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1. INTRODUCTION

A positive integer n is a triangular number if there is another positive integer k£ such that
n=Yk(k+1). nis a square number if there is a positive integer ¢ such that n=/* and n is a
nearly square number if there is a positive integer / such that n=4({+1) (see [1], [4]). More
generally, let o be any nonnegative integer; a positive integer n will be called a o-rectangular
number if there is a positive integer £ such that n = /({ + o). Using this definition, a square num-
ber is a O-rectangular number, and a nearly square number is a 1-rectangular number. It is not dif-
ficult to show that any positive integer # is an (77— 1)-rectangular number, and an integer can be a
o-rectangular number for two different values of o. We consider here the following problem: for
a given nonnegative integer o, generate all the triangular o-rectangular numbers.

2. A PELLIAN EQUATION
Let n be a triangular o-rectangular number, then
n:%k(k+1)=£(f+a). 1)

Since 87+1=(2k +1)? and 4n+o? = (2/+0)?, it follows that 7* —2s* =1-20? for r =2k +1
and s =2/+o. Hence, we have the following result.

Theorem 1 Let 0 >0, r 21, and s> 0 be three integers such that

rt-2s*=1-207 Q)

e ®

Then Y% k(k +1) = £({ + o). Furthermore, any triangular o-rectangular number can be obtained in
this way. O

and let

By direct substitution, if (7, s) is any solution of (2), and we let
r{_|3 4|r ri_|3 -HA4fr
<G ST (o ST @
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then (77, s") is also a solution of (2). It follows directly that if (k, £) are such that Y% k(k +1) =
(L + o), and if we let

k'|_|3 4|k 1 2¢1

KARE e ®

3. THE CASE o=0: TRIANGULAR SQUARE NUMBERS

then Yk'(K' +1) = £'({' + ).

It is known that the "smallest" solution (or the fundamental solution) of (2) for =0 is r, =1
and s, =0 (see [2], [3], [S]). Furthermore, all the solutions of (2) are generated by the following
recursive scheme: 7, =1, 5, =0, and

[gﬂz B ‘ﬂm (=0,1,2,.). ©

Hence, any triangular square number can be obtained from the recursive scheme: k, =0, £, =0,

and
[Ilfﬂ = B g] [ﬂ + m (i=01,2,.). R

TABLE 1. Triangular Square Numbers

n=Yok(k+1) =47

i k; ¢, n,

0 0 0 0
1 1 1 1
2 8 6 36
3 49 35 1225
4 288 204 41616
5 1681 1189 1413721

4. THE CASE 0> 0

Let us observe that » =1 and s = o is always a solution of (2). With this initial value we can
generate infinitely many solutions of (2) using (6). But it happens that this sequence of solutions
does not contain all the solutions of (2) for some values of . We are led to the problem of find-
ing all the "smallest" (or fundamental) solutions of (2). This problem is addressed elsewhere for
more general pellian equations ([2], [3], [S]). We present here a simple proof for equation (2)
using Fermat's descent method ([3], [S]). The method is based on the next two lemmas.

Lemma 2: Let o >0. If (r, s) is any solution of (2), then 7 is odd, |s|> o, and |s|> (=, <, resp.)
v20?* -1 ifany only if [7| > (=, <, resp.) |s|.
Proof: Equation (2) is equivalent to 2(s* —o?) =r*~1and r* - s* = s* = (26* -1). O
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Lemma 3: Let o >0. Assume that (7, s) and (¥, ) are two solutions of (2) such that

HEEmIH

s -2 3 ||s|

(@) Ir>0and s>v20% -1, then 0<5 <5, -5 <7 <7, and it follows that if
§>v20%-1 then 7>5,
§=v20"-1 then 7=5,
§<v20% -1 then |F|<5.

) If|ri<s and0<s<m,then§'>s, |7|>§,anditfollowsthat§>m.

Proof: (a) FromLemma 2, r >s>+/20°~1. Then §=5-2(r~s)<s and §=7r-3(r —s) =
(s(r —5) +2(20? 1))/ (r +5) > 0 because (r —s)(r +s) = s> —(20* - 1). Also, if F+5=r—-5>0,
then 7 > -5 and ¥ <r. We complete the proof using Lemma 2.

