THE FIBONACCI AND LUCAS TRIANGLES MODULO 2

Diana L. Wells

Department of Mathematics, University of North Dakota, Grand Forks, ND 58202
(Submitted May 1992)

1. INTRODUCTION
The Fibonacci and Lucas coefficients are defined as
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These coefficients have been studied by several authors, [2], [8], [14], and [18]. Using these
definitions, what we call the Fibonacci and Lucas triangles are formed in the same way as Pascal's
Triangle is formed from ordinary binomial coefficients, that is, the n™ row is [;] for 0<k <n
Other authors, e.g., [3], [10], have also constructed such triangles in various ways. The ordinary
binomial coefficients modulo 2 and Pascal's Triangle modulo 2 have been studied extensively in
[41, [5], [6], [71, [11], [17], [20], [22], [23], and [25]. Among problems of interest have been the
determination of the parity of binomial coefficients, the number of odd coefficients in the n™ row
of Pascal's Triangle, and the iterative structure of Pascal's Triangle modulo 2. We will extend
these results to both the Fibonacci and Lucas coefficients modulo 2 in sections 2 and 3. In section
4 we also determine the relationship between the Fibonacci and Lucas coefficients.

Portions of these triangles, both the originals and their modulo 2 reductions, are shown
below. Since the Lucas coefficients are not always integers, the symbol « will be used to denote
those coefficients, [,’;L, that have a higher power of 2 in the denominator than in the numerator.

1 1
11 11
121 101
1331 1111
14641 10001
15101051 110011
1615201561 1010101
172135352171 11111111
18285670562881 100000001
Pascal's Triangle Pascal's Triangle Modulo 2
1 1
11 11
1 11 111
1 2 2 1 1001
1 3 6 3 1 11011
1 5 15 15 5 1 111111
1 8 40 60 40 8 1 1000O0O01
1 13 104 260 260 104 13 1 11000011
1 21 273 1092 1820 1092 273 21 1 111000111
Fibonacci Triangle Fibonacci Triangle Modulo 2
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1

1
1 1 11
1 3 1 111
1 4 4 1 1001
17 2 7 1 11011
1 n I 1 111111
1 18 66 Bl 66 18 1 100 a 001
129 174 5T 3T g4 29 1 111110 a « 01111l
1363 4089 © 44979 © 4089 1363 a a «a
147 23 2 14 2 3 47 1
Lucas Triangle Lucas Triangle Modulo 2

We will need the following information about regularly divisible sequences, generalized
bases, and a generalized form of Kummer's Theorem.

Divisibility questions about sequences, such as which terms are divisible by a given prime,
have been investigated by several authors, e.g., [9], [13], [15]. A sequence {u,} is said to be
strongly divisible provided

gcd(wm, Uy,) = Ugcdimny forallmn>1

The term regularly divisible by all primes is defined in [16] and is shown to be equivalent to that
of strongly divisible. We use the following definitior: which defines the divisibility of the sequence
for a set of primes rather than for all primes.

Definition: Let {4,}7, be a sequence of positive integers. We say that {4, }7.; is regularly divi-
sible with respect to a set of primes ¥ = {p,, p,, ...}, provided that, for each p €&, p'|4 |, if and
only if r(p')|j, foralli>1andj>1, wherg r(p') is the rank of apparition of p', that is, 4 ) is
the first term in the sequence divisible by p’.

A sequence is said to be regularly divisible if it is regularly divisible by all primes. Since the
Fibonacci sequence satisfies the requirements for strong divisibility [9], it is a regularly divisible
sequence.

We will use » =r(2) =3 for the rank of apparition of 2. That is, F, is the first term in the
sequence that is divisible by 2. For the rank of apparition of 2, we will use r(2') =7,..

We will use a generalized base for the positive integers. Since the Fibonacci sequence is
regularly divisible by 2, we have that “* is always an integer. Thus, a generalized base P = {1, ,
y, ..., I;, ...} can be used [21] and the number 7 can be uniquely expressed as

7.
n=nn,_, - mny)g = NF, +0,_T,_ +---+mr +ny, where 0<n, <t

The version of Kummer's Theorem we need is that in [27]:

Kummer's Theorem for Generalized Binomial Coefficients: Let 4= {4 }7_, be a sequence of
positive integers. If o is regularly divisible by p, then the highest power of p that divides ["‘ b "]A is

the number of carries that occur when the integers n and m are added in base %, where
P ={r;}7, withr, =1 and , =r(p"), forall i > 1.
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2. THE FIBONACCI TRIANGLE MODULO 2

One of the interesting results for Pascal's Triangle modulo 2 is that the number of coefficients
in the n™ row which are congruent to 1 modulo 2, denoted N[n, 2,1], is equal to 2*, where f is
the number of ones in #'s base two representation [24]. A similar result follows for the Fibonacci
triangle.

