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1. INTRODUCTION

Although it has been studied extensively, Pascal's triangle remains fascinating to explore and
there always seems to be some new aspects that are revealed by looking at it closely. In this
paper we shall examine a few nice properties of the so-called Fibonacci diagonals, that is, those
slant lines whose entries sum to consecutive terms of the Fibonacci sequence. We adopt through-
out our text the convention that the n™ Fibonacci diagonal is the one that contains the binomial

coefficients
n-1\(n-2\(n-3)
0 1 2

With that notation, the first diagonal contains only (g), the second one contains only (},), the
third one contains () and (}), and so on. Addition of the terms of the n™ Fibonacci diagonal gives
the n™ term of the Fibonacci sequence

1,1,2,3,5,8,13,21,34,55, ...

For instance, the terms of the 10t Fibonacci diagonal sum to

BN NN E—

We shall also be interested in the corresponding diagonals in Pascal’s triangle mod 2, that is,
the triangle in which the entry (;;) is replaced by ||, its residue mod 2.

¥

Throughout our discussion, it will be convenient to consider the rows or diagonals of Pascal's
triangle as vectors with integer components. For instance, the n™ horizontal row, 7 >0, will be
seen as the vector X, in Z"™" defined by

(@66

Various well-known operations on these rows or diagonals can be seen as the scalar product
of such vectors with B, = (b",6™",...,b,1) €Z"" for some b eN. Let us give some examples
involving the above X,. We shall use the notation 7,.X, to designate the scalar product

%,-8,= ¥} o
k=0

(this notation is motivated by the fact that in some sense the vector X , 1s being "projected" on the
powers of b).
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By the Binomial Theorem,
m, X, =({B+1)". ()

In particular, for b =1, one gets 7,X, =2, i.e., the terms of the n™ row of Pascal's triangle sum
to 2". And for b=10, one gets 7,,X, = (11)". This last equality can be interpreted as follows
(see Gardner [1]): when the entries of the rows of Pascal's triangle are considered as the values of
a place-value, base-ten numeral, the numbers obtained are the successive powers of 11. We could
of course have a similar interpretation by replacing base-ten numeral by base-b numeral and then
the powers of 11 by the powers of (b +1).

Note that (*) can be rewritten as

Ty Xy = pyy ]

where T =(1,0,0, ...,0) €Z™", with a projection appearing on both sides of the equality sign, but
with different bases. Such a "change of base" phenomenon will be encountered again in section 2.

A similar discussion can also be undertaken considering the rows of Pascal's triangle mod 2.
The n™ row will now be interpreted as the vector

g

in Z"*! with components 0's and 1's. It was shown by Glaisher [2] that the projection

n
0

n
1

h
2P

n
n

> >

n

7[1&:2 Z

k=0

>

i.e., the number of odd binomial coefficients (Z) for a given n, is again a power of 2, namely 2"
where #(n) represents the number of 1's in the base-two representation of n. For instance, the 5™
row vector is 175 =(1,1,0,0,1,1) so that 7:1175 =4=2"9 which corresponds to the fact that 5 is
written as 101 in base two with the digit 1 appearing twice. When b =2, the projection

n

n-k
k 2

M:

7Y, =

k=0

gives Gould's numbers. These numbers were introduced in Gould [3], where a recursion formula
was given for them and a relationship with Fermat's primes was obtained (see also Hodgson [4]
for details).

We shall be concerned in this paper with the study of analogous results obtained when Fibo-
nacci diagonals are considered instead of horizontal rows, both in Pascal's triangle and in Pascal's

triangle mod 2.
2. FIBONACCI DIAGONALS IN THE STANDARD PASCAL TRIANGLE

Recall that Fibonacci diagonals are numbered starting with #»=1. For further reference, we
list the first twelve vectors thus obtained:
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Si=() S =(1,5,6,1)

S;=@) S, =(1,6,10,4)
Sy=(1,1) S, =(1,7,15,10, 1)
§,=(1,2) S0 =(1,8,21,20,5)
Ss=(1,3,1) S, =(1,9,28,35,15, 1)
Ss=(1,4,3) S, =(1,10,36, 56,35, 6)

Clearly ﬁISn gives the n™ term of the Fibonacci sequence. We now study the projections
7S, forbeN.

We first note that, forall n>1, SZn L and S, are both vectors in Z". The following notation
will be convenient in the sequel. For S =(ay,a,,a;,...), we say that i, § = (a,,0,-a,,0,a,,...)
is the image of S, in Z" and that i,,§, = (0,a,,0, —a,, 0,a,,...) is the image of S, in Z"*" (note
that these image vectors are obtained by assigning in turn + and — signs to the components of S,
and then inserting 0's in between those entries).

Before stating the general result, it is instructive to look at a few examples. Let us first con-
sider the vector S’ =(1,6,10,4) eZ*; clearly ”mgs =1-10+6-10% +10-10' +4-10° = 1704. It
can also be checked that 1704 can be given by a simple expressmn involving only the entnes of

S, =(1,2), namely, 1704 =1-12* -2-12"; we can thus write 7,,Ss = 7,,i,S,, where 7,5, =(1, 0,
-2, 0).

