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1. INTRODUCTION

For a positive integer n, let f () be the number of essentially different ways of writing n as a
product of factors greater than 1, where two factorizations of a positive integer are said to be
essentially the same if they differ only in the order of the factors. For example, f(12) =4, since
12=2-6=3-4=2-2-3. This function was introduced by Hughes and Shallit [1], who proved
that f(n) <2n"? for all n. Mattics and Dodd [2] improved the inequality so that f(n) <n/logn
for all n>1,n=144. Landman and Greenwell [3] generalized the notion of multiplicative parti-
tions to bipartite numbers. For positive integers m and n, mn>1, let f,(m, n) denote the number
of essentially different ways of writing the pair (m, n) as a product [1, <. (a;,5), where ab, > 1
for 1<i <k and where multiplication is done coordinate-wise. Similarly, for positive integers m
and n, mn > 1, let g(m, n) be the number of essentially different ways of writing the pair (i, n) as
aproduct [1,.,<,(a,,5), where g, >1, b, >1for 1<i<k. Let g(1,1) = f,(1,1) be 1. For example,
£,(6,2)=5, since (6,2)=(6,1(1,2)=(3,2)2, )=G,D(2,2)=G,1(1,2)(2 1) and g(6,4)=2,
since (6, 4) = (3,2)(2,2). Inarecent paper [3], Landman and Greenwell proved that

(mn)l.S 16

log(mn)’

So(m,n) <

and they conjectured that 1.516 can be replaced by 1.251. In this paper we approximate g(m, n)
by a completely multiplicative function A(mn). Using this approximation, we prove that

Sy (m, n) < (2160)*(mn)*'®.

We also prove that f,(m, n) < (mn)*" /log(mn) for mn>10%.

2. NOTATIONS

For convenience, we will define some notations and conventions used in this paper. Let N
denote the set of all positive integers and p, denote the i prime (i.e., p, =2, p, =3, etc.). The
prime factorizations of m>1and n>1 may be considered as m=1IT_,q™, n=11}, s,ﬂ 7, where
{g;} are the distinct prime factors of mm, {s;} are the distinct prime factors of n, and {a,}, {,} are
nonincreasing sequences of positive integers. Let /=T, p™ <m and 7 =]}, pf 7 <n. Then,
clearly, f,(m,n)= f,(,#). Hence, let M ={a e N|a=TI%, p’ > 1, where {6,} is a nonincreas-
ing sequence of positive integers and & € N}. The completely multiplicative functions 4 and 7 are
defined on N as follows:
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(@ T)=1 TQR)=(7/4), T3)=011/4);, T(p,)=@+17/4) for r 23; T(ab)=T(a)T(b) for a,
beN
(b) A(1)=1; h(p,) =r,, where {r,},5, is the sequence of real numbers defined by

; 2
1+H \/ (H —1) fori>1and 7, =2;
=1t k=11 —1 '

h(ab) = h(a)h(b) for a,beN.
For any positive integer &, the multiplicative function d* is defined on N as follows:
dP@= > 1
pile forall 2k

e, d®P @) =1fori>k, dP(p’)=b+1fori<k].

3. PROOF OF THE MAIN RESULT

Throughout this paper, all variables represent nonnegative integers, unless otherwise speci-
fied. The following lemma will be used frequently in the remainder of our work.

Lemmal: r,+2<r,<r+25ifi>"7.

Proof: Fixi>6 andlet y=1T,_,7,/(r;—1). Then y>4 and

Y Y S N [ (R
ri+2—y(1+y (y—1)2+1)\/(y 1+\/0’——1)2+—1) +1+1
<[y+\/(_y__)(,/ 1) +1+JTJ

<r,+25.

AR Y +1+ !
N T I R S
Similarly, one can prove that r,, >, +2. QED.

Lemma 2: If m=1I/_, p* e Mand 1< s<t¢, then

av _ r, ‘(
om W) r-1 5

ERCS (S e By =Ry (e

a=s \ k=074
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With the aid of Lemma 2, we establish an upper bound on g(m, n).

Proposition 1: The function g(m, n) satisfies the inequality:
t g 5
&(m, n) < h(m)-h(n) = (H o ) (H ]
i=1 Jj=1
where m=TI1I;_, p/" and n=T}_ lpff.
Proof: Tt is enough to show that g(m, n) < h(mn) for m,n € M, since, for any positive inte-

gersa=11_,g%and b= Hjlj,

c d c d
g(a,b>=g(r;pffﬂp;‘-f) and h(Hp:’f]h(qpﬁf)smmh(b),
\i= j=1 j=

i=1

where {g,} are the distinct prime factors of @, {s;} are the distinct prime factors of b, and {a;},
{b} are nonincreasing sequences of positive integers. The statement clearly holds for the case
n<2, since g(m,1) =0 for m>1. Hence, without loss of generality, we may assume m>n>2.
Let m'=m/ p, and ' =n/ p,. First, we introduce some sets:

S {{( I’ 1)}1<1<e| (1) (m n) Hl<1<e( i 1) (2) _/7 _1 >2 for all IS]Se,

(3 a;2a;,; andifa; =a;,,, thenb; 2b,,, for all 1<j<e-1};

A4, k) = {{(@;, b)}icice €S1(a, b,) = (P, pok) for some 1<4y <e};
B(Z k) {{(an bx)}151<e GSIPII ’2’ Pslb and( 12’ Il 12) (plz psk)

for some 1<i;,i, <e};

