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1. INTRODUCTION AND SUMMARY OF RESULTS 

It is by now well known that the parities of the binomial coefficients show a fractal-like 
appearance when plotted in the x-y plane. Similarly, if f(n,k) is some counting sequence and/? 
is a prime, we can plot an asterisk at (//,&) iff(n,k) # 0 (mod/?), and a blank otherwise, to get 
other complex, and often interesting, patterns. 

For the ordinary and Gaussian binomial coefficients and for the Stirling numbers of the 
second kind, formulas for the number of asterisks in each column are known ([12], [2], [4], [1]). 
Moreover, in each row the pattern is periodic, and formulas for the minimum period have been 
bound ([2], [3], [6], [7], [12], [13], [9], [15]) in all three cases. 

If KM, the signless Stirling number of the first kind, denotes, as usual, the number of permuta-
tions of/? letters that have k cycles, then for fixed k and/? we will show that there are only finitely 
many n for which m =£ 0 (mod/?), i.e., there are only finitely many asterisks in each row of the 
pattern. Let v(n,k) be the number of these. 

To describe the generating function of the v(n,k) we first need to define a special integer 
modulo p. We say that a nonnegative integer n is special modulo/? if 

n mod p - <P-\. 

This means that // is a 1- or 2-digit/?-ary integer and, in the addition of// to its digit reversal, there 
is no carry out of the units place. We denote by Np the (finite) set of all special integers modulo 
/?, and we write Np(x) for the polynomial HneN *w;e.g., N3(x) - 1 + x + x2 + x3 + x4+x6. 

Finally, we denote by c the finite sequence that is defined by c (0) = 1 and 

cp0)- n<p-\ £ 0 (mod/?) ( l < / < / ? - l ) . 

We write C (x) for the polynomial HQ<J<P-IC (i)x'', e-g-> C3(x) = l + 2x + x 

* Supported in part by the United States Office of Naval Research. 
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Theorem A: The number v(&, /?) of n > 0 such that M # 0 (modp) is given by 

A;>0 ;>0 

As an illustration of Theorem A, take/? = 3. Then C3(x) = l + 2x + x2, and so 

£v(*,3)x* =(l + 2x + x 2 ) f ] # 3 ( x y ) 

= l + 3x + 4x2 +5x3 +7x4 + 7x5 +7x6 +9x7 +8x8 +12x10 

+ 12xn+12x12+16x13+15x14+13x15+15x16 + 12x17+---. 

Thus there are, for example, 12 values oin for which ["J is not a multiple of 3. In Corollary 
2.2 below we will see that the largest of these is W\ = 1*̂1 (which has 59 decimal digits). 

Along the way to proving Theorem A we will find the following result, which seems to be of 
independent interest. 

Theorem B: Let k > 0 and p be a fixed integer and prime, respectively. Then the following two 
sets are equinumerous: 

• The set of all j <k I (/?-1) for which the binomial coefficient (*~(/p1)7l ^ 0 (mod /?), 
and 

• The set of all partitions of the integer k into parts that are powers of/?, and in which the 
multiplicity of each part is special modulo/?. 

Although we find Theorem B by means of generating functions, the form of the result 
suggests that there may be a natural bijection between the two sets. We will give such a bijection 
also. 

Our results dualize, in an interesting way, results of Carlitz [1]. He studied similar questions 
for the Stirling numbers of the second kind. More precisely, he studied the number of k for which 
rA is not divisible by p and deduced infinite product-generating functions for these numbers that 
are quite similar to ours. His results are complete if/? = 2, 3, 5, but only partial for other values 
of/?. The duality of the questions and the similarity of the answers are arresting. 

2. AN ANALOG OF LUCAS'S CONGRUENCE 

Lucas's congruence ([2], [8]) for binomial coefficients asserts that 

$:E)-OT <modp) 
if n\ k\ f?0, and k0 are nonnegative integers with n$ and&0 less than/?. It is easily proved by 
viewing (x + l)">+"° = (x + iy'p(x + lf° as an identity over GF(p)[x] and using the "freshman" 
((jt + i y = x ' + l) and binomial theorems. By imitating this proof we can get a somewhat similar 
congruence for the residue modulo/? of M. 
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Recall that 

k 
w - 1 
k~\ 

0 for n > 0, 

for n, k > 0, 

0 for k > 0, and = 1. 