Theorem 1: For the Fibonacci triangle modulo 2, the number of coefficients in the n™ row
congruent to 1 modulo 2 is given by N[n, 2,1]= 2’3", where 7 = number of 1's and s = number of
2's in n's base % representation.

Proof: The generalized base for the Fibonacci sequence is = {1,3,6,6,12,...}. Since

hi
Tigp =301
2z,

for n=(..mmny)e and k = (... k,kky)gp, we have that 0<n, k;, <2 fori>1 and 0<n,, k, <3.

1271

From Webb & Wells [27], N[n,2,1]=11,5o(n, +1). For no borrow to occur in the base P sub-
traction of & from n, there are two choices for k; for each n, =1, and one choice for each n, =0.
If n, = 2, there are three choices for k,. Therefore, N[n,2,1]=2'3" where = number of 1's and
s = number of 2's in #'s base P representation.

The following theorem, which is similar to Lucas's theorem for binomial coefficients,

provides a way to investigate the iterative behavior of the Fibonacci triangle modulo 2.

Theorem 2: The Fibonacci coefficients satisfy

i) =TI )R], emos)

i1

where

[Z°j| =0 for k; > ny and (Z")=Ofork, >n,.
0ld% i

1

Proof: If a borrow occurs in the base % subtraction of k& from n, then n; <k, for some i.
Thus, either [}:] =0 for k, > n, or () = 0 for some i > 1 and the result holds trivially.

If no borrow occurs, 0< k; <n, <2 fori>1, so that

(Z”) =1 (mod2).

Fori=0,0<k,<n, <3, and

[Zﬁ]@ =1 (mod?2).

1], =N, o>
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Corollary 2.1: For n=3h+n, and m=3k +k,,

), =L, e

n=ng,+n,_yr,_ +-+mr+n,=3h+n,

Proof: Let

and
m=mng, +m_p,_, +--+mr+my =3k +m,.

I
Ty =901
2r,

the coefficients in the ordinary base 2 expansion of / and £ will be from the sets

Since

{n,n_,..,m} and {m, m_,, .. m}.

When 7, =r,,, for some i, such as 7, =r, = 6, the base P requires n,,m, =0. The base 2 coeffi-
cients of # and k will be n, and m, where r, #7,,,. Although the exact power of 2 associated with
each coefficient can be determined only by looking at the relationship between all the elements in
the base, /# and & will still have an appropriate base 2 expansion. The residue of (,’j] modulo 2 will

be
(Z) = H(Z;) (mod 2).

izl !

The above corollary can be used to investigate the iterative behavior of the Fibonacci triangle
modulo 2. To begin, we will use the notation of Long [20].

Theorem 3: Let A, , denote the following triangle,

H
3k |,

|:3n+1] [3n+1i|

3k . 3k+lg
[3n+2] I:3n+2} [3n+2}
3k . 3k+1g 3k+29

a. The entries in A, ; will be either all congruent to 1 or all congruent to 0 modulo 2. The
entries in the Fibonacci triangle not included in one of the triangles A, , are congruent to 0.

b.  The triangles satisfy an element-wise addition modulo 2, A, , | +A, |, =A, , (mod2).

¢. The Fibonacci triangle of A, ,'s is in 1-1 correspondence with Pascal's Triangle modulo 2.
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Proof: Since [t =1 (mod2) for 0<s<7<3, we have
i
3k |g
[3n + 1} [3n + lil
3k |, [3k+1],

), B el GRL GRL G

il
N
EIN]
N
[

[ Rl
L—
©

/
=3

I
-
=3
=

Therefore,
[Bn} .
3k,
3n+1 3n+1 111
] (mod2).
F F
[3n+2] {3n+2} {3n+2] Iy = 00 if (Z)zo
3k g [3k+1), |3k+2], 000
The entries not included in one of these triangles are of the form [3+¢] with 0<¢<s<2, and

3k+s
so are congruent to 0 modulo 2.
From Corollary 2.1, we have that

1575 P, (L 5 L (O

Thus, there is an element-wise addition of triangles that satisfies

i

[3n+t}
3k +s 5

An—-ls k-1 + An_l, k = An,k (mOd 2)

If the identification 7; <> 1 and I <> 0 is made, the Fibonacci triangle of A's is in 1-1 corre-
spondence with Pascal's Triangle modulo 2.