For 510 =(1,8,21,20,5), we find n10§10 =20305; since i5§5 =(1,0,-3,0,1), we obtain simi-

larly
7 15isSs = 1-12% =3-12% +1-12° = 20736 - 432 + 1= 20305 = 7,05,

On the other hand, for §9 =(1,7,15,10,1), we have n10§9 =18601; introducing the two
image vectors i5§5 =(1,0,-3,0,1) and isS, = (0,1,0, -2, 0), it is easily checked that

715isSs — 714isS, = 18601 = 7,48,

The use of base » =10 was by no means essential in the above examples, as we shall now
show.

Theorem:
@) 7,8, =708, n>1

b) ”bSZn—I = ”b+21nSn - ﬂb+21nSn-1: nz2.

Proof: Using the basic recursion formula
ny_ (n-1 n-1
(1)-G2) )

TSt + pS0p g = TSy, thatis, 7,8y, 1 =7m,8,, = 7485, .

it is easily seen that

It is thus sufficient to prove a), since b) then follows at once.
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Proof of a): Let us expand both sides of the required equality. One must thus establish that

n-1

n-1 2
2n—1-k\pn-i-k _ (n-1-1 n-1-2t
,§( F ) —E)(n( )

where [x] denotes the integer part of x. This can of course be done using the techniques of
generating functions. We prefer, however, to give a proof based on a common combinatorial
interpretation of both sides.

We first use the Binomial Theorem to replace the last factor in the right-hand side of the
above, thus getting

:Z:)(Zn —kl - k) prik [:,z:;::] . 1)'(" —} - t)[ngz, (n ~ 1u ~ Zt)bn—l—lt—uzu]'

We now need to expand the right-hand side of this inequality as a polynomial in & and then
compare the coefficients of the powers of b with those occurring on the left-hand side. For a fixed
k, we are thus interested in values of ¢ and # such that u =k —2¢, since only these terms will
contribute to the coefficient of 5", One is then lead to prove that
] | .
()= (L)
=

or, equivalently, that
k

2n—-1-k\_ .k (n-1 5] jHAk-2j(R=1=j\n—-1-2]
( P )_2 ( ; )—jz:'i(—-l) 2 ) s (%)

for k<n-1

It is easily verified, for instance by induction on £, that ("'*,:—") can be interpreted as the
number of ways of selecting & integers among 1, 2, 3, ..., m in such a way that no two of them are
consecutive. The left-hand side of (xx) can thus be seen as the number of ways of picking &
integers among 1, 2, 3, ..., 2n—2, no two of them being consecutive.

We want to show, of course, that the right-hand side of (*) counts exactly the same number.
Let us first observe that the first term, 2¢ -(”;‘), can be seen as the number of ways of picking &
integers among 1, 2, 3, ..., 2n—2 by the following two-step procedure:

Step 1: Select £ pairs of integers of the form {2s—1, 2s} among 1, 2, 3, ..., 2n—2. This

can be done in (";') ways.

Step 2: Pick an integer in each of the k pairs selected. This can be done in 2* ways.

While this procedure clearly generates any set of & integers chosen among 1, 2, 3, ..., 2n—-2
in such a way that no two of them are consecutive, it does, however, also allow picking both inte-
gers 27 and 2/ +1. When this happens, we shall say that the event 4; has occurred. Note that, in

such a case, the index 7 can take the values 1, 2, 3, ..., n—2. Also, when both events A,.l and 4,
(1, #1,) occur within a given selection of integers, the indices i, and i, are not consecutive.
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It thus remains to show that the number of elements corresponding to the event 4, 4, U---
VA, _, is given exactly by the subtrahend on the right-hand side of (**). Such a proof follows
directly from the usual "inclusion-exclusion technique" for counting the elements in a union of
events: one first (j =1) adds up the counts in each 4, one then (j =2) subtracts the counts in
each 4, "4, (i, <i,), then (j =3) one adds the counts in each A A, A () <iy <i3), etc.

Let us consider, for instance, the case j = 1. ("‘}“) is the number of ways of selecting an
index 7 (that is, two integers) so that the event 4, has occurred. In order to complete a choice of
k integers, one first selects £ — 2 pairs among the remaining integers [Step 1—this can be done in
(",Z 152) ways], and then —Step 2—picks one integer from each of these pairs (which can be done
in 2572 ways).

A similar argument applies generally for any j>1. One must first note that ("-}‘fj is the
number of ways of selecting the indices #; <i, <---<i; in such a way that no two of them are
consecutive (2 integers are thus chosen through this stage). Then, as above, (";1‘2]2.1‘) counts the
number of ways of selecting k —2 j pairs among the remaining integers—Step 1—and 27/ is the
number of ways of performing Step 2.

