'€ S, contradicting the fact that
[8(S) nPath(l, 17, ..., k)| = 2s + 1.
If k is odd, then

sn{1’, 2, ..., kK'}=1{2", 4", ..., (k-1)"}
and
|6(S) nPath(l', 1, 2, ..., k)| = 28 + 1,

i.e., S is alternated along path (l, 2, ..., kK = 2); so there are f; such roots.
Case 3b: [8(S) NnPath(l’, ..., k)| =k - 2
If k is even, then, necessarily, 1'¢ S, contradicting the fact that
[§(S) nPath(l’, 1, 2, ..., k)| = 25 + 2.
If k is odd, then, necessarily, 1', (k - 1)'€.S and, since
[6(S) NPath(1l', 1, ..., k)| = 25 + 2,

S is alternated along path (2, 3, ..., k - 2), while S is pseudo-alternated
along path (1', ..., k'); so there are (k - 1)fy-1 such roots.

Case 4: Identical to Case 3, exchanging nodes 7, 7' for ¢ = 1, ..., k.
Hence, the total number of roots is:
2k - 1 + ka + ka + 2(k - l)fk—l

=2k -1+ f2k + 2kf7<-1 + sz_z for k odd
and
2k = 1 + for for k even,

while the number of nonzero symmetric roots is f} , stating Proposition 2(1).

We now prove Proposition 2(ii). It was proven in [8] that Parp,; is facet
inducing for k% odd and that it is not valid for Xk even. We now consider Parjz,;
for k even; the set of its roots is RjU R, , where E; denotes the set of roots

1992] 57



THE FIBONACCI AND PARACHUTE INEQUALITIES FOR g,-MEIRICS

of type 7 (Proposition 1), for © = 1, 2. To facilitate the computation of the
rank of the set of roots, we use the following notion of intersection vector:
for a subset S of [1, k] U[Ll', k'], define the vector m(S) of {0, 1}kZk+D py

TT(S),L'J- =1 if 4, j €S and m(5);; = 0 otherwise

for all 7, J (not necessarily distinct) in [1, k]Ju[l', k']. Given a family of
subsets (Sz: a€4) of [1, kJu[l', k'], the family of cut vectors (6(S,): a€4)
is linearly independent if and only if the family of intersection vectors
(m(Sg): a€d) is linearly independent (see [8]).
First, we check that all roots in Ry = {8(S;): a€A} are linearly indepen-
dent. TFor this, we take a linear combination of their intersection vectors:
3 Agm(Sy) = 0.
ach
To verify that Ay = 0 for all a, observe that, for each root 6§(Sg;) of Fy, one
can find a pair (£, J) such that {%, j} € 8., while {Z, j} ¢ Sp for the other
roots §(S5,) of R) [for instance, take the pair (k - 1, k) for the root §({k,
k-1, k~3, ..., 2, 1", 3", ..., kK'Hl.
Next, we check that the rank of the family £, is

(Zkz_ l) - 2k + 3.

For this, observe first that the subfamily RZ' of R, consisting of all possible
singletons and pairs of [1, kK - 1JU[l', (k - 1)'] has full rank equal to

-2+ (7Y k- - (B0 - @k -9

2 2

(easy if one considers the intersection vectors). Then, note that, for every
cut §(5) of Fy, nodes k, k' do mnot belong to S and S is alternated along 4,
implying that

Lyge = Tprgr = Lpgr = Lpy = Lprp =Xy 541 =0
for 2€[1, kK = 1Ju[Ll', (k- 1)'], where = = n(5) for &§(S) € Fy. Therefore, we
deduce that the rank of F, is less than or equal to

<2k2+ 1) - (6k - 4) = <2k2- 1

) - @k - 3).
Finally, we verify that the family Rlul?z’ is linearly independent, thus
stating that the rank of face Par,,,; for k even is

2% - 1 + (2k2— l) - 2k - 3) = <2k2— 1) + 2.