(b)) Since § =s+2(s—r) and 7 =-5 +(r—5), we have § >5>0 and ¥ <—5. Then |F|>¥§

and hence ¥ >+20%-1. O

Definition 4: Let o > 0. A fundamental solution for (2) is a solution (r, s) of (2) such that

o<s<+y20%-1 and -s<r<s. O

Finally, using Fermat's descent method, we have the following result.

Theorem 5: Let o >0. For any positive solution (7, s) of (2), there exists a unique fundamental
solution (7, 5,) of (2) and a nonnegative integer i such that

KREHIKE

To find all the fundamental solutions of (2) for a given o, we can consider a systematic
method based on the following facts:
(i) (1, o) is always a fundamental solution,
(ii) r is always odd,
(iii) s and o have the same parity.
Hence, for a given o we can consider s with the parity of o in the interval [o, ¥20? —1] for
which 7 = v/1-20% +2s* is an integer. Table 2 presents the fundamental solutions of (2) for o =
1, ..., 30. Let us remark that if 26> —1 is a prime number, (2) has no fundamental solution but
(1, o) (see [2], Theorem 110). '
Finally, to generate the triangular o-rectangular numbers, we consider the fundamental solu-
tions (7, 5,) of (2) and

- k 1 -1
(i) ifry >0, then [ZE:I :5[$_0},

A k 1/3 4 11
(i) if r, <0, then {ﬂﬁ]:E[Z 3}[;?)]-5[0],
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and we use (5). We associate a class of triangular o-rectangular numbers to each fundamental
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solution of (2), and the classes are distinct.

TABLE 2. Fundamental Solutions of (2) for o= 1, ..., 30

o 202-1 (r,s) o 20% -1 (r,s)
1 1* 11 16 511 (£1, 16), (17, 20)
2 7° (£1,2) 17 577° (£1,17)
3 17° (£1,3) 18 647° (£1,18)
4 31° (£1, 4) 19 721 (£1,19), (+23, 25)
5 49* (£1,5),(7,7) 20 799 (£1,20), (£13,22)
6 71° (£1,6) 21 881° (£1,21)
7 97° (£1,7) 22 967° (£1,22)
8 127° (£1,8) 23 1057 (1, 23), (£25, 29)
9 161 (+1,9), (+9,11) 24 1151° (£1,24)
10 199° (1, 10) 25 1249° (£1,25)
11 241° (£1,11) 26 1351 (£1, 26), (31, 34)
12 287 (1,12), (£15,16) 27 1457 (£1,27), (£15,29)
13 337° (£1,13) 28 1567° (+1.28)
14 391 (£1,14), (£11,16) 29 1681% | (+1,29),(+41, 41)
15 449° (£1,15) 30 1799 (£1,30), (£33, 38)

* 3 square number; °a prime number

Example 6: Consider o =12. Using (5), we have

k] [3 4k
A PR I

J

%5] (i=0,12,.),

where the (k,, {,) are as given in Table 3. In this case, there exist four different classes of trian-
gular 12-rectangular numbers. O

1995}

TABLE 3. Initial Values (&, {;)

o=12 o =29
(75, %) (ko £o) (%, %) (%0, £o)
(,12) (0,0) (1, 29) (0, 0)
(-1,12) (22,11) (~1,29) (56, 28)
(15,16) (7,2) (41,41 (20, 6)
(-15,16) 9,3)
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Example 7: Consider o =29. Using (5), we have

=13 3]k ]+ [30] a=01r2.0,

where the (k,, {,) are as given in Table 3 above. In this case, there exist three different classes of
triangular 29-rectangular numbers. O

ACKNOWLEDGMENT

The authors wish to express their most sincere thanks to the referee for suggestions that have
contributed to the improvement of the presentation of this paper.

REFERENCES

1. B. Leonard & H. Schultz. "Triangular Squares." The Two-Year College Mathematics Jour-
nal 10 (1979):169-71.

2. T.Nagell. Introduction to Number Theory. New York: Wiley, 1951.

3. I Niven, H. S. Zuckerman, & H. L. Montgomery. An Introduction to the Theory of Num-
bers, Sth ed. New York: Wiley, 1991.

4. H. Schultz. "Summation Properties of {1, 2, ..., n}." Mathematical Spectrum 13 (1980-
1981):80-83.

5. H.M. Stark. An Introduction to Number Theory. Cambridge, Mass.: The MIT Press, 1981.

AMS Classification Numbers: 11D09, 11B37

o o% o%
XX

248 [JUNE-TULY