1
11 1

111
1001
11011
111111 o 1 1
1000001
11000011
111000111 10 1
1001001001
11011011011
111111111111 1 1 1 1
Fibonacci Triangle Modulo 2 Pascal's Triangle Modulo 2
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With this theorem, once the identification with Pascal's Triangle is made, one can see that the
pattern continues at all levels of 7(2"). For example, at the level of 7(2?) = 6, with

L T
T ]Iel and T TOHO,

we.have the identification shown below

0
11000000000011

111000000000111

1001000000001001 101

11011000000011011 <~

1 0 1

1001001001001001001001 1111
11011011011011011011011
111131111111111111111711

Fibonacci Triangle Modulo 2 Pascal's Triangle Modulo 2

3. THE LUCAS TRIANGLE MODULO 2

Although the Lucas sequence is not regularly divisible, the structure of the triangle modulo 2
is still determined by the highest power of 2 that divides [#]! defined below. To determine the
residues of the coefficients modulo 2, the following lemma will be needed. We will use the
notation 2' ||m to mean 2‘|m but that 2" fm.

Lemmal: If[n]'=L,L

'n—1

...L,L,, then
2% |[[n]! for 3(2k) <n<3(2k+1) and 2*7'||[n]! for 3(2k —1) <n <3(2k).
Proof: For the Lucas sequence
L,=322=2 and L;=521=1 (mod8).
Thus, the length of the period modulo 8 is 12, because 7, =2 and L, =1. Also since
L,#0for1<n<12 (mod3),

we have that 8| L, for any n.

Also, as above,
Lg=18=2 and L, =29=1 (mod4),

so the length of the period modulo 4 is 6. For 1<n<6, L, =0(mod4) only forn=3. Thus,
L,=0(mod4) forn=3+6k =3(2k+1),k>0. For1<n<6,, L,=2(mod4) only forn=6. So
2|L, and 4/ L, for n=6k.
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In [n]! there are m factors that are divisible by 2 and [%J factors that are exactly divisible by
2. Thus, there are [%J - [%J that are exactly divisible by 22, and so

23k ||[n]! for 32k —1) <n<3(2k+1) and 2%*7'|[n] for 32k —1) <n <3(2k).

Theorem 4: The Lucas coeflicients satisfy the following congruences.
For0<m<nand 0<s<t<2,

3Im+ s (mod 2).

[3n+t } a forn even and m odd
2 |1 otherwise

ForO<m<mand 0<r<s<2,

3n+t _
|:3m+S:LB =0 (mod 2)

Proof: Let e be the highest power of 2 that exactly divides B;'nj‘SL. Then e=¢, — (e, +¢;),
where 2% 1[3n+1]!, 2% i[3m+s]! and 2% i[3(n—m)+ (¢ —s)]!.

By examining the different cases for n» and m odd or even, and applying Lemma 1, we obtain
the following values for e.

ForO<m<mand 0<s<¢<2,

-1 ifnis even and m is odd,
0 ifnisevenand mis even;
0 ifnis odd and m is odd;
0 ifnis odd and m is even.

if nis even and m is odd,
if n is even and m is even;
if nis odd and m is odd,;
if nis odd and m is even.

This theorem can be used to count the number of each of the residues modulo 2 in the n™
row of the Lucas triangle and to investigate the iterative patterns in the triangle. The Lucas
sequence has the same recurrence relation as the Fibonacci sequence and, like the Fibonacci
sequence, satisfies 7(2) = 3, which is also equal to the period of 2. In determining the number of
each of the residues in the n™ row of the Lucas triangle, we will use the generalized base corre-
sponding to 2 for the Fibonacci sequence, P ={1,3,6,6,12,...}.

