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Let a and b be two distinct letters and let 7 = (v/5—-1)/2. Let x be the infinite string whose
n'™ term is "a" if [(n+1)7]—[n7]=0 and is "b" if [(n+1)z]~[n7]=1. Let s, be the left factor of
x of length m and let x,, be the corresponding right factor of x. Note that x = x, is the golden
sequence. It is known that

X = CCyCi0y. .. @)

where ¢, =a, ¢, =b, and c,,, =c,_,c, (n>1). In the notation of [1]-[3], x = F'(b, ab), ¢, =w.,,

and sp = w? (n<1), where F, denotes the # Fibonacci number.

Hofstadter [6] formulated the concept of aligning two strings. By way of illustration, we pre-
sent the procedure by which x,, is aligned with x = x,.

Starting from the (#+1)*" term in x, an attempt is made to match each term in x with a term
in x,,. After a term in x is matched with a term in x,,, one looks for the earliest match to the next
term in x. Those terms in x,, that are skipped over form the extracted string y,,,. For example,
when m =4,

X, ababbabbababbababb- -
1 1 Y A O A

X babbab ab b ab b ..

Yaoo a b a b a b..

It was Hendel and Monteferrante [4] who first reformulated Hofstadter's alignment concept
in terms of a formal relation on strings. If x,, aligns with x, with extraction y,, ,, then we nota-
tionally indicate this by

Xy DXpy Vn )

[4] also introduced the idea of representing x,, as a product of ¢, with specific properties by using
a canonical representation X,, = C,\Cyz)--- Where a(k) is an increasing function on the positive
integers that can be derived from the Zeckendorf representation of m as a sum of Fibonacci
numbers. Using this, they were able to completely determine y,, , for all positive integers m.

The goal of this paper is to determine the remaining cases of y,, ,. In Section 2, y, ,, is found
to be precisely the reverse R(s,,) of the left factor s,, of x of length m.

Here the reverse operation R is defined by

R(aa, ...a)=a, ...aaq,
where a,,a,,...,a, are letters. The importance of the reversal operation in studying x was first

observed by Higgins [5]. In Section 4, it is shown that y, , and y, ., differ by at most the first
letter. From this, y,, , can easily be determined by y,,_, o (f m>n) or y, ,_,, (if n>m).
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EXTRACTION PROPERTY OF THE GOLDEN SEQUENCE

1. BASIC LEMMAS AND DEFINITIONS ON EXTRACTION

The following definitions come from [4, Definitions 1 and 2]. Suppose that U =u, ...u,,
V=v..v,,adE=e..e, withw,v, e e{a,b},n,m>0,p>0,and n=m+p. We say that U

1 j;

aligns (with) V with extraction E if there exist integers j(0), j(1), j(2), ..., j(p) such that
U = (Vl . Vj(l))el(vj(l)_,_l . vj(z))ez . ep(vj(p)+1 . vm),
with v, ... v, empty if k£ <7 and

® 0=jO)<jDh<j2)<...<j(p)<m,

(i) € #v4, forl<i<p.

This relationship is called an alignment and is denoted by U oV, E. The strings U, V, and £
are called the original, aligned, and extracted strings, respectively. If U =V, we write U DV; 1,
where 1 denotes the empty string.

Suppose that U, V, and E are (possibly infinite) strings. Suppose that U(n), V' (n), and E(n),
n>1, are sequences of finite strings such that U(n) oV (n); E(n), imUm)=U, limV(n)=V,
and lim E(n) = E. Then we say that U aligns V with extraction E. This alignment is also denoted
byUDV; E.

Lemma 1.1 [4, Lemmas 1 and 3]:

(a) (Uniqueness of extracted string) For given strings U and V, there is at most one string £
such that U oV E.
(b) (Concatenation) If U,V,, and E,, 1<i <m, are strings of finite lengths and if U, >
V; E;, 1<i<m, then
uu,..u,ovy,. . V,EE, . E,.
Lemma 1.2:

n=2.

@ii) ¢,oc,; 1, n>1.

&) €265 Cras

(iii) c,=c, ,c,.,, n=2.

(V) CCu1-CpDCpyy - Cp; Gy, 1SN<P.

