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1. INTRODUCTION

Hexel and Sachs [3] examined the #th row of Pascal’s triangle and worked out formulas for
the number of occurrences of each residue modulo p, where p is any prime. For p > 3 the formu-
las are very involved. Davis & Webb [1] recently considered the same problem modulo 4, and
they pointed out that a composite modulus requires an approach different from the one in [3]. To
date, 4 is the only composite modulus for which formulas for the number of occurrences of each
residue have been obtained. It appears to be very difficult to find results of this type for arbitrary
composite moduli.

The purpose of the present paper is to extend the results of [1] and [3] to multinomial and
g-binomial coefficients. Thus, in section 3 we examine the g-binomial coefficients 7|, 0<r <n,
and determine the number of occurrences of each residue modulo 4. In section 4 we consider the
same problem modulo p, and we obtain explicit formulas for p = 3. For p >3, we show how
formulas can be worked out in terms of the results of [3]. Similarly, in section 6 we examine the
multinomial coefficients (n,n,,...,n,) suchthatm +n,+---4+n, =n, and we find formulas that
enable us to compute the number of occurrences of each residue modulo 4. In section 7 we
consider the same problem modulo p. An explicit formula for p = 3 is determined, and formulas
for p >3 are found in terms of the results of [3]. In sections 2 and 5 we state the basic properties
of the g-binomial and multinomial coefficients that we need, and we also explain the notation used
in this paper.

2. Q-BINOMIAL COEFFICIENTS: PRELIMINARIES

The g-binomial coefficient is defined by

n—j+l _

ey [J-1IE—

7=l qj'l

for ¢ an indeterminate and » a nonnegative integer. When considering [;’] modulo j, for any j,
unless otherwise stated g will always be a rational number, g =u /v, with ged(u,v) =ged(u, j) =
ged(v, j)=1 The g-binomial coefficient is a polynomial in g, and for g = 1 it reduces to the ordi-
nary binomial coefficient. It is clear from (2.1) that, for » > 0,

SN
o (1)
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As much as possible, we shall use the notation of [1]. Thus, if

k

(24) n=Y a2 (eachg,=0o0rl),
i=0

we define

k
Bn)=Y a,.
i=0
Similarly, we define
k k
Cm) =2, Dm=2d,
i=0 i=0

where ¢, =1 ifand only if a,,, =1, @, =0, and d, = (a,,;)(a;). That is, C(n) is the number of "10"
blocks and D(n) is the number of "11" blocks in the base 2 representation of n. The same
notation was used in [1].

We shall also use the notation

{f} = j if and only if [:ljlzj (modw) (0<j<w-1),

and N{"(g;n) is the number of ones, N{*’(g;n) is the number of twos, N{"(g;n) is the number
of threes, etc., in the set

UARHASR

In [2] Fray proved a rule for finding the highest power of a prime p dividing m The
following lemma is a special case of that rule.

Lemma 2.1: Let p be a prime number and let e be the smallest positive integer such that ¢° =1
(mod p). Write n, r, and n — 7 uniquely as

k
25) n=a_+ea=a_ +e2a,.p" (0<a_ <e, 0<qa, <p),

i=0

k
(2.6) r=b_1+e-b:b_1+e2b,.pi (0<b_<e, 0<b, <p),
i=0

k
2.7) n-r=w_ +eZwip’ 0<w_ <e, 0<w, <p).
i=0
We can write
b +w_=eg +a_
&y +by +w, = pe +a,,

Epet Hopy + Wiy = P Hay g,
gk +bk +Wk =ak,

with each & =0 or 1. Then [;‘] is relatively prime to p if and only if & = 0 for each i.
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Note that (2.5)-(2.7) are possible by the division algorithm. Also note that when p = 2, we
havee=1landa ,=b =w_,=0.
Fray [2] also proved the following useful lemma.

Lemma 2.2: Let n and r have expansions (2.5) and (2.6). Then

L8R (5 ooon

The second congruence of Lemma 2.2 follows from a well-known theorem of Lucas.

