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In this paper we present some remarkable elementary identities for sums of powers of
reciprocals of Fibonacci and Lucas numbers. The Fibonacci numbers are defined for all »> 0 by
the recurrence relation F,,, =F, +F, |, where [ =0 and /; =1. The Lucas numbers L, are
defined for all n>0 by the same recurrence relation, where 7, =2 and L, =1. The general theo-
rems in this paper include as special cases the following results:
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Identity (3) appears on page 98 of [1]. Identity (4) is really just the complementary result of (3).
Identities (1) and (2) are believed to be new. The above four results are just the first cases of the
following theorems.

Theorem 1: Fork=1,2,3, .., we have
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Theorem 2: Fork=1,2 3, .., wehave
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Theorem 3: Fork=1,2,3, ..., we have
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Theorem 4: Fork=1,2,3, ..., we have
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Theorems 1 and 2 are corollaries of the followmg Theorem 5. We note that /=~ ﬂ , where
a= “‘F and f=1 ‘/—. So, if we let ¢:=¢” in Theorem 5, then put g = 3, we have Theorem 1.
Slmllarly, setting ¢ =  in Theorem 5 gives Theorem 2.

Theorem 5: For |g|<land k =1,2,3,..., we have
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Theorems 3 and 4 are corollaries of the following theorem.

Theorem 6: For |g|<land k=1,2,3,..., we have
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To derive Theorem 3 from Theorem 6, we let g:=—q. Then gq:=g*, and we set g=f3
where [ = (1——«/5)/ 2. Theorem 4 follows similarly by setting ¢ : = g* then g = /3.
Theorems 5 and 6 are proved in a similar way; therefore, we present only the proof of

Theorem 5.
Proof of Theorem 5: For |q|<land k =1,2,3,..., we have, by the binomial theorem,
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which, on interchanging the order of summation,
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This completes the proof of Theorem 5 and, hence, that of Theorems 1 and 2.

In a similar way to Theorems 1-4, we can demonstrate the following results:
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The above results are special cases of the following theorems.

Theorem 7: Fork=0,1,2 3, .. we have
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where (n—k)Yn—k+1)---(n+k-1) istakento be 1 whenk=0.

Theorem 8: Fork=0,1, 2,3, ..., we have
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where (n—k)(n—k +1)--- (n+k—1) is taken to be 1 when k= 0.

Theorem 9: Fork=1,2,3, ..., we have

o =k +1)(n—k+2) - (n+k~1)
Sk—lnz;lj;';nk—(zk_l)'z ]722,1 .

Theorems 7-9 are corollaries of Theorems 10 and 11 below.

Theorem 10: For |g|l<land k=0,1,2,3,..., we have
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where (n—k)(n~k+1)---(n+k—1) is taken to be 1 when £ = 0.

Theorem 11: For |g|<land k=1,2, 3, ..., we have
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As with Theorems 5 and 6, the proofs of Theorems 10 and 11 are very similar; thus, we
present only the proof of Theorem 11.

Proof of Theorem 11: For |g|<1and k =1,2,3,..., we have, by the binomial theorem,
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which, on interchanging the order of summation and summing ¥, ng*™,
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This completes the proof of Theorem 11.

Theorem 7 follows by letting q:=q*, then ¢ = 8 in Theorem 10. Theorem 8 follows by
letting g : = —¢, then g = 8 in Theorem 10, and Theorem 9 follows by letting g : = g2, then g =
in Theorem 11.
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Author and Title Index

The AUTHOR, TITLE, KEY-WORD, ELEMENTARY PROBLEMS, and ADVANCED PROBLEMS indices for
the first 30 volumes of The Fibonacci Quarterly have been completed by Dr. Charles K. Cook.
Publication of the completed indices is on a 3.5-inch high density disk. The price for a copyrighted
version of the disk will be $40.00 plus postage for non-subscribers while subscribers to The Fibonacci
Quarterly need only pay $20.00 plus postage. For additional information, or to order a disk copy of the
indices, write to:

PROFESSOR CHARLES K. COOK

DEPARTMENT OF MATHEMATICS

UNIVERSITY OF SOUTH CAROLINA AT SUMTER

1 LOUISE CIRCLE

SUMTER, SC 29150

The indices have been compiled using WORDPERFECT. Should you wish to order a copy of the indices for
another wordprocessor or for a non-compatible IBM machine, please explain your situation to Dr. Cook
when you place your order and he will try to accommodate you. DO NOT SEND YOUR PAYMENT WITH
YOUR ORDER. You will be billed for the indices and postage by Dr. Cook when he sends you the disk. A
star is used in the indices to indicate unsolved problems. Furthermore, Dr. Cook is working on a
SUBJECT index and will also be classifying all articles by use of the AMS Classification Scheme. Those
who purchase the indices will be given one free update of all indices when the SUBJECT index and the AMS
Classification of all articles published in The Fibonacci Quarterly are completed.
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