V) ¢,C2 DChia; €y 21

Vi) c,c,DChpy; Cpgy N22.
(Vll) CiCns3 2 Cut1Cnias Cps 1 20.
Proof: Part (i) has been proved in [4] by induction. Parts (ii) and (iii) are trivial. According

to (i) and (ii), we have
CrCn+1 = Cnt1> Cp
Coyi DCpis 1, 2<i<p-n.

n+is

Part (iv) now follows by concatenation [Lemma 1.1(b)]. The proofs of (v)-(vii) are similar to

@iv).
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Lemma 1.3: Let1>1. Let y(0)=0 and let y(1),..., (¢) be positive integers such that y (i) +2 <
y@+1), 1<i<t—1. Let

U=c¢e, ... mm
_ 6102 . c},(l)_lc},(l)+1, lft = ].,
(€6 - ¢ - Ga)-1)  (Cmtyrt -+ C-1)C e Otherwise

E=c08a - G
where the factor ¢, ... ¢, ), does not appear if y(1) =1. Then U DV; E.
Proof: By Lemma 1.2, we have
CCy - Cy(1y-1 D CCy - Gyt L if y(1)>1,
C)Cr(i -+ Cria-1 2 Cy(iytl -+ Cpen-1 Gpiyy 1SEST—],
Crnr o 2 G Gy

The result now follows by concatenation.

Lemma 1.4 [4, Lemma 5]: Let m>1 have Zeckendorf representation
m=Fyay+Feay+ -+ Fi (3)
with k(1) 22, k@)+2<k@+1),i=1,...,t—1. Let y(@)=k@{)—1, 1<i<t, and let V' be as in
Lemma 1.3. Then
X =V, (042G (1)43 - - C))

The ordered collection of indices 1,2,....,y(D-Ly(D)+L...,y2)-1,...,yE-D+1, .., y(®) -1,
y(O)+1,7()+2,... is called the canonical representation of x,. Actually [4, Definition 3] uses
the term "canonical representation” to refer to the function of the positive integers enumerating
this ordered collection. However, in the sequel, if there is no ambiguity, we will simply, by abuse:
of language, call (4) the canonical representation of x,,.

Corollary 1.5: Let x,, = ¢,1Cy(y) --- be a canonical representation. Then

() (), a(2)) €{(1,2),(1,3),(2,3),(2,4)}.
(i) a(k+1) e{a(k)+1, a(k)+2}, foral k >1.
(iii) There exists a positive integer 7 such that a(k+1) = a(k)+1 forall k >7.

2. THE ALIGNMENTS x> x,; 3, ,, AND x,, ©DXx35 3,4
We now express the extraction y, ,, in terms of the ¢,.

Lemma 2.1: For m>1, let m have Zeckendorf representation (3). Let y(i))=k() -1, 1<i<1t.
Then

Yom =Sy (1) - G ()

where ), ,, is defined by (2).
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Proof: The result follows from (1), (4), Lemma 1.3, and Lemma 1.2(ii) by concatenation.
Next, we look at the left factors of the golden sequence. Let
w=a, x,=bw, ,=ww,_, n=2.

n’n=1>

In the notation of [1]-[3], w, =w?, n>1.

Lemma 2.2: Let n>4. Then w,w, is a left factor of x.
Proof: First, observe that
wn+2 = wn+1wn
= (wnwn—l)(w —lwn—l)

=w,w

n-1Wn-2Wp-3Wn-2

= wnwnwn—3wn—2'

By Lemma 1.4 of [3], w,,, is a left factor of x, for all n>4. The result immediately follows.

Lemma 2.3: Let m>1 have Zeckendorf representation (3). Then
Sm = wk(t) . xk(2)wk(1).

Proof: The result clearly holds for m =1, 2, 3. Suppose m >4 and that the result is true for
all positive integers less than m. '

First, suppose 7 = 1 so that, by (3), m= F, for some n. By Lemma 2.2, w,, is a left factor of
x. By definition, s, is also a left factor of x. Since both these left factors of x have the same
length F,, they are both equal.

Next, suppose that t > 1. Then, by (3),

Fyy <m < Fyy < 2F).
Note that s, =w,,, since they are both left factors of x of the same length. let
Fr( k(1)
Sn = 85,5 = Wiy,

where s has length m—Fy,. By Lemma 2.2, wy W, is a left factor of x. Since s,, = wy,)s is
also a left factor of x, it follows that s is a left factor of w,,,. Therefore, s=s,._p, o> hence,

Sm : Wk(,)sm_&(t) .