Further recall that the ordinary generating function for l\n^\ is 

sn(x) = x(x + l)(x + 2) • • • (x + n - 1). 

For the remainder of this section, all of our computations will take place in the polynomial 
ring GF(p)[x]. To begin with, note that s0(x) = 1 is the only sn(x) with a constant term, and 
that 

(1) sp(x) = xf 

in GF(p)[x] since both sides of (1) are polynomials of degree/? with simple roots r = 0,1,. . . , 
p - 1 and leading coefficient 1. 

Lemma 1: For all n, 

(2) sn(x)^x"'(x^~iy'Sno(x) (mod/7) 

where n' = \nI/? J, n0 = n modp. 

Proof: We have n - n'p + nQ with 0 < nQ < p. Then 

5„ (x) = J"J(x + tp)(x + //? +1) • • • (x + tp + p - 1) • f | (x + /?'/? + u) 
t=0 u=0 
n'-\ nQ-\ 

= Ylx(x + l)---(x + p-l)Yl(x + n) = sp(xfs„o(x) 
1=0 II-O 

=(jc"-xr'-^(x) 
where empty products are interpreted as 1. • 

If we simply equate coefficients of like powers of x on both sides of (2), we obtain the known 

Proposition 2.1: Let p be prime and let n and k be integers with 1 < k <n. Let nf - |_/?//?J, 
n^-n mod/7. Define integers / andj as follows: 

(3) k-ne = j(p-l)+i ( 0 < / < / ? - l If/?0 = 0; 
0 < / ' < / ? - ! ifn0 >0). 

Then 

(4) :(-!)" (mod/?). 

Corollary 2.2: For a fixed &, the set {w : m # 0 (mod/?)} is finite. Its largest element ispk and 
its smallest is k. 

1993] 75 



CONGRUENCE PROBLEMS INVOLVING STIRLING NUMBERS OF THE FIRST KIND 

Proof: If n> pk, then in (3) above j < 0 and so M = 0 (mod /?). If n- pk, then ri = /?0 = /' = 
y' = 0 and [ f 1 = {-if (mod /?). If n = A: then «' = 7, w0 = /', and [fl = 1 (mod p). If w < k, then 
either 77' < j or w0 </. In either case, M = 0 (mod/?). D 

Comments: There are other approaches to Proposition 2.1. One [5] uses a double induction, 
first on k with |_w / p] = 1, and then on |_« / /?J. Another [11] uses abelian group actions to prove 
an additive congruence for \n+

k
p\ and then induction on n. 

To obtain a more explicit form of the congruence (4) for k <n<pk, we can use the follow-
ing iterated form of Lucas's congruence: If (ris,ris_u ...,n'Q)p and Us>Js-\>--->Jo)P

 a r e the/?-ary 
representations of the nonnegative integers ri andy, then 

71 = s s~l 

j ) yjsAJs-ij Uo 
(mod/?). 

Therefore, 

(5) s (-!)"'- w 
Js )\Js-\ J \Jo 

(mod/?) 

where k^ej+i, 0<i<e; n = eri + r^ <e, and (ris,ris_Y, . . . , ^ ) p and (jsJs-h---Jo)P
 a r e t h e 

/?-ary expansions of?/ andy as before. 

3. EVALUATION OF |{* : [»] ^ 0 (modp)}\ 

For completeness, and since its proof is now quite simple, we recall the following result [10]. 

Theorem 3.1: For n fixed, the number h(n,p) of Stirling numbers of the first kind that are not 
multiples of the prime/? is given by 

h{n,p) = (ns + \){ns_x +1) • • • {n, +!)//(%/?) 

where (ns, ns_x,...,n^) is the/?-ary representation of «. 

