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1. INTRODUCTION 
In [4], among other things, the connection between specially multiplicative functions and 

generalized Fibonacci sequences is discussed. In this paper we shall discuss the similar connec-
tion that exists between rational arithmetic functions of order (2, 1) (to be defined in section 2) 
and generalized Fibonacci sequences. The generalized Fibonacci sequence studied in this paper is 
the sequence {wn(a, b\ c, d)} or, briefly, {wn} of complex numbers, which is defined by 

w0 =a9wx = b, wn = cwn_x - dwn_2 (n > 2). 

This sequence has been extensively studied by Horadam (e.g., [2]). 
Section 2 motivates the study of rational arithmetic functions of order (2, 1), while section 3 

considers the main theme of this paper, namely, the connection between rational arithmetic func-
tions of order (2, 1) and the sequence {w.n}. Arising from this connection, identities are presented 
involving the sequences {wn} and {un}, where un = un(c, d) = wn(l, c\ c, d). The sequence {un} 
is particularly important as indicated in [4]. Finally, in section 4, an identity for rational arithmetic 
functions of order (2, 1) is proven with the aid of the identities of section 3. 

For general background on arithmetic functions, reference is made to the books by Paul 
McCarthy [3] and Sivaramakrishnan [6]. The basic concepts used in this paper are reviewed here. 

An arithmetic function/is said to be multiplicative if / ( I ) = 1 and/(m«) = f(m)f(n) when-
ever (m, n) = 1. If / ( l ) = 1 and/(m7i) = f(m)f(ri) for all m and /?, then/is said to be completely 
multiplicative. An arithmetic function/is said to be quasi-multiplicative if / ( 1 ) ^ 0 and there 
exists a complex number q such that qf(rnn) = f(m)f(ri) whenever (m, ri) = 1. It follows imme-
diately that q - / ( I ) . If / ( I ) * 0 and f(l)f(mn) = f(m)f(n) for all m and w, then/is said to 
be a completely quasi-multiplicative function. It is clear that each (completely) multiplicative 
function is (completely) quasi-multiplicative. 

For a prime number /?, the generating series of a multiplicative arithmetic function / to the 
base/? is defined by 

fP(x)=if(pn)xn 

(see [7]). Each multiplicative function is completely determined by its generating series (at all 
primes/?). It is easy to see that generating series can also be used in the context of quasi-multipli-
cative functions. 

The Dirichlet convolution f*g of two arithmetic functions/and g is defined by 

(f*g)(r>) = Tf(d)g(n/d). 
d\n 

It is clear that, for all primes/?, (f*g)p(x) - fp(x)gp(x), when/and g are multiplicative. 
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2. DEFINITION 
The arithmetic function J3 introduced by S. S. Pillai [5] is given by 

/?(«) = £ (M), 
k=l 

where (£, n) is the greatest common divisor of A; and n. The structure of j3 is 

p = I*I*e~l = I*I*ii9 (1) 

where I(n) = ?2, e(/?) = 1 (n > 1), and \i is the classical Mobius function (see [6, p. 8])„ The arith-
metic function p is an example of a rational arithmetic function of order (2, 1) in the terminology 
of Vaidynathaswamy [7], who called a multiplicative arithmetic function/a rational arithmetic 
function of order (r, s) if there exist nonnegative integers r, s and completely multiplicative func-
tions gu ...,gr, hl9...,hs such that 

f = gi*'~*gr*fhl*'~*Kl-
Conventionally, the identity function e0 is a rational arithmetic function of order (0, 0), where 
e0(l) = 1 and e0(n) = 0 for n > 1. 

By(l), 

Zi8(£/) = (/*/)(/!) = /IT(/I), 
d\n 

where T(W) is the number of positive divisors of n. The function nz(n) is a quadratic function 
[7], that is, a rational arithmetic function of order (2, 0). A quadratic function is also called a 
specially multiplicative function in the literature (see, e.g., [4]). If g is specially multiplicative and 
g = gi*gi> t h e n 

g(m)g(n)= £ gOw/i/^Xg^Xrf) (2) 
d\{m,n) 

for all m and n, or, equivalently, 

g(mn)= E ^(w/rf)^/^)M(^)fe^2)(^) (3) 
<i|(w,«) 

for all m and /? (see, e.g., [3, Th. 1.12]). Section 3 includes generalizations of these identities in 
terms of the sequences {wn} and {un}. 

A specially multiplicative function also satisfies 

g(™)(gig2)(n) ^gin/dMmndMd) 
d\n 

for all m and n (see [1, Prob. 4, p. 139]). Examination of whether a similar identity holds for /3 
shows that 

P(m)n = ]T T(« / d)P{mnd)ji{d) I d 
d\n 

for all JH and w. Section 4 shows that a similar identity holds for all rational arithmetic functions 
of order (2, 1). 
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3, CONNECTIONS WITH GENERALIZED FIBONACCI SEQUENCES 

Let g be a specially multiplicative function given by g = gi*g2, where gx and^2 are com-
pletely multiplicative functions, and let A be a completely quasi-multiplicative function. Let /be 
defined by / = g*h~l. Then flfil) is a rational arithmetic function of order (2, 1). Note that 
1 / / ( l ) = h(l). The generating series off and g to the base/? are 

i KP) 
f (x) ftO) W? and g (x)= i 

P ' l-g(p)x + (gig2)(p)x2' P l-g(p)x + (gig2)(p)x2 

The generating series of the sequences {w„} and {un} are 

„ a + (b- ca)x J . / \ _ v « _ * v(x) = 2*wnx = , y 2 > and ti(x)s 2,i/wx = - —T. 
rS 1-cx + A r^ l-cx + ax n=Q l ~ v x I" "-*" «=0 

Thus, for each arithmetic function / given by / = g*h l, where g is a specially multiplicative 
function and A is a completely quasi-multiplicative function, we have 

{/(/>")} = K ( / O X / ( / > ) ; *(/>), (glg2)(P))}, and {*(/>")} = {*/„(#(/?), (glg2)(j>))}. 