By the induction hypothesis, the Zeckendorf representation
m—Fy = Fyopy + -+ By + By

gives the factorization
Sm-Fiy = Wre-) " k@i -

Consequently, s,, has the desired factorization.

Theorem 2.4: For m> 1,

yO,m = R(sm) .
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Proof: We have
R(Sm) = R(wk(l))R(wk(z)) e R(Wk(t))’ by Lemma 2.3,

= Ch)=1Ck2)1 - Ch(r)-1> by the result, R(w,) =c,_,, of Theorem 3 in [1],
=6 - Gy using the notations of Lemma 1.4,
= Yo,m by Lemma 2.1.

Theorem 2.5 (Modified Hofstadter's conjecture [4]): Let m>2 have Zeckendorf representation
(3). Then
X, DX, ax,_,, ifk(l)=2 and k(2) is even;

X, DX, X,_,, otherwise.

In other words, y,, o = ax,,_; in the first case (this is also true when m = 1) and y,, o = x,,_, in the
second case. ;

3. SOME LEMMAS

The goal of this section is to prove that, under appropriate conditions, if s O, u, then ¢,s >

t;c,u. The precise statement and conditions are set forth in Lemma 3.5. The major tool in prov-
ing Lemma 3.5 will be Lemma 3.1, which considers three cases.
Throughout this section, we let p>2 and we let

8= ConCaqa) -

1= CpuCpey -
with
e()=p+2 or p+3, pQ=p+1 or p+2.

We suppose that 7 is a positive integer such that, for £ <r, we have
a(k+1) efatk)+1, ak)+2}, Pk+1) e{B)+1, Ak)+2},
while, for £ >r, we have
ak+)=alk)+1, pE+)=pk)+1
Lemma 3.1: There is some k such that either cases (i) and (ii) listed below hold, or else case (iii)
below holds for all £.
Case (i). There exists a string #, such that
Catt) -+~ Cale) D a1y -+ Cak)> Uk> )
Colty -+ Caty 2 Caa1y - Cpiieys S ©)

Case (ii). There exists a string #, such that

Ca(1) - Cak-1Ca(k)-2 2 Cpq) - Cpky> YUk (7
Cola(t -+ Catk—1Cali)-2 2 Ca) - Cpckys Eplhi- ®

Case (iiii).
p(k) = a(k) -1, ©
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and there exist strings #, and v, such that

ViCotiy-1 = Cplhys (10)
Caqty -+ Catiy 2 €B1) -+ Caky Yo an
CoCa(ty - Catk—1Cattr—2 = Caa) - Sy Ve- (12)

The factor ¢,y ... €,y in (7), (8), and (12) does not appear if k= 1.

Proof: Lemma 3.1 follows immediately from the statements of Lemmas 3.2 and 3.3 which
are proved below.

Lemma 3.2: If k=1, then one of the three cases listed in Lemma 3.1 holds.
Proof: There are four cases to consider, according to the values of a(1) and £(1).

Case(a). a()=p-+2and f(H)=p+1

We show that case (i) holds with #, =c, and v, =c,,. Clearly (9) holds. By Lemma
1.2(ii1), (10) is satisfied. Alignment (11) follows from Lemma 1.2(1), while alignment (12)
follows from Lemma 1.2(vi).
Case (b). a(l)=p+2and p()=p+2

We show that (i) holds with # =1. Then (5) follows from Lemma 1.2(ii) and (6) follows
from Lemma 1.2(v).
Case (¢). a()=p+3and f(1)=p+1

We show that (ii) holds with # =1. Then (7) follows from Lemma 1.2(i1) and (8) fol-
lows from Lemma 1.2(iv).
Case (d). a()=p+3and f(D)=p+2

We show that (iii) holds with % =c,,, and v, = . Clearly (9) holds. Lemma 1.2(iii)

implies equation (10), alignment (11) follows from Lemma 1.2(i), and (12) follows from
Lemma 1.2(ii).

Lemma 3.3: Suppose, for some integer k& > 1, case (iil) of Lemma 3.1 holds. Then, for £ +1, one
of the three cases of Lemma 3.1 holds.

Proof: First, note that, by (9), gk +1) e{a(k), a(k)+1}. There are now four cases to con-
sider, according to the values of a(k+1) and S(k +1).