Proof: We count the nonzero terms of the polynomial sn(x) G G F ( / ? ) [ X ] , making use of (2). The 
number of nonzero terms in sn (x) eGF(p)[x] is by definition h(n0,p), and the degrees of any 
two of its nonzero terms differ by less than p-\. To count the nonzero terms in (xp~l -\)n' 
GF(p)[x], we make use of the following well-known [2] corollary of Lucas's congruence (in 
iterated form): If (ms, ms_x, ...,rr^)p is the/?-ary representation of m, then the number of nonzero 
terms of (a+b)m eGF(p)[a,b] is Hs

J=0(mj + l). Since (ns, ns_x, ...,n{) is the/?-ary representa-
tion of ri, it follows that (x^ - 1 - ! ) " ' E G F ( / ? ) [ X ] has (ns + l)(ns__l + l)-~(nl + l) nonzero terms, 
the degrees of any two of which differ by at least / ? - ! . Therefore, sn(x) <=GF(/?)[x] has 
(ns + l)(ns_x + !)••• (nx + l)h(n0,p) nonzero terms. 
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4. EVALUATION OF \{n: [j] # 0 (mod/?)}| 

We now consider the more difficult problem of determining for fixed k the number of n such 
that m is a nonmultiple of/?. In this section we will reduce this to a problem concerning binomial 
coefficients, and in the next section we will solve the latter problem. For/? prime and k > 0 define 

b{k,p) = 

Theorem 4.1 Let cp(0) = 1 and 

^ 0 (mod/;) 

\j:k-(p-l)j*0 and C * ~ ^ . - 1 ^ 1 # 0 modp)\\ 

cP(j) = n < / ? - ! ^ 0 (mod/?) ( l < / < / ? - l ) . 

Then for all k>0, 
(6) v(k,p) = c(0)b(k,p) + c(l)h(k-l,p) + -.-+c(p-l)b(k-p + l7p). 

Proof: For k and p fixed, let each n such that k <n< pk determine HQ, n', i and7 as in Proposi-
tion 2.1. Then 

'k-i-(p-i)f v(k,p) = n:k <n<kp and 

j:k-i-(p-l)j>0md 
P-\ p-\ 

-IS 
z'=0 n0=i 

p-\ 
7=0 
p-\ 

= 2,cp(i)b(k-i,p). D 
;=0 

=£0 (mod/?) 

£ - / - ( / ? - l ) 7 
7 

^ 0 (mod/?)i 

lj:k-i-(p-l)j>0md(k ' ( / ? ^ I ^ O (mod/?) | 

Comment; The first few coefficient sequences cp are: 

c 2 : ( l , l ) ; c,: (1,2,1); c5: (1,4,3,2,1); c, : (1,6,5,3,3,2,1); 
c n : (1,10,7,8,7,6,5,4,3,2,1). 

5. DETERMINATION OF THE 6(£9jp) 

Theorem 5,1: Let k = pm+ r with 0<r <p and w > 0. Then 
(7) b(k,p) = b(mp+r,p) = b(m,p) + b(m-l,p) + — +b(m-p + r + l,p). 

Proof: In the following computation, all binomial coefficients m mentioned are implicitly 
assumed to be "classical" (i.e., a and b are nonnegative integers), and since the argument hinges 
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on Lucas's congruence, one of the details that should be checked is that if they start out as such, 
then they remain so throughout the computation. 

b(pm + r,p) = 

P-\ 

= 1 
p-r-l 

= 1 

tfpm+r-(p-i)ty0 (modp) 

p~\ 

J=p-

s:]p(m-(p-l)s^+l)+r+j-p^0 {modp) 

where the last sum is the empty sum if r = 0. Applying Lucas's congruence to the last two sums, 
we get 

p-r-l\ 
b(pm + r,p) = £ 

;=0 
p-\ 

J=P-

p-r-l 

; = 0 

r^-(P-l)s-jJryyQ {mQdp) 
m-(j>-l)s-j + i)(r + j-p 

s: 

s:\m-->-(P-l>\lO (modp) 