Again, we take a linear combination of the intersection vectors

2o Aam(Sg) + Xuen(r,) = 0,

where the first sum is over the intersection vectors corresponding to cuts in
K; and the second one corresponds to cuts in R. It is enough to show that
Aa = 0 for all a. For this, for the roots §(S;) of Ry having {Z, 7 + 1} C 5,
for some 7, by looking at the coordinate (Z, © + 1) in the above linear combi-
nation we obviously obtain that Ay, = 0. For remaining roots §(S,;) of F1, look-
ing at coordinate (k, %) with 7€ S, also yields A, = 0. =

Given a vector v = (Vg )lsi<jsn and two points, say 1 and n, the vector
obtained from v by collapsing points 1 and »n into the single point 1 is the

[ 1 .
vector v (vij)lsi<jsn—l defined by
Vi{; =V TV, for 2 <7 <n-1 and Uij = v for 2 <7 < j <smn- 1.
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The Fibonacci inequality Fibgy, can be obtained precisely by collapsing
points k, k' into a single point 0’ in the parachute inequality Par,;.;. Using
this observation, the roots of Fiby; correspond to the roots of Par,,,; of
types 1 and 2. So, Fiby, and Paryy,.;, for k even, have the same rank, but
Fibyy is valid while Parpp,] is not. Observe also that Fib,, coincides (up to
renumerotation of the points) with the inequality obtained by collapsing in the
bicycle odd wheel inequality (2) point 0 and one point of cycle (. From the
above two facts follows the next result.

Proposition 3: The Fibonaceci inequality Fib,; is valid over the cut cone for
any kX 2 3 and its rank is

(Zkz' l) +2 = (227‘) - 2k + 3.

Its roots are the cuts §(5 - {k, k'} + {0'}) for S of type 1 and &(S5) for S of
type 2. So, Fiby, has 2k - 1 + fo; roots and f; nonzero symmetric roots.

3. Symmetries of the Parachute Inequality

The following two operations on facets of the cut cone (, are given in [8]:
(a) permutation—given a vector v = (Uijh,si<jsn and a permutation ¢ of Sym(n),

set v{j = Us()a(y) fOr 1 <7 < j < m; then, inequality v°.x < 0 is said to be
permutation equivalent to v.x < 0. -(b) switching—given vector v ands a root
§(5) of imequality v.x <0, set vf; = -v;; if |[Sn{Z, j} = 1 and vj; = v,

otherwise; then, inequality v5x <0 is said to be switching equivalent to
v.x < 0. If inequality v.x < 0 is valid (resp. facet inducing) over the cut
cone (,, then both inequalities v»%.x < 0, v°.x < 0 are valid (resp. facet
inducing) over (,. In [7] it is sHown that permutation and switching (by any
cut) are the only symmetries of the cut polytope. The automorphism group
Aut(v) of inequality v.x < 0 is the group {0 € Sym(n): v° = v} and its group
PS(v) of double symmetries is the group {c€ Sym(n): v% = v5 for some root &§(S)
of v.x < 0}; so Aut(v) C PS(v) and PS(v) is the group of permutations which act
simultaneously as switchings. So any facet yields many equivalent ones by
switching and permutation. For instance, facet Par; yields precisely 7560
equivalent facets of (7.

The example of facet Pary presents a lot of beautiful symmetries that we
describe in more detail. The automorphism group of Par; is the subgroup of
Sym(7) generated by the involution a = (117)(227)(33'), so it is isomorphic to
Sym(2). The group PS(Par;) of double symmetries of Par; is the dihedral group
Dy.