Case (a). a(k+1)=a(k)+1and p(k+1) = a(k)
Let
Uiy = UCoy1 AN Viyy = ViChipy3. (13)

We show that (iii) holds with & +1 replacing k. Clearly f(k+1)=a(k +1)—1. By Lemma
1.2(iii) and (10), we have

Vie+1Cak+1)-1 = ViCath)-3Caky = ViCaik)-3Cak)-2Catk)-1
=ViCatrr-1atiy-1 = CpiCatiy-1 = €M1

This demonstrates that (10) holds with & replaced by k£ +1.
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To prove that (11) holds with & +1 replacing &, we concatenate the following two align-
ments: (11) as is, with k and C,.q) D Cgper); Coqry-r» the last alignment following from
Lemma 1.2(i).

To prove that (12) holds with & +1 replacing &, we concatenate the following two align-
ments: (12) as is, with k and ¢ 1C44m-2 D Caran)> Caqr)-3» the last alignment following
from Lemma 1.2(vi) with n= (k). Alignment (12) with & +1 replacing % then holds since,
by Lemma 1.2(iii), ¢,(4)-2Ca()-1 = Cagr)-

Case (b). a(k+D)=ca(k)+1and fk+1) =a(k)+1

Let u,,, =u,. We prove that (i) holds with & +1 replacing k.

To prove that (5) holds with & +1 replacing %, we concatenate the following two align-
ments: (11) and C,;11) D Caeay; 1, this last alignment holding by Lemma 1.2(ii).

To prove (6) with k£ +1 replacing k, we concatenate the following two alignments: (12)
and Cyp)_1Ca(k+1) 2 Cpke1)s Ca(k)-1» the last alignment following from Lemma 1.2(v). Align-
ment (6) with & +1 replacing k then follows from (10) and Lemma 1.2(iii) with » = a(k).

Case (¢). a(k+1)=a(k)+2and Sk +1) = a(k)

Let u,,, = u,. We show that (ii) holds with k +1 replacing k.

To prove (7) with k£ +1 replacing &, we concatenate the following two alignments: (11)
and €, 4412 D Cpny> 1, the last alignment following from Lemma 1.2(ii).

To prove (8) with k +1 replacing k, we concatenate the following two alignments: (12)
and Cy()1Ca@k+1-2 2 Cpri+1); Caqi)-1> the last alignment following from Lemma 1.2(iii) and
(i). Alignment (8) with & +1 replacing & then follows from (10) and Lemma 1.2(iii) with
n=a(k).

Case (d). a(k+D)=ak)+2and fk+1)=a(k)+1

Let ., =Cyqy and let v, =v,. We show that (iif) holds with % +1 replacing £.
Clearly (10) with % +1 replacing & follows from (10) as is and Lemma 1.2(iii).

To prove (11) with k£ +1 replacing k, we concatenate the following two alignments: (11)
as is and C, 441y D Caranys Cacky» the last alignment following from Lemma 1.2(i).

To prove (12) with k +1 replacing &, we concatenate the following two alignments: (12)
as is and €4y 1Co(ra1-2 2 Cpi+1)s 1> the last alignment following from Lemma 1.2(iii) and (i).

As already noted, Lemmas 3.2 and 3.3 provide an inductive proof to Lemma 3.1.

Lemma 3.4:

(i) If cases (i) and (iii) of Lemma 3.1 do not hold for any £, then eventually (for all £ >r)
we are in case (a) of Lemma 3.3.

(i) In such a case, v, (resp. u, ) is a proper left factor of v, (resp. u,,,).

Proof: By the hypothesis of this lemma, Lemma 3.2, and Lemma 3.3, case (iii) of Lemma
3.1 must hold for all . By the hypothesis at the beginning of the section, a(k +1) = a(k)+1 for
all k£ >r. Hence, of the four cases of Lemma 3.3, case (d) cannot hold and, clearly, cases (b) and
(c) also do not hold. This proves assertion (i).

Assertion (ii) follows from equation (13).
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We are now in a position to state the main lemma.

Lemma 3.5: Assume that the notations and assumptions stated at the beginning of this section
hold. If s> 7 u, thenc,s O, c u.

Proof: The proof of Lemma 3.5 follows directly from the proof of Lemmas 3.6 and 3.7
below.

Lemma 3.6: If, for some £, case (i) or (ii) of Lemma 3.1 holds, then Lemma 3.5 is true.
Proof: Let
8" = CornCa(i2) -+
Then
5=Coy - Cagir)S's
t= Cﬂ(l) cﬂ(k)t'

If (i) holds, then define ' so that s’ D¢’; #'. Note that ' exists because s’ and # each have an
infinite number of "a"s and "b"s. By concatenating this alignment with (5) and (6), respectively,
we obtain

SOt wu'

. ’
C,S DI C .