Let a;(p;n) denote the number of g-binomial coefficients |”|, »=0,1,...,n, divisible by
exactly p’ (that is, divisible by p’ but not by p’*'). Fray [2] proved that if » has expansion (2.5),
then

ay(p;m) = (a +D(ag+1) -+ (@, +1).
In particular, for p =2, let

aj(n) = a;(2;n),
SO

oy (n) =250,
The writer [4] proved that

(n -a,
(2.8)  o(n)= 2
C(n)2B™! if g=1 (mod4).

)23(")’1 ifg=3 (mod4),

3. O-BINOMIAL COEFFICIENTS MODULO 4

We shall use the notation of section 2, and for convenience we let
vh=v)
r rly
N,(m) =N (g;n).
Also define

N (m) = (Ny(m), Ny (), Ny(m)).

First we take care of some trivial cases. If ¢ =0 (mod 4), we see from (2.1) that

{’r’}z,1 (r=0,1,...,n)

If g =2 (mod 4), we see from (2.1) that
n|_n|_ n| _ _ _
o frhon s e
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If ¢ =1 (mod 4), then

()

and the results of [1] can be used.
In the remainder of this section we shall assume g=3 (mod 4). We shall also use the
notation of section 2.

We know from (2.3) that
Ny(n) = C(——-” _2"0 )21“")“1.
Note that

of 7=\ _ C(n) ifn#2 (mod4),
( 2 )_ C(n)-1 ifn=2 (mod4).

It is clear from (2.2) that

(3.1) {;”} {r 1}Jr( 1){ } (mod 4),

and the following lemmas are clear from (2.1), (2.5), and Lemma 2.1.
Lemma 3.1: When k>1, N(2¥)=(2,1,0).
Lemma 3.2: Let n=2%+ L, where 0< L <2*. Then

{’r’} =0 (mod2) (L<r<2").

The analogous results for ordinary binomial coefficients are proved in [1]. By (3.1) and
Lemmas 3.1 and 3.2, we see that the g-binomial Pascal triangle modulo 4 for g =3 (mod 4) has
the following form:

1

11
101
1111
10201

2* row) 10..020..01
k
(2°+1row) 110..0220..011

By using (3.1) and comparing this triangle with Pascal’s triangle modulo 4 (see [1]), we see
that the two triangles satisfy the same recursive relations. That is, in Part 1 and Part 2 of [1], we
can replace (---) by {-- } We shall not reproduce all those relations here, but we note the follow-
ing.
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Lemma 3.3: Suppose n=2"+L, 0<L <2*
(@ If L <2 then

{"}is :{f} if0<r<L,
") 120 (mod2) ifL<r<2*.
() I£2F1 <[ <2* then

{f} ifo<r <2,

I

r

i

L ) oo e
{L}”{r-zk—lj (mod4) if 2 <r <L,

=0 (mod2) ifL<r<2*.

Because of the symmetry of the triangle, i.e., property (2.3), we now have all the information
we need.
Recall that D(n) > 0 if and only if the base 2 representation of 7 has a "11" block.

Theorem 3.1 If D(n) =0, or n=3+8m with D(m) = 0, then N,(n) = 25* and N,(n) = 0.

Proof: We use induction on n. The theorem is true for »<3; assume it is true for all non-
negative integers less than n. If n satisfies the hypotheses of the theorem, then 7 =2* + L with
L <2%' and either D(L) =0 or L = 3+8y with D(y) = 0. Thus,

N(L)=2P® and N,(L)=0.
Note that B(n) = B(L)+1. We know

n) . :{rL} if0<r<Ir,
{rhis
=0 (mod2) ifL<r<2F.
Since {;’} = {nfr} and 2* >n/2, we have
Ny(n)=2N,(L)=2"" and Ny(n)=0.
This completes the proof.
Theorem 3.2: If D(n) >0 and n# 3+8m with D(m) = 0, then N, (n) = Ny(n) = 25,

The proof of Theorem 3.2 is the same as the proof of Theorem 6 in [1], with () replaced
by { . } We shall not reproduce it here.

In summary we have:

o If D(n) =0 or n=3+8m with D(m) = 0, then
N(n)= (2”") C(————” —% )2B<”>“ 0)
b 2 > :
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o If D(n) >0 and n# 3+8m with D(m) = 0, then

N(n) - [zB(n)—l i C(n —~2 da, )2B(n)—l’ 23(:1)—1).