Theorem 5: Let N[n,2,a] be the number of Lucas coefficients in the »™ row congruent to a.
For n=3h+n,,0<n, <3,

(h+)(m, +1) ifhis odd,

(%"‘ 1)(n0 +1) ifhiseven,

0 if & is odd,

(£)my+1) if his even,

Nin,2, 1]={ Nin,2, a]={
and N[n,2,01=h(2-ny)
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Proof: For n=3h+n, and m =3k +my,, if h is odd, then

[3h +ny,

3k+m01£ =1 (mod2),

provided 0<m, <n,. Therefore, there are 2 + 1 choices for k, and there are n, +1 choices for
my. Thus, N[n,2,1]= (h+1)(n, +1).
If h is even, then

3h+n, | _J1 forkeven,
3k+my|, \|a forkodd.

Thus, there are (§+ 1) choices for k to be even and (%) choices for £ to be odd. There are
still (n, +1) choices for m,, so that

N[n,2,1]=(2+1)(ny +1) and N[n,2, a]=(L)(n, +1), for h even.

If 0<n, <m, <2, then

[3h +n,

3k+m0:L£ =0 (mod2).

There are A choices for k and (2-n,) choices for m,, so that N[n, 2,0]=h(2-n,).

Theorem 6: For 0 <m <n, the entries in the Lucas triangle denoted A, ,,,

i
3m$

[3n+1jl [3n+1]

3m o 3m+1‘sz
[3n+2} [3n+2} [3n+2]
3m @ 3m+1$ 3m+2§£

are either all congruent to one or all congruent to @ modulo 2. The entries not included in these
triangles are congruent to zero modulo 2.

Proof: From Theorem 4, it follows directly that the entries in the initial triangles are all con-
gruent to & modulo 2 if » is even and m is odd. Otherwise, all entries are congruent to 1. The
entries not included in these triangles are |3,""| , where 0<7 <s<2, and so are congruent to zero
modulo 2.

I3

Theorem 7: For r, =2/-13, let A, ,» denote the following entries in the Lucas triangle,

nr;
mr, |,
nr, +1 nr, +1
mr, |, |mr+1],
nr, +r, -1 nr, +r, -1
mr, P mr +1, —1],’
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and let V, , denote the entries not included in one of these triangles.

a. Fori=1, the initial triangles, A, ,,, A, .1, A, ne, do not satisfy an element-wise addition
modulo 2 as in the Fibonacci triangle.

b. Fori> 1, the triangles satisfy
A

I

nm An, mil = An+l,m+l = A0,0
Vom=V =V

n,m+1 n+l, m+1-

Proof: Fori=1, from the Lucas triangle modulo 2, we can see that
Apogt+A#A,, (mod2)
As,+As3#As 5 (mod2).

Thus, the initial triangles do not satisfy an element-wise addition modulo 2.
Fori>1land 0<h, k<2"'—1 hand k determine whether 2" 'n+h and 2" 'm+k are odd or

even, so that
I:nr,' +3h+t :| :[:3(2i—ln+h)+t] E[3h+t] (mod2)
£ ¢

mr; +3k +s 32 m+ k) +s 3k+s],,
Thus,
[nr,.+3h+t:| E[ nr, +3h+t ] E[(n+1)r,.+3h+t} E[3h+t] (mod2)
mr; +3k+s|, ~ [(m+Dr, +3k+s], ~ | (m+Dr, +3k+s], ~ [3k+s5],
Therefore,

An,m = An, ml = An+l,m+1 = A0,0 and Vn,m = Vn,m+l = Vn+l, m+l-

From Theorem 7, the Lucas triangle of As with i = 1 has initial triangles

1 a
5,=11 and 7,=cqaa
111 aaa

Using the identification 7] <> 1 and T, <> , the pattern in the Lucas triangle becomes more
apparent.

11laaalll
1001001001 L d
11011011011 111 1
111111111111
10000100001
110220110aa011 1 al1lea il
111lacalllaaalll
1001001001001001
11011011 011011011 11111 1
111111 111111111111

Lucas Triangle Modulo 2

Also from Theorem 7, we see that this pattern does not continue for i > 1. For example, with
i =2, if the following correspondence is made,
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1
11
_ o1
=150 © L
11011
111111

then the Lucas triangle modulo 2 can be associated with a triangle of all ones. That is, the initial
triangle will be the only triangle repeated.

100000100001

1102011 0aa011
111lgaalllaoaaalll
1001001001001001 111
11011011 011011011
1111

1 1111111111111

Lucas Triangle Modulo 2
4. THE RELATIONSHIP BETWEEN THE FIBONACCI AND
LUCAS TRIANGLES MODULO 2

We can use Theorem 2 and Theorem 4 to look at the relationship between the Fibonacci
triangle and the Lucas triangle modulo 2.