Hence, w,u’ = u by uniqueness of extracted strings, c,u,u’ = c,u and we are done.
If (ii) holds, let ¢,(;y_4s" D ¢'; w'. Then

sOt, wu'

C,sDt; cuu’
with wu' = u, c,yu’ = c,u and again we are done.

Lemma 3.7: 1If cases (i) and (ii) of Lemma 3.1 do not hold for any £, thel:l Lemma 3.5 is true.

Proof: By Lemma 3.4(ii), both v=1limv, and #, =lim», are infinite strings. Taking the
limits of (11) and (12) as & goes to infinity, it is clear that '

SOt U,

C,SDIL V.
By uniqueness of extracted strings, we have # = u,. By Lemma 3.4 and (13), we have
Vis2 = VeriCatk1)-3 = ViCa(t)-3Catk)-2 = ViCaty-1 = St (k27 )-

Consequently, v =lim v;,, ~lim c,u, = ¢, limu, = c,u.

Remark: Lemma 3.5 also holds when p = 1. The proof for this case is straightforward and is left
for the reader.
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4. THE ALIGNMENTS x, D x,; y,, ,

Theorem 4.1: Either the two extracted strings y,, , andy,,, ,,; are equal or else they differ by
the first letter only. Here, y,, , is defined by (2).

Proof: Let x,, = Co1)Ch(a) --- and X, = CgyCpy) - bE the canonical representations of x,, and
x,, respectively. By Corollary 1.5(i), we have three cases to consider, according to the values of
a(1) and S(1).
Case (i). a()=p1
Clearly ¥, , = V41 n1 in this case.
Case (ii). a(l)=2and f(1)=1
By Corollary 1.5(1), there are three subcases to consider:
(@) Ifx,=cs, x,=cotand sDot;u, then y, , =auand y,,,, ., =bu.
by Ifx,=cqs, x,=cotands DOt u, theny,  =auandy,,, ., =bu.
(©) Ifx,=ccs, x,=cct and sDtu, then y,  =acu and y,,,, .1 = ¢34 = bcu by
Lemma 3.5.
Case (iii). a(l)=1and g(I) =2
(a) Ifx,=ccs, x,=ctands >t u, theny, , =buandy,,; ., =au.
(b) Ifx,=ccs x,=ctands DOt u, theny,, ,=bbu and y,,,, ,,; = cu =abu by
Lemma 3.5.

This theorem, together with Theorems 2.4 and 2.5 (the modified Hofstadter's conjecture)
imply the followiing result.

Corollary 4.2: Let m and n be two nonnegative integers.

(a) If m>n, then y,  is an infinite string; for m>n+2 (resp. m =n+1) the strings y,, , and
X,,_n (vesp. ax) differ by at most the first letter.
- (B) Ifn>m, then y, , is a finite string with length n—m; the strings y,, , and R(s,_,) differ
by at most the first letter.

The above corollary motivates determining the first letters of the strings y, , (m=n), x,_, ,
(m=n+2), and R(s,_,) (n>m), where m and » are nonnegative integers.

Lemma 4.3

(@) Letmz2n+2. Letm-n-2=27,¢&F,, bethe Zeckendorf representation of m—n—2.
Then the first letter of x,__, 1s an "a" or "b" depending on whether &, equals 1 or 0, respectively.

(6) Let n>m. Let n—m-1=27,¢/F,, be the Zeckendorf representation of n—m—-1.
Then the first letter of R(s,_,,) 1s an "a" or "3" depending on whether &, equals 1 or 0, respec-
tively.

¢} Letm=n Letm=27,6F andn=2
- T

=10 ;£ be the Zeckendorf representations of

et
J=LT ]

m and »n, respectively. Let £ be the smallest positive integer such that ¢, #6,. Then the first
letter of y,, 18 an "g" iff either £, = 0 with k even or &, =1 with k odd.

m,n

=
58]
bt
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Proof: (a) and (b) follow from [8, p. 85]. A similar proof holds for (c) after noting that, by

Lemma 1.4, the following statements are true:

If £, =0 (resp. 1) and §, =1 (resp. 0), then x,, =uc,s (resp. uc,,,s) and x, =uc,t
(resp. uc,t) for some strings u, s, and 7.
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