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Dedication. This y e a r f s column i s dedicated to Dr . A. P . Hillman in r ecogn i -
t ion of h i s 27 years of devoted se rv ice as e d i t o r of the Elementary Problems 
Sect ion. 

BASIC FORMULAS 

The Fibonacci numbers Fn and the Lucas numbers Ln satisfy 

Fn+2 = Fn + l + ?n> ^0 = 0 ^ 1 = 1; 

Ln + 2 = Ln + l + L
n> L0 = 2> Ll = *•• 

Also, a = (1 + /5)/2s 6 = (1 - /5)/2, Fn = (an - $n)//5, and Ln = a" + 3n. 

PROBLEMS PROPOSED IN THIS ISSUE 

B-724 Proposed by Larry Taylor, Rego Park, NY 
Dedicated to Dr . A. P . Hillman 

Let n be a p o s i t i v e i n t e g e r . Prove t ha t the numbers Ln_iLn+i9 5F%> L^n/Ln, 
L2n > F^n/Fn9 L%5 5Fn-lFn+l a r e ^n a r i t hme t i c progress ion and find the common 
d i f f e rence . 

B-725 Proposed by Russell Jay Hendel, Patchogue, NY 
and Herta T. Freitag, Roanoke, VA 

Dedicated to Dr . A. P . Hillman 
(a) Find an i n f i n i t e se t of r i g h t t r i a n g l e s each of which has a hypoten-

use whose length i s a Fibonacci number and an area t h a t i s the product of four 
Fibonacci numbers. 

(b) Find an i n f i n i t e se t of r i g h t t r i a n g l e s each of which has a hypoten-
use whose length i s the product of two Fibonacci numbers and an area tha t i s 
the product of four Lucas numbers. 

B-726 Proposed by Florentin Smarandache, Phoenix, AZ 
Dedicated to Dr . A. P . Hillman 
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Let dn - Pn + i - Pn , n = l s 25 33 * a « 3 where Pn i s the nth prime. Does the 
s e r i e s 

00 1 
n= 1 a ^ 

converge? 

B-727 Proposed by loan Sadoveanu, Ellensburg, WA 
Dedicated to Dr . A, P9 Hillman 

Find the genera l term of the sequence (an) defined by the recurrence 
_ an+l + an 

1 ^ un+lun 
with ^ i n i t i a l va lues aQ = 0 and a-, = (e2- - l)/(e2 + 1)* where e i s the base of 
n a t u r a l logar i thms . 

6-728 Proposed by Leonard AB.G. Dresel, Reading, England 
Dedicated to Dr . A. P, Hillman 

If p > 5 i s a prime and n i s an even i n t e g e r , prove t ha t 
(a) i f Ln E 2 (mod p ) , then Ln = 2 (mod p 2 ) ; 
(b) i f L^ E -2 (mod p ) s then Ln = -2 (mod p 2 ) . 

B-729 Proposed by Lawrence Somer, Catholic University of America, 
Washington, D. C, 

Dedicated to Dr . A. P . Hillman 
Let (Hn) denote the second-order recurrence defined by 

#n + 2 = a^n + 1 + bH-ri» 
where HQ = 0S Hi = l9 and a and 2? are integers. Let p be a prime such that 
p\b. Let k be the least positive integer such that H^ ~ 0 (mod p). (It is well-
known that fc exists.) If Hn f 0 (mod p ) , let i?w = Hn + iH~l (mod p) . 

(a) Show that Rn + i?^_n =-a (mod p) for 1 < n < k - 1. 
(b) Show that RnRk_n_i = -i (mod p) for 1 < n < fe - 2* 

Acknowledgment 

The editor of Elementary Problems and Solutions wishes to thank Clark 
Kimberling for his help in proofreading material for this section. 

SOLUTIONS 

A Radical Limit 

6-698 Proposed by Richard Andre-Jeannin, Sfax, Tunisia 

Consider the sequence of real numbers a^9 a^ •••> where a^ > 2 and 

(1) an+l = a2 - 2 for n > 1. 