4. 0-BINOMIAL COEFFICIENTS MODULO P

In this section we assume p is an odd prime and » has expansion (2.5). We shall use the fol-
lowing notation:

Let A; be the number of coefficients g, (—1<i <k) in (2.5) that are equal to j.

Let £ be the order of 2 modulo p, and for m > 0 let #m) be the smallest nonnegative solution
xt02* =m (mod p), if one exists.

Recall that N,(n” )(g; n) is the number of g-binomial coefficients m congruent to m modulo p.
Theorem 4.1 Suppose n has expansion (2.5) with 0<a_; <1and 0<a, <2 for eachi >0.
(@) If2* =m (mod p) has no solutions x, then N'”(g;n) = 0.
(b) If 2* =m (mod p) has solutions, then

(4.1) NP(g;n)=2"4 J;( ; (m‘;12+ J t)zAr“’")‘f',

where t(m) + st < 4, <t(m)+(s+1)t.

Proof: We see from Lemma 2.2 that to have [;’] = m (mod p) we must have A integers 7 such that

()0 #om i

1

Thus, part (a) is clear. Now 2" =2 (mod p) implies 2/ = #(m) (mod?), so h=t(m)+ jt for
some j. There are ‘}g) ways to have A terms (?|; there are two choices for each of the remaining
A, —h terms (g), namely, b, =0 or b, =2; there are two choices for each of the 4, terms (g ),
namely, b, =0 or b, =1. Thus, we have (4.1), and the proof is complete.

Corollary: If p =3 [and thus ¢ = +1 (mod 3)], we have

NI(S) (g;n)= %-2/1' (3% +1) and Nf) (g;n)= %-2‘4‘ (3% -1).
Proof: Since p = 3, we have all the hypotheses of Theorem 4.1 with #(1) =0, #2) = 1, and ¢ = 2.
Thus,

NP (g;m)=2% i(;‘f}-)f‘l‘“ = %-2“‘1 [(2+1)A2 +(2-1D* ]

j=0

The formula for N§3) (g; n) is proved in a similar way, thus completing the proof.
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By Lemma 2.2, it is clear that
NP1;a) ifa, =0,

NO(gmy={ ' B
2NP(La) ifa, =1,

where a is defined by (2.5) and NP (1; @) is the number of binomial coefficients 4| that are con-
gruent to m modulo p. Thus, when a_; =0 or 1, the formulas of [3] can be used to evaluate
N ,(,f’) (g; n). More generally, define y(r) to be the smallest nonnegative solution to

[a’jl:lx =m (mod p).

Then the following theorem is clear from Lernma 2.2.

Theorem 4.2: If n has expansion (2.5) and y(r) is defined as above, then

a_,
NP(g;m) =) NP (L a).

r=0
For example, let p =5 and ¢ = 3 (mod 5), so e =4. We have
NO(1a) ifn=0 (mod4),
2N1(5) L a) ifn=1 (mod4),

Nl(s) (3;n) =
NP (L a)+ NP (La) ifn=2 (mod4),

2N1(5)(1; a) +2N2(5)(1; a) ifn=3 (mod4).
Theoretically, then, we can evaluate N”(g;n) for any g by using Theorem 4.2 and the for-

mulas of [3].
For completeness, we note that for p =2 and ¢ # 0 (mod 2) we have

N (g;m) = (@ + D@y +1) -+ (@ +1) = 2",

where n has expansion (2.4).