The theorem is thus proven. 0

Taking b =1 in the above theorem, we have the following equalities:

a) ﬂlSzn = 7l'3inSn, n= 1.

b) w8, =m4,S,—m5i,S,, n=2.

Hence, the (2n)™ Fibonacci number can be calculated by using a base-three interpretation of the
n™ Fibonacci diagonal, whereas the (27—1)" Fibonacci number can be calculated via a base-
three interpretation of both the n™ and the (n—1)™ Fibonacci diagonals. For instance, the 6"
Fibonacci number is 8 and it can be obtained from S5 = (1,1) as 1-3% —=1-3°. The 11" Fibonacci
number is 89, which can be obtained via the diagonals S = (1, 4, 3) and S5 =(1,3,1): one has here

MaigSs =1.3° —4-33 +3.3' = 144
and
4S5 =13 ~3.32 +1.3° = 55,

3. FIBONACCI DIAGONALS IN PASCAL'S TRIANGLE MOD 2

The Theorem of section 2 tells us how certain computations regarding Fibonacci diagonals
can be "lifted" to computations done just half-way down Pascal's triangle. Such a theorem is in
the same spirit as the results presented in Hodgson [4] with respect to Pascal's triangle mod 2.
We now briefly recall these results.

Let us denote by 7,7 >1, the vector representing the n™ Fibonacci diagonal mod 2. These
diagonals have already been studied in Hodgson [4] where numbers /,, analogous to Gould's
numbers, have been introduced. In our notation, we have H, = 7,7,. The following calculation
rules for H, were proven in Hodgson [4] (see Proposition 6.1 therein):

h-1_ )
H,=2""" (i)

1994] 149



ON SOME PROPERTIES OF FIBONACCI DIAGONALS IN PASCAL'S TRIANGLE

Hy, = H,- 22" +Hy, for1<u<2". (i)

(The reader should be aware that the slightly different form of those rules in [4] is due to the
numbering of diagonals there starting with n=0.) The proof of these recursion formulas is
essentially based on an algebraic translation of the "geometry" of Pascal's triangle mod 2, that is,
the very interesting way in which the 0's and the 1's are distributed (the reader should write down
the first 7 rows of that triangle and observe the nice pattern obtained).

We now end this paper by describing techniques that allow the computation of both z,T, and
z,T, in a most direct fashion. In opposition to the above formulas that relate the value of a cer-
tain H, to powers of 2 and previous H,'s, the procedures below give the value of both H, = 7[27;
and 7,7, by working directly on the index n. Figures 2 and 3 illustrate the simplicity of these
methods, whose validity is a consequence of the following discussion.

For convenience, let us introduce the notation 7, to represent the base-two representation of
H,. (Note that #, can be simply seen as the vector 7, with the commas removed.) Formulas (i)
and (ii) now become

t,» =1000..0 (2" -1 zeros), @

ty,, =1,000.0t, ~forl<u<2”, (ii")

where the number of intermediate zeros is such that the string 000...07,_ is made of exactly 2!
digits. As an example, let us compute f,,. Since it is trivially verified that 7, = 11, we thus have

o = 1,,0000001,
= £,00£,00000011
= £,,001100000011
=111001100000011

[the number of intermediate zeros introduced at each computation step follows from (ii")].

The preceding calculations can also be conveniently displayed as in the tableau of Figure 1.
In general, given n=2" +u, we shall need a tableau made of 4 rows, each one containing 2"
positions to be ultimately filled at the last step of the procedure. Rows are indexed by decreasing
powers of two that serve to split each number appearing on the preceding row. At the row of
index 2¥, any number (from row 2**) of the form 2* +v becomes split into v and 2* —v, while
any number w < 2¥ splits into 0 and w. This procedure may be better grasped by displaying the
entries as in the tree diagram given in Figure 2. (For odd n, this algorithm directly gives ¢, at its
last step of computation. However, because of parity considerations, the last row will, for even »,
always contain 0's and 2's: we note that #, can then be obtained by merely replacing each digit 2
byal)

We finally present a technique for the computation of 7,7, (compare with Glaisher's rule for
the calculation of 7,7, mentioned in the Introduction). Note that we are now interested solely in
the total number of 1's, and no longer in their exact position. All amounts to finding how one can
build 7 using only powers of two—or, if one prefers, to what extent » is "far" from being itself a
power of two. For this purpose, we introduce a notion of weight. The diagram of Figure 3 (for
n=29) helps to clarify the discussion. Let us read that diagram from the bottom up. Powers of
two (here, 16 and 32) are considered to be of weight 1. Then 24, being halfway between powers
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of two, is of weight 2 (= 1 + 1). Since 28 is halfway between 24 and a power of two, it is given
weight 2+1=3. Continuing in this manner, 29 receives a weight of 3+4 = 7: this weight is also
the value of 7,7, the total number of 1's appearing in #,,. (It is usually more convenient to
consider Figure 3 as being built from the top down, with the weights being incorporated into the
diagram at the end of the process.) The general validity of this procedure follows from recursive
applications of formulas (i") and (ii") above.

16

16

1994]
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