Find lim bn, where 
n + <*> 

(2) h = a* + 1 for n > 1. 
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Solution 1 by Hans Kappus, Rodersdorf, Switzerland 

We c l a i m t h a t 

lim bn = / a 2 - 4. 
n^-oo 

This follows from the formula 

(a? - 4)qg+1 
( } h» = ~V2 T~ 

an+i - 4 
and the obvious fact that {an} is an increasing sequence so lim an - °°. 

n-»- oo 

To prove (3), we proceed by mathematical induction. We have 

2 a2 (a-j_ - 4)a2 (&i - ^)^2 (ai ~ 4)a2 

1 af (a? - 4)af (af - 2 ) 2 - 4 a§ - 4 
so formula (3) is true for n - 1. Assume now that (3) holds for some integer 
n - k - 1. Then, from bk = ^_iak + ]./̂ 5 w e n a v e 

b2 = ^2-la^+i = (a! " 4 ) 4 + i = (4 - *K+i = (af - 4)a2
+1^ 

fe a£ (a2 - h)ak (a\ - 2 ) 2 - 4 a£+1 - 4 

which completes the induction. 

Solution 2 by loan Sadoveanu, Ellensburg, WA 

Using the recurrence relation in the form 

an+i - an = (an + I){an - 2) 
implies, by induction, that an + i > an > 2 for all n > 1. 

Let xn be defined by 

(4) CLn/2 = cosh #„ . 

This is possible since the hyperbolic cosine defined on (0, °°) and valued in 
(1, oo) is a one-to-one function. 

We recall some facts concerning hyperbolic functions [1]: 

(5) cosh z = -
2 

&z — G~z 

(6) sinh z = — 

(7) coshes - sinh2s = 1 

(8) sinh 2z - 2 sinh z cosh z 

(9) cosh 2z = 2 cosh2s - 1 

/ir>\ ^i_ C O S h S 

(10) coth z = —7—; 
sinh z 

Applying (4) to (1) gives 
2 cosh xn - (2 cosh xn„i)2 - 2 

or 
cosh xn = 2 cosh2^.! - 1 = cosh 2xn-i 

by (7). Thus, xn = 2xn_1. Repeated application of this formula yields 

xn = 2n~lxl. 
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Now 
aia2 ••• an = (2 cosh xx)(2 cosh 2xx) -.. (2 cosh 2n~1x1) 

sinh 2̂ x sinh tej sinh 2nxx sinh 2nxx 

sinh #1 sinh 2#i sinh 2n_1x1 sinh #]_ 

using (6) and cancelling. Therefore, 

CLn+l sinh X\(2. cosh xn+1) 
bn = = — • 

a\ai ••• an sinh 2n#]_ 

sinh #]_ 
= —-—— (2 cosh xn + i) = 2 sinh Xi coth #„, i, 

s inh xn+i 
1 

^2x 1 + 0 
lim coth x = lim :—irL— = l i m = = 1 . 
x^oo x->oo ex - e x

 x+™ 1 1 - 0 
Thus, g2ar 

lim bn = 2 sinh X]_ lim coth xn+i = 2 sinh X]_ 

But 

2/cosh2x1 - 1 = A cosh2x1 - 4 = /a| - 4. 

Reference 

1. Abramowitz & Stegun. Handbook of Mathematical Functions. Nat ional Bureau of 
Standards, Washington, DC, 1966. 

Also solved by Paul S. Bruckman, Blagoj S. Popov, and the proposer. 

A Solution Using Periodic Orbi ts 

B-699 Proposed by Larry Blaine, Plymouth State College, Plymouth, NH 

Let a be an in teger g r ea t e r than 1* Define a funct ion p(ft) by 

p ( l ) - a - 1 and p(n) = an - 1 - £ p(d) for n > 2, 

where 2 denotes the sum over all d with 1 < d < ft and <i|ft. 
Prove or disprove that n\p(n) for all positive integers ft. 

Solution by the proposer 

Consider the function /: [0, 1) •> [0, 1) defined by 

/(#) = ax (mod 1), 
i.e. , 

f(x) = ax - k for fc/a < x < (k + I) la, /c = 0, 1, ..., a - 1. 

We use the customary notation 

fl(x) = f(x)9 fn+Hx) = /(/"(a)) for ft = 1, 2, ..., 

and for x <E [0, 1) we define the orbit of x to be the sequence 

XQ = x, xn = fn(x) for n = 1, 2, ... . 

We say that # is an ft-periodic point if XQ = xn, but XQ * #£ for i = 1, 2, ..., 
ft - 1. 
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Now, if .r is n-periodic, then fn(x) = x. The converse is not quite true: 
fn(x) = x if and only if x is £?-periodic for some positive integer d for which 
d\n (including, of course, d = 1 and d = n). An easy calculation shows that 
there are exactly a - 1 1-periodic points and an - 1 points for which fn(x) = 
x. It follows by induction that p (n) is the number of n-periodic points. 
Since these points fall into equivalence classes (periodic orbits) of the form 
{XQS XI9 . .., xn„i}3 it follows that n\p(n) in all cases. 