5. MULTINOMIAL COEFFICIENTS: PRELIMINARIES

The multinomial coefficient is defined by

!
(51) (nlanZa"'anr)z_L_ (nl +---tn, =n)‘
nlny!---n,!
Obviously (5.1) reduces to the ordinary binomial coefficient for » = 2. In this paper we consider
(5.1) for all compositions (ordered partitions) of n into 7 parts. The order of the terms n,,...,n, is
important; we are distinguishing between (0, 0,1, 2) and (1, 0, 0, 2), for example. Note that 0 can

be one or more of the parts. It is well known that the number of compositions of # into 7 parts is

n+r-1
n

Fray [2] proved the following rule for determining the highest power of a prime p dividing

(nl:v""nr)'
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Lemma 5.1: Let n have base p representation
k
(5.2) n=)a,p’ (0<a;<p)
j=0

andlet n=mn+n,+---+n,. Fori=1,...,r,letn,.=Z’j‘.=0ai,j.pf (0<qg,;<p). If

Qo t--ta, = pé;+ay,
80 +a1’1 +"'+ar’1 = p&'l +a1,

& +a1’k +"'+(J’,,k =a;,

where each’ g =0,1,..., orr—1. Then the highest power of p dividing (n,,n,,...,n,) is p’,
where s=g,+ & +---+¢&,_;.

We shall use the notation B(n), C(n), and D(n) given in section 2.

Let n have base p expansion (5.2) and let Hﬁp)(r; n) be the number of multinomial coefficients
(m,n,, ..., n,) divisible by exactly p’. The writer [5] proved

Py |G +r—1\[ay+r—1) [a,+r-1
6(() (r,n)_( r—1 )( r—1 ) ( r-1 J
For p =2, we have
53)  6Or;m)=r"®,

and the writer [4] proved
(5_4) 9(2) r;n) - C(n) r Bl Doy ¥ pBOD-2
1 2 3

For w=0,1,..., j—1, we define foz(n) as the number of multinomial coefficients (n,n,,
...,n,) such that (n,,n,,...,n) =w (mod ).

6. MULTINOMIAL COEFFICIENTS MODULO 4
The notation for this section comes from sections 2 and 5. For convenience we shall use

N, (n) = N3 (m),

so that
61 N,m=6"0;n)
and
+r-1

O (e B MORMO R WO}
We also define

N, (1) = (N1 (), N, 5 (n), N, 5(m)).

By (5.4) and (6.1), the only problem, then, is to find N, ;(n) and N, ;(n).

Theorem 6.1: 1f D(n) =0, then N, (n) = B and N, 3(n)=0.
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Proof: Suppose D(n)=0andn=mn+n,+---+n,. If (n,n,,...,n)#0 (mod 2), then by Lemma
5.1 we know if a,=0thena, ;=0 fori=1,...,r. Also, if a;=1thenaq, ; =1 for exactly one i.
Since

6.2) (nl,nz,...,n,):(21)(”;2”1)("“’33‘"2)-.-,

and since D(n—m—---—-n;)=0forj=1,..,r, we see that none of the binomial coefficients on
the right side of (6.2) is congruent to 3 modulo 4. Thus, (n,n,,...,n)=1 (mod4), and the
proof'is complete.

Hence, if D(n7) = 0, we have
N,(n) = (r”"), C(n)(';)r“""‘, o).
The situation is much harder if D(n) > 0. We shall use the following notation

fn)_ .
1,(n,i) = 1 if (i ) = j (mod4),
0 otherwise.
Since

)= 1),

we have

N,u(n) = 3 [Ad)- Ny =)+ £s000)- Ny (1))

We refine this in the next theorem by using the facts that if (n,n,,...,n.) #0 (mod 2), then in
Lemma 5.1 each ¢ =0, and

N, (n)+ N, ;(n) =r"®.
Theorem 6.2: Let n have base 2 representation (2.4). Then, for r >3,

-Nr,l(”)=N_1,1(")+1+Z(r~l)B(""j)fs(n,i)+Z[f1(n,i)-f3(n,i)]N -(m=1),

where each sum is over all integers 7 such that 0 <7 <n and
k .
i=Ye?2 (0<e <a)
J=0

To illustrate Theorem 6.2, suppose
(6.3) n=2¢142F
Then, using Theorem 6.1 and the results of [1], we know f;(n, i) =1fori= 21 andi=2%, and
Nr—1,1(2k_1) =N, -1,1(2k) =r-1
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Theorem 6.2 gives us
N, (n)=N, ;(m)+1+2(r =) -2(r-1)=N,_;;(m) +1
Thus, if n is given by (6.3), we have
(64) N, ;(m)=r, N,;(m)=r’-r.
Now consider
(6.5 n=2+2F"42F (0<s<k-2)
Then, using [1] and (6.4), we have

fi(n, ) =1 fori=2° and i=2""+2F,
fi(n,i)=1 fori=2%12% 2°+2%1 and 2°+2%,
N,_“(x)={(r_1)2 for x =2 +2%1 and x = 2* + 2%,
' r—1 forx =2F142% 2° 2F1 and 2.