Example 1: For all primes/?, 

{p(p")} = {wn(\,2p-l;2p,p2)}, and {(]8*e)(p")} = {«„(2/>,/>2)}. 

Conversely, for each sequence {wn} with a ^ C, we have 

K ( a , A; c, </)} = {/(/>")}, and K ( c , </)} - {#(//•)}, 

where / = g*h~l, g being the specially multiplicative function given by g(p) = c, (gig2)(p) = ^ , 
and /* being the completely quasi-multiplicative function given by /i(l) = 1 /a, h(p) = c/a-h/a2. 
Namely, the above generating series gives 1 /h(l) = a,-h(p)Ih{\)2 -b-ca. 

Example 2: For all primes/?, 

K ( 2 , 1 ; 1, -1)} = {4} = {f(pn)l and K ( l , -1)} = {Fn+l} = {g(p")}, 

where h(l) = y2,h(p) = %9g(p) = 1, (glg2)(p) = - 1 , and Fn,Ln are the Fibonacci and Lucas 
numbers, respectively. 

Using the connection that wn - (gi*g2*h~l)(pn) and un = (gi*g2)(pn) it can be proved by 
some calculations that 

Wm+n = UmWn ~ Um-lWn-ld 0 > n > 1), (4) 
and 

UmWn = X Wm+n-2idi K n > !)• (5) 
i<m, n 

These identities may be considered as generalizations of the classical identities (2) and (3) for 
specially multiplicative functions. 
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There also exist identities that involve generalized Ramanujan sums in identities for specially 
multiplicative functions (see [6, Th. 124]). The following analogous identities are proposed for 
the sequences {wn} and {un}: Let {az} be a sequence of complex numbers, and k, q nonnegative 
integers. Let {jin} be the sequence given by /i0 = 1, /xx = - 1 , jin = 0 (n > 2). Then we have 

Z dium-iWn-i Z aA~J = X M'*W-2/ > (6) 
i<m, n j<i i<m, n 

jk<q ik<q 

YaWm+n-2idi Z « ; = H ^ ^ m - i ^ n - i • ( 7 ) 
i<m, n j<i i<m, n 

jk<q ik<q 

Note that with q = 0 and ocQ = l, (6) and (7) reduce to (4) and (5), respectively. 

4. AN IDENTITY 
This section presents the identity for rational arithmetic functions of order (2, 1) mentioned at 

the end of section 2. Let/be a rational arithmetic function of order (2, 1) given by 

f = g*h-l = gl*g2*h-1, 

where gx, g2, and h are completely multiplicative functions. Use is made of the identity (4) 
written in terms off: For all primes p and positive integers r and s, 

f{pr+s) = g(pr)f(ps) - g(?-1)f(p'-1)te1g2)(p)- (8) 

Theorem.: Iff is a rational arithmetic function of order (2, 1), then 

f{m){glg2){n) = Y,g(n/d)f(mndMd) (9) 
d\n 

for all m and n. 

Proof: By multiplicativity, it suffices to consider the case in which m and n are prime 
powers, say, m- pa\n -pb. Ifb = 0, both sides of (9) reduce to f{pa). If a - 0, h - 1, then (9) 
is obtained by (8) with r - s-\. Assume that a = 0,b>l, then the right-hand side of (9) is 

g(pb)f(pb)-g{pb-x)f(pb+ly 
By (8), this can be written as 

^ 6 ) [ ^ 6 _ 1 ) / ( / ' ) - ^ f e " 2 x ^ 2 ) ^ ) ] - ^ / " 1 ) ^ ( / ) / ( / ' ) - ^ ( / " 1 x ^ 2 ) ^ 
or, after simplification, 

(g&mig'iP^-giP^gip')}-
It can be verified that 

g2(pb-l)-g(pb~2)g(pb) = (glg2)(pb-1) 
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(see [6, Lemma, p. 287]). Since gxg2 is completely multiplicative, the left-hand side of (9) is 
arrived at. The case a, b > 0 could be considered in a similar way. The details are not included 
here. 

Remark: Identity (9) in terms of the sequences {wn} and {un} is: 

w„d = u„wm+n-un_lwm+n+l (m>0,n>l). 

ACKNOWLEDGMENT 
The author wishes to thank the referee for valuable comments. 

REFERENCES 
1. T. M. Apostol. Modular Functions and Dirichlet Series in Number Theory. New York: 

Springer-Verlag, 1976. 
2. A. F. Horadam. "Basic Properties of a Certain Generalized Sequence of Numbers." Fibo-

nacci Quarterly 3.2 (1965): 161-77. 
3. P. J. McCarthy. Introduction to Arithmetical Functions. New York: Springer-Verlag, 1986. 
4. P. J. McCarthy & R. Sivaramakrishnan. "Generalized Fibonacci Sequences via Arithmetical 

Functions." Fibonacci Quarterly 28.4 (1990):363-70. 
5. S. S. Pillai. "On an Arithmetic Function." J. Annamalai Univ. 2 (1937):243-48. 
6. R. Sivaramakrishnan. Classical Theory of Arithmetic Functions. New York: Marcel 

Dekker, 1989. 
7. R. Vaidyanathaswamy. "The Theory of Multiplicative Arithmetic Functions." Trans. Amer. 

Math. Soc. 33 (1931):579-662. 
AMS numbers: 11A25; 11B37 

306 [NOV. 