1 1
11 11
111 111
1001 1001
11011 11011
111111 111111
1002001 1000001
110aa0l1l 11000011
1llaaalll 111000111
1001001001 1001001001
11011011011 11011011011
111111111111 111111111111
100200100001 1000000000001
110¢a0110aa011 11000000000011
lllaaalllaaalll 111000000000111
1001001001001001 1001000000001001
11011011011011011 11011000000011011
1111111111 11111111 111111000000111111
Lucas Triangle Modulo 2 Fibonacci Triangle Modulo 2

Theorem 8: The Fibonacci and Lucas coefficients satisfy the following relationships modulo 2:

"] = 1, then [n] 1.
<

Il

L™ g m

" Y 0 ifaborrow occurs in the n, position,
If =0, then I:m} =qa if a borrow occurs in the »; position,
L g 1 all other borrows.

0.

<
F

If n ] =0, then[n]
m m
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m 1 if no borrow occurs.

If [n:i 1 then [n] _ {0 if a borrow occurs,
z %

Proof: For n=3h+ny=(...mmny)g and m=3k+m,=(...mmmy,)g, if r;LE 1 (mod 2),
then my <ny <2 and my <ny <3. Thus, if m =1, kis odd and [;] =1 (mod 2).

If n, =0, then k, = 0 and A and & are even, so that [:,L =1 (mod 2).

If [;;LE 0 (mod 2), then a borrow occurs. If the borrow occurs in the n, position, [:’"LE 0
{mod 2). If the borrow occurs in the n, position, then / is even and k is odd. Thus, m! =a (mod
2). For all other borrows, [”mL =1 (mod 2).

If sz 0 (mod 2), then 0 <my <m, <3. Thus, a borrow occurs in the base % subtraction of
m from n. Therefore, [;’"L =0 (mod 2).

If [;LL = a (mod 2) implies 4 is even and k is odd, which occurs only if = 0 and m; =1. This
means a borrow will occur in the base P subtraction of m from n and [;1"]9 =0 (mod 2).

If [j;LE 1 (mod 2), then no borrow occurs in the n, or iy positions. However, a borrow may
occur in other positions. Thus,

m =

[:n i| _ {0 if a borrow occurs,
¥

1 if no borrow occurs.

5. CONCLUSION

The iterative patterns in the Fibonacci triangle and Pascal's Triangle modulo 2 are similar
except for the initial triangles that are repeated in both. For the Fibonacci triangle, the initial
triangle is

1
11
=111
and for Pascal's Triangle, the initial triangle is
_ 1
T= 1

These triangles arise because r(2)=3 for the Fibonacci case, which also equals the period modulo
2 for the Fibonacci sequence and #(2) = 2 for the Pascal case, which also equals the period
modulo 2 for the positive integers. If we look at all second-order sequences, u, = au,_, +bu,_,
with initial conditions #, = 0 and #, = 1, they can be categorized into four types.

1. For a=0,b=1 (mod 2), u,=u, , (mod 2), for n>2 and r(2) =2 which equals the

period of 2.
2. Fora,b=1 (mod2), u,=u, , (mod 2), for n>2 and r(2) =3 which equals the period
of 2.
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3. Fora=1,b=0 (mod2), u,=u, , (mod 2), for n>2. The prime 2 does not occur as a
factor.

4. Fora,b=0 (mod2), u,=0 (mod 2), for n>2. All terms are divisible by 2.

This means there are only four distinct triangles modulo 2 formed by the generalized coeffi-
cients,

|:ni|: unun—l “‘ul
k gy ) ), gy gy - 1))
1

11
101

1. Pascal's Triangle comes from type 1 sequences: L1l

10001 °
110011
1010101
11111111
1
11
111
) o 1001
2. The Fibonacci triangle comes from type 2 sequences: 11011
111111
1000001
11000011
111000111
1
11
111
3. A triangle of 1's comes from type 3 sequences: 111111111 .
111111
1111111
11111111
1
1
101
4. A triangle of 0's comes from type 4 sequences: 11(?00011 .
100001
1000001
10000001

Thus, Pascal's Triangle and the Fibonacci triangle are the only two significant triangles
modulo 2. They only differ by the repetition of the initial triangle. When the initial conditions are
changed, the sequence is no longer regularly divisible. The triangles of coefficients from these
sequences, such as the Lucas triangle, do not have the same iterative behavior as Pascal's
Triangle.
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