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Given relatively prime positive integers a, &, let NR denote the set of positive integers with 
no representation by the linear form ax + by in nonnegative integers x, y. It is well known that the 
set NR is finite. For a nonnegative integer m, we put 

Sm(a,b)= 5>"\ 
«e.NR 

Sylvester [3] showed that #Wl = SQ(a,h) = ^(a-l)(h-l) and, recently, Brown and Shiue 
[1] found a similar closed form for Sx(a,b). Brown and Shiue did this by determining a closed 
form for the generating function f(x) of the characteristic function of the set NR and then com-
puting / ' ( l ) = Sx(a, b). In this note we use a more direct approach, which gives us a closed form 
for Sm(a, b) valid for every nonnegative integer m. 

Let integers n, r, s be connected by the relations 

r = n(moda), 0<r<a; bs = r (moda), 0<$<a. 

We have that n eNR if and only if n = -at + bs for some integer t in the interval 1 < t < \bsla J, 
that is, if and only if n - ak + r for some integer k in the interval 0 < k < (bs - r) I a -1. Hence, 

_ i bs-r _ | 

5,m(«,*) = Z Z («*+/•)"• 
r=0 k=0 

For the exponential generating function of the sequence {$m}, this gives 

oo m a-\ ^ - 1 oo m 

S5.(a,*)iT = 2: X ^(ak+rT2-
m=0 m- r=0 £=0 m=0 W ! 

a-l ^ - 1 i f a - 1 fl-1 A 

r=0 fc=0 e "" lUo r=0 7 

As r runs through the set {0,1,..., a -1}, so does s. Hence, 
a - l a - l 

r=0 5=0 

and we find that 
oo m abz _ -a | 

Multiplying this relation by z gives 

1994] 407 



A NOTE ON BROWN AND SHIUE'S PAPER ON A REMARK RELATED TO THE FROBENIUS PROBLEM 

oo m oo i oo j oo sikjJz k oo m 

where B0 = l, Bx=-^, B2=^, B3 = 0, B4=--~,... are the Bernoulli numbers; cf. formula 
(6.81) and section 7.6 in [2]. Equating coefficients of zm now gives the 

Theorem: For m = 1, 2, ..., we have 

It is not difficult to see that, considered as a polynomial in a and J, Sm(a, b) has the algebraic 
factor (a-l)(b-l). In addition, ifm is even >2, then Sm(a,h) also has the factor ab(ab-a-b). 

Our theorem gives us, of course, Sylvester's result for S0 and Brown and Shiue's formula [1], 

Sl(ayb) = — (a-l)(b-l)(2ab-a-b-l). 

Also, for S2, we obtain a rather simple formula: 

S2 (a, b) = — (a - l)(ft - l)a£(a£ - a - b). 
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