Also solved by Paul S. Bruckman and Russell Jay HendeL 

The proposer asks whether a proof can be given using elementary number theo-
retic techniques. Although our two other solvers gave proofs using nelementaryn 

number theory_, their proofs were not as simple as the proposerfs. Eendelfs 
proof ran for three pages and Bruckmanrs proof involved the Mobius inversion 
formula and a generalized form of Fermat!s Little Theorem, 

But It Doesn't Look Symmetric 

6-700 Proposed by Herta T. Freitag, Roanoke, VA 

Prove that for positive integers m and n, 
am(aLn + Ln_x) = un{uLm + Lm_l). 

Solution by Paul S. Bruckman, Edmonds, WA 

Let f(jn9 n) = am (aLn + L n _ i ) . Using a3 = -1» we find t h a t 
aLn + Ln.l = a ( a n + 3n) + a n _ 1 + 3 n _ 1 

= an+l - 3 n _ 1 + a n _ 1 + 3 n ~ 1 

= a n ( a - 3) = a n / 5 . 
Therefore, f(m, n) = am+n/5, from which we see t h a t f(m, n) = f(ns m). 

Solvers found various methods of showing that f(rn3 n) is symmetric: 
Melham showed that f(m5 n) = a

m+n + l + am + n~l» 
Singh showed that f(m, n) = am+n~1(a2 + 1 ) . 
Brown notes that the result follows from problem B-538 (/5an = aLn + Ln.-i) . 
Haukkanen generalized by showing that the following are symmetric in m and n: 

3"(3£n + £ n - i ) , a™{aFn + Fn^) 9 &m($Fn + Fn^) . 

Also solved by Michel Ballieu, Brian D. Beasley, Glenn Bookhout, Scott H. 
Brown, Russell Euler, C. Georghiou, Pentti Haukkanen, Russell Jay Hendel, 
Joseph J. Kostal, Graham Lord, Ray Melham, Blagoj S. Popov, Bob Prielipp, 
H.-J. Seiffert, Sahib Singh, Lawrence Somer, and the proposer. 

A Pair of Tr iangles with Common Sides 

B-701 Proposed by Herta T. Freitag, Roanoke, VA 

In t r i a n g l e s ABC and DEF, AC = DF = 5F2n, BC = Ln+2Ln_1, EF = Ln+lLn_2, and 
AB = BE = 5F2n+1 - L2n + l + ( - l ) * " 1 . Prove t h a t LACB = LDFE. 
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Solution by the proposer 

Let Ln+1 = xs Ln = y9 b = 5F2n, c = AB, a = Ln+2Ln_ls d = Ln+1Ln__2, e = DF, 
and / = DE. Since 

5Fin = 5i^L„ = (Ln + i + Ln_x)Ln = (2Ln + 1 - Ln)LnS 

^n + l^n-2 ~ ^n + l(2-Z/n " ^ n + l ) * 
and 

5^2n+l - i 2 n + l + ( " I ) " " 1 = L2n + L2n+2 - L2n+l + ( - l ) " " 1 , 
and where, fur thermore, 

L2n + L 2 n + 2 = L n +1 + L n a n d L 2 n + 1 + ("l)n = - ^ n + l - ^ * 
we the re fo re have 

a ~ x2 - y2
 9 b ~ y (2x - y) = e, c = x2 - xy + y2 = / , c? = #(2z/ - x) . 

Now, using the Law of Cosines for triangle ABC, we find 

cos C lab 
However, a2 + b2 - c2 = 2x3y - x2y2 - 2xy3 + y^ = ab. Thus, cos C = 1/2; hence 
ZC = TT/3„ 

Similarly, for triangle DEF s 

d2 + e2 - f2 = ~2x3y + 5x2^2 - 2xy3 = de, 
from which we get cos F = 1/2; hence IF = LC = TT/3. 

Comment by the editor: 
With the same notation as in Solution 1, it is straightforward to show that 

a2 ~ a2 + ad + d2 and a + d = b. 
By the Law of Cosines, this tells us that there is a triangle ABC with 

sides of length AB = c, B£ = as and GA = d and that Z,4£5 = 120° . 

d B,E 

Extend s ide AG pas t £ for a d i s t ance a to the point C. Then, s ince Z5£C = 
60°, t r i a n g l e BGC Is e q u i l a t e r a l and BC^a* Draw a l i n e through 4 p a r a l l e l to BG. 
and meeting CB extended a t F» Thus, Z,4F(7 = LGBC - 6 0 ° ; t h e r e f o r e , A.4FC i s a l so 
e q u i l a t e r a l . Thus BF = d and AF = a + d = i . 