Theorem 6.2 gives usN, ;(n) = N,_;(n) +2r —1. Thus, if n is given by (6.5), we have
Nr,l(n) = r2> Nr,3(n) = r3 _r2.
Using this method on the other cases of B(n) = 3, we can prove the following.

Theorem 6.3: Suppose B(n) =3 and D(n) > 0. Then

(rz, C(n)(;)r2 +(g)r, r —rzj if D(n) =1,

e = (r3 —2rt +2r, C(n)(g)r2 +2(§)r, 2r? —2r) if D(n) =2.

We could next look at the case B(n) = 4 and get similar results. In general, after examining
the case B(n) =j, we can move to the case B(n) =j + 1. As j increases, the formulas become
much more complicated.

7. MULTINOMIAL COEFFICIENTS MODULO P

Let p be an odd prime and recall that Nr(”’n? (n) is the number of multinomial coefficients
(n,m,,...,n) such that (n,n,,...,n) =m (mod p).

Let n have base p expansion (5.2) and let 4, be the number of coefficients a; (0<q, < k) that
are equal to j.

We shall use the definitions of ¢ and #(m) given at the beginning of section 4.
Theorem 7.1: Let n have expansion (5.2) and suppose that 0<a, <2 for eacha;. Let m be a
positive integer.
(a) If there are no solutions to 2* =m (mod p), then N,(f’,,? (n)=0.

(b) If there are solutions to 2* =m (mod p), then
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s t(m)+jt
1) NEm)=rt Z(t(m/)ji Jt)@ e,

J=0
where #(m) + st < 4, <t(m)+(s+1)z.

Proof: Suppose (ny,n,,...,n,) =m (mod p). Since m> 0, in Lemma 5.1 we must have & =0 for
i=0,1,...,k~1 In(6.2) we see that each binomial coefficient on the right side will be congruent
to 2¥ modulo p for somew >0, and we must have

(72) h=3X(w) and 2" =m (mod p).
Thus, part (a) is clear. We now count the number of ways (7.2) can happen. Pick 7 of the 4,
rows adding up to 2, and pick two positions in each of these rows for 1’s. There are (’}‘,2)(5)h ways

of doing this. In the remaining 4, —/ rows, pick one position in each row for a 2. There are

r27" ways of doing this. We see from the last part of Lemma 2.2 that when the binomial

coefficients on the right side of (6.2) are broken down in terms of their coefficients modulo p,
then we have

(n,my,...,n)=2"=m (mod p).

As we saw in the proof of Theorem 4.1, A =t(m)+ jt for some j, and (7.1) follows. This com-
pletes the proof.

Corollary: Letp=3. Then

o) (-6 ]
-0 6]

We now prove a theorem analogous to Theorem 6.2. It follows immediately from
n
(n,n,,...,n)= (nl)(n2, By

Theorem 7.2 let m be a positive integer and suppose (;’) #0 (mod p). Letg(j) be the smallest
positive integer such that (’j’) -g(j)=m (mod p). Then

Nr(,p”? (n) = Zfol),g(]) (n—.])9
I

where the sum is over all j such that 0< j <7 and (’;) #0 (mod p).

If  has the base p expansion (5.2), then in Theorem 7.2 the sum is over all j such that

i3
j:Ze,.pi (0<e <a,).

i=0
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For example, let p=5, r =3, n=11=1+2-5. Then

N1 = N1+ NF(10)+ N3O+ NEIE)+ M) MO
=4+2+0+0+2+1=9.

Similarly, we can show that N$3(11) =9.

Theoretically, then, if we know the values of N, (P)(n) we can use Theorem 7.2 to find

N, P (1) for any 7.

For completeness, we can use (5.3) to obtain N,(’Z,,),(l) = B0
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