^ 0 (modp) 

p-r-l 

6. PROOFS OF THEOREMS A AND B 

From the recurrence relation of Theorem 5.1 it is easy to obtain the generating function of 
the {&(•, /?)}, as follows. Define Bp(x) = YJk>0b(k,p)xk. Then multiply both sides of (7) by 
xmp+r and sum over m > 0, 0<r <p-l. There results 

m>0 r=0 y=0 

= Zxr^\^b(m-j,p)x^^=Bp(x^fixr'^ZxA. 
r=Q j=0 m>0 [r=0 ;=0 J 

The quantity in curly braces in the rightmost member is exactly the generating function Np(x) 
that was defined in section 1 above. Hence, Bp(x) - Np(x)Bp(xp) and, therefore, by iteration, 
the generating function of the b(-, p) is 

(8) Bp(x) = Y[Np(x"J) = ^b(k,p)xk. 

The infinite product that occurs in (8) is well known (e.g., [14, Eq. (3.16.4)]) to generate the 
number of partitions of the integer k into powers of/?, each taken with a multiplicity that is special 
modulo/?, as defined in section 1 above, and the proof of Theorem B is complete. 
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Theorem A now follows from this result and Theorem 4.1. Indeed, equation (6) above, when 
translated into generating function terms, states that the generating function of the {y(k,p)} is 
C (x)B (x)9 as claimed. D 

7. BIJECTIVE PROOF OF THEOREM B 

As promised in the introduction, we will give here a byective proof of Theorem 6. We let 
H(n,(P, Ytt) denote the set of all partitions of the integer^ into parts that all belong to (P, each 
having a multiplicity that belongs to 7/1. Set Pp = {pl : / > 0} and 7Rp{a:a is special for p}. 

We will exhibit an explicit bijection between the sets 

A»,p = ljc{0X-.-,ln/p$:r (P. ^ j # 0 (modp) 

B„;p=n(n,<pp,%). ' -'- ! , • • . ; :. 

To do this, note first that Lucas's theorem gives a simple criterion for deciding whether a 
given j belongs to Anp; it says that 

n-{p-r)j\JbkYbk_A_(bQ 
J J \akJ\ak-\J \aoJ 

where the /3's and the a's arethe/?-ary digits of n-(p- X)j and of j , respectively. In particular, 
the left side is not congruent to 0 provided that a\ <bt for all i. 

We will now define a mapping ^:{o,l,...,[w/pj}->II(/7, ^ ,N) as follows: ^(y) is that 
partition of the integer n in which, for all 7, the part p1 occurs with multiplicity bt + (/?- l)a7, and 
no other parts occur. Since Y,atpl and n - (p - l)y* = E/\p', it is clear that ^(7) is indeed a parti-
tion of n into powers of p. 

To show that 0 restricts to a bijection between ^,> and5wp, it is necessary to check that for 
j e A„ the image $ j ) is in Bnp, and that the restriction is invertible. Consider then a j e A^?p, 
i.e., ay" for which az < bt for all /'. Now the number of parts of size p1 in 0(y) is 

bi+(p-l)ai=pai+(bi-aiy 

Since 0<a; <£>• < /? - l , the multiplicity of p1 is (^(^ -at)) inp-ary notation, and thus belongs 
to W,p. We have shown that ^ ( 4 ^ ) <= £„j/7. 

Finally, if n^Bn^p is given, define ^(^) eA„ ^y itsp-ary expansion—the 7thdigit of ^(;r) is 
a7, where 7̂  = (a/5 c7)p is the multiplicity of/?7 in n. So 

iK^) = (^,^_i,-.. ,^o)^ and n-py/(7r) = (ck,ck_u...,c0)p. 

Further, n-(p-1)y/{n) = ((ak+ck), (#*_i +<*_i),...,(a0 + c0))p. The last expression is a legiti-
mate /?-ary expansion because each rr^ is special for/?, and moreover it shows that 

It is clear that y/and <f) are inverses. 
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