Giving l a b e l s D and Z? to po in t s A and 5 , r e s p e c t i v e l y , we thus see our two 
t r i a n g l e s ABC and DEF of the problem proposal and have a l so shown tha t LACB = 
LBFE = 60° . 

AZso solved by Paul S. Bruckman, C. Georghiou, Russell Jay Hendel, Ray 
Melham, Bob Prielipp, and H.-J. Seiffert. A wonderful 6-page solution (with 
7 lemmas) was also received, but the solver forgot to print his or her name on 
the solution sheets, so proper credit cannot be assigned. 
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A Comparison of Continued Fractions 

B-702 Proposed by L. Kuipers, Sierre, Switzerland 

For n a positive integer, let 
1 

Fn + 

Ln + 
1 

and y n = Fn + 
Fn + 1 + 

F„ + ?n + 

£„ + V̂z + l + 7" 

(a) Find closed form expressions for xn and yn. 
(b) Prove that x n < y n when n > 1. 

Solution to part (a) by C. Georghiou, University of Patras, Patras, Greece 

Assuming convergence, we have 

1 
xn ^n ~* -r— and 2V = F„ H —T 

Ly, + Fn+l + 

Solving these equations for xn and z/n, respectively, we find 

I 1 + / 1 + FnLn J 
and zv 

^ 
1 + / 1 + 

^n^n+1 J 
(The negative roots of the quadratics must be rejected since xn and yn are 
clearly positive.) 

Solution to part (b) by Sahib Singh, Clarion University of Pennsylvania, 
Clarion, PA 

It is obvious that x^ = y - ^ . For n > l9 from the well-known formula L n = 
Fn + i + Fn-i, we see that Fn+i < L n . Applying this inequality to the formulas 
for x n and y n shows that y n > x n when n > 1. 

Most solvers ignored the question of convergence. Unless you know that the con-
tinued fractions converge3 the operations above cannot be justified. 

Proof of convergence by H.-J. Seiffert, Berlin, Germany 

For positive integers a and b9 let 

1 
z = a + 

b + 
a + 

b + 

If p k / q k denotes the kth convergent of z, then, for all positive integers k: 
PQ = a> Pi = ab + 1» <70 = lj ?i = *' 
?2* = a P 2 k - l + P 2 f c - 2 ' P 2 ^ + l = ^ 2 f c + P 2 f c - 1 * 
?2fc = a^2*-l + ^ 2 / < - 2 > <?2Zc+l = 6?2* + ?2*-l' 
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I t follows that the sequences {p2k) and (q2k) satisfy 

p0 = a, p2 = a(ab + 2), p2k = (afc + 2)p2fc_2 - V2k-h' 
q0 = 1, <72 = aZ? + 1, <72fe = (a& + 2)^2A,_2 - <72fc-4* 

These are second-order linear recurrences; and using standard methods, we find 
t h a t P2k = a(*?+ 1 - t|+1)/Z> and q2k = ( ( t x - l)t\ - (t2 » l)*£)/0 
where £x = (qZ> + 2 + ff)/2 and i 2 = (afc + 2 - D)/2 are the roots of t2 - (a& + 2)£+ 1 = 0 
and £ = /ab(ab + 4 ) . 

Since ^i > t 2 > .0, we find that / /^?\ / C + 1 \ 

lim = lim —r ?- = lim J L X I U J_JLJJ.l -i y JLJL.IU , •% >J_ '] 

k + *q2k fc + . (tl - l)t\- (t2 - l)t\ k + ~ {t l} 1 t2 - l(t2\k 

a at^ 
t \ 1;

l \tl 

In a similar manner, we find that 

lim 
k +oo tfzk+l 

has this same value. Thuss 

lim — 
fc + co <7fc 

exists and the continued fraction converges to this value. 

One could also have noted convergence by quoting from a standard text on con-
tinued fractions^ such as Theorem 3.5 from [1]3 which states that any simple 
continued fraction (positive entries and, l?s in the numerators) converges. 
Seiffert1s proofs thought not only proves convergence and finds the limit3 but 
also gives the value of all the convergents. 

Reference 

1. C. D. Olds. Continued Fractions. Washington D.C.: Mathematical Associa-
tion of America (New Mathematics Library), 1963. 

Also solved by Charles Ashbacher, Paul S. Bruckman, Russell Euler, Herta T. 
Freitag, C. Georghiou, Russell Jay Hendel, Hans Kappus, Carl Libis, Graham 
Lord, Ray Melham, Bob Prielipp, H.-J. Sieffert, Sahib Singh, and the 
proposer. 
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