’ Facet Par; has 21 roots (so it is a simplicial facet) partitioned into 3
classes:

R, = {8(a;): 1 €10, 61}, By = {8(b;): i €10, 6]},
and Rc {6(@1): 7;6[0, 6]}’

where a; for 1=0, 1, ..., 6 denote, respectively, the sets

o, {2}, {2}, {1, 3, 27}, {1', 3%, 2}, {2, 17}, {27, 1},
b; for ¢ =0, 1, ..., 6 denote, respectively, the sets

{2, 2'}, {1'}, {1}, {2, 3, 17, 3"}, {2', 37, 1, 3}, {2, 3"}, {27, 3},
and ¢; for ¢ = 0, 1, ..., 6 denote, respectively, the sets

{1, 3, 1/, 3"}y, {1, 3}, {1, 37}, {1', 3", 3}, {1, 3, 37},

{1, 2, 3"}, {17, 27, 3}.
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Each class R;, Fp, F, is the union of four orbits of Aut(Par;) (one of size 1
for the symmetric root and three of size 2). Denote by F, = Pary, Fp, F, the
facets obtained by switching Par,; by the symmetrical roots agp, by, cp» respec-
tively. The facets F,, Fp, F, are not permutation equivalent; however, they
have the same automorphism group: {Zd, o}.

We consider the following involutions:

(03)(13")(1'2"), my, = amja, w3 (02)(1'3")(32"),
T, = amga, mg = (01)(217)(2'3"), mg = amga.

T

Then, it turns out that, for 7€ [1l, 6], the facet obtained by switching of Pary
by root 6&(a;) [resp. &8(b;), 8(c;)] coincides with the facet obtained by permu-
tation of Pary; by m;. Therefore, Par; has three nonpermutation equivalent
switchings. Its group of double symmetries is the dihedral group D; with gene-
rators a, m; for 1 < 7 < 6.

Finally, we mention two more curiosities on the roots of Pary:

(a) all subsets of {1, 1', 2, 2', 3, 3'} can be generated by taking symmet-
ric differences of members of the set {a,: ¢ € [1, 6]} or of {b;: 2 € [1, 6]}, or
of {c;: 7 €[1, 6]}.

(b) ¢ is the complement of bya{0}, ¢;
1', for ¢ =1, 2, 3, 4, 5, 6, respectively.

Most of the above symmetries are lost for the parachute facet Parjy;,; with
k 25, k odd. The automorphism group of Par,;,; is still the group of order 2
generated by the involution

[T ¢in.
1<7<k

The number of orbits of the set of roots of Parjyi4+; is:
3f%/2 + f2k/2 + (k - l)fk_l + k

(number of symmetric roots plus one-half of number of nonsymmetric roots). It
is known that the number of orbits of the set of roots is an upper bound for
the number of nonpermutation equivalent switchings (see [7]); we conjecture
that equality holds for Parjpy4;, K odd, kK 2 5 (but equality does mnot hold for
Parvy).

= b;Max} with = = 3, 3', 2, 2', 1,

4. Concluding Remarks

It turns out that both the parachute inequality and the bicycle odd wheel
inequality can be decomposed as integer combination of triangle inequalities

with all coefficients +1 except one coefficient -1. For instance, the para-
chute facet Pary,4+] for odd k can be decomposed as follows:
Pary, ,,.% = X ‘2% (TCayrs s T+ 1) + T(a;s 275 (2 + 1)7))
<t k-1
+ T(O’ 1, l,) - T(O’ k, k')s
where a; = k for 7 odd and a; = a;+ = 0 for 7 even, and

T(as by, e) = xp, = Xgp = Tge

denotes the left-hand side of the triangle inequality on nodes a, b, ¢. A nice
property of inequalities v.x < 0 which can be "triangulated" is that v.§(5) is
even for all cuts 6(S). On the other hand, the Fibonacci face Fiby; is the sum
of triangles; for instance, for k even, we have:

Fibyy .2 = 3. (r(0, 272, 2¢ + 1) + T(0, (22)', (22 + 1) ")
157 <(k-2)/2 ) .
‘ + 70", (20 - 1)', (24)") + T(0, 1, 17).
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Furthermore, we checked that any parachute, Fibonacci, or bicycle odd wheel

inequality reduces, by consecutive collapsing, to some triangle inequality (the
same holds for their switchings, see [6]).
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