C(K’ k) = {{(al’ bl)’ (al, b2)}| (l) D 102, o 2 2’ (2) Ps 'rbla bl 2 2’
(3) (alal’ ble) = (ptf’ p.s'k)} :
Since
S = J(A, k) OB, k),

L\m’
kin'

we get the following inequality:

glm,m)=18|< X (1AL B+ B, B)) <3 (1AL D)l + AL, B)I-IC(L, )

Lm o\m'
k|n' k|n'
<Y g )1+(d(‘)([) )@ k) -1}
Lm'
kin'

From Lemma 2 and the induction hypothesis, we have

YA ¢ 00y — VO () — -
) s 350 (@O D) =)+ 1 -
k|n'
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, , d(’)(f)d(‘) (k)— d® (k)d(l) - d® (Z)d(l) k) + Zd(l)(l)d“)(k)
= h(m")h(n') Y
i Il’r’;" h(()h(‘k)
< hm) h(@m) LDy
L-1r-1

—xp* = yx* +2xy)

) (x-D(y-1)+1
h(m)h(n) ey G < h(m)h(n),

where x =T1/2}r,/(r;-1) andy = j.;llrj /(r;—=1). QED.

Lemma 3: 1f me M, A =1143, then h(m) <m”.

Proof: From Lemma 1, we know that 7, <25/ for all i >1. Since A satisfies the following
two inequalities,

(a) (Hp,) >[r forall 1<s<12,

=1
®) pl > (ilog())* 2i-12*(log(12))* > 25i =7, for all i > 12,

we get h(Hf=1 p,-) < (H,Ll p,.)'1 forall #>1. (Note: p, >ilogi for any positive integer i, see [4].)

From the induction hypothesis on m € M, we have

o <o Q1t {1 (o ({1 Lo -

where m=TII/_, p*. QED.

The following corollary is an immediate consequence of Proposition 1 and Lemma 3 above.
Corollary 1: g(m,n) < (mn)"'®.

Lemma 4: For any positive integer 7,

where A =1143 and 4, = T(p,) fori 2 1.

Proof: Direct computation shows the inequality holds for # <24. From Lemma 1 and the
Appendix, we know that 2i+7/4 <r, <25i for all i >25. Fix i >25. Then we have
r, < (2.5i)*
r— 2i+175) -G +175)

=625 <25 Y(log 25)*i < (ilogi)* < (p)*. Q.E.D.

In [2], Mattics and Dodd proved that f,(a,1) < T(a) <a. Using this fact, we prove the fol-
lowing proposition.
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Proposition 2: ¥ m=1I1,_, p*, n=1I}, pf / € M, then

t el a\[ s At _ pitl
SHmm<|T]? : ) 12 L — |<(2160)* (mn)*'®,
¥V, —Uu

=1 I~y

i=1 i i

where u, = T(p,) fork > 1.

Proof: For any factorization (a,, b)(a,, b,) - (a,, b,) of (m, n), there exist unique integers

£ and k such that
t=J]a and k=T]]5.

I<i<e 1<i<e
b=1 a;=1

By Proposition 1, we have

Folmm) =" g(m/ £,n/ k) (6, ) (1, k) < S h(m/ £)h(n | k)T(£)T (k)

Lm o
k|n Kin
! ai S ﬁj
- (gj h(m/ Z)T(Z)J {;h(n / k)T(k)) = [H”Zh(p{" )T(pf’“’)J (H kZh(pjf (P, f"‘))
" n i=1 0=0 PR

=(ﬁnai+l”u?i+l) IS_[’},{?;H__MJ@,-H S(ﬁ ';a,-+1) ﬁrjﬁjﬂ |
=1 LY a1 Uy i U )\ Y

By Lemma 3 and Lemma 4,

t

fz(m» n) < (H ’iz

=1 i Y

s 2 -t s
)H . (Hr) [T/ |<(2160)*(mm)"**. QED.
=17 ¥ )\i=t J=1

Theorem 3: For any pair of positive integers m and n,

)1.251

(m
Jalm,m) < log(mn)

for mn>10%.

Proof: From Proposition 2, it is enough to show that the following inequality holds for
mn>10%:

(2160)2(mn)1.143 < (,Ln)ili_l |
log(mn)

Let f(f) =11 —(2160)?log(f). Then we have f(f)>0 for¢>10%, since f(10*)>0 and
f'(®)-1 =0108"1% - (2160) > 0 for all #>10*’. Hence, we have

(mn)' ! — (mn)1*3(2160)* log(mn) = (mn)**** f (mn) > 0

for mn>10%2. QED.
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APPENDIX

The following table shows the sequence {r},5, used in this paper.

n 1 2 3 4 5 6

Ta 2 3.82843 6.35584 8.80023 11.1791 13.5137

n 7 8 9 10 11 12

Tn 15.8164 18.0947 20.3538 22.5992 24.8273 27.0461
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The AUTHOR, TITLE, KEY-WORD, ELEMENTARY PROBLEMS, and ADVANCED PROBLEMS indices for the first
30 volumes of The Fibonacci Quarterly have been completed by Dr. Charles K. Cook. Publication of the
completed indices is on a 3.5-inch, high density disk. The price for a copyrighted version of the disk will be
$40.00 plus postage for non-subscribers, while subscribers to The Fibonacci Quarterly need only pay $20.00
plus postage. For additional information, or to order a disk copy of the indices, write to:

PROFESSOR CHARLES K. COOK

DEPARTMENT OF MATHEMATICS

UNIVERSITY OF SOUTH CAROLINA AT SUMTER
1 LOUISE CIRCLE

SUMTER, SC 29150

The indices have been compiled using WORDPERFECT. Should you wish to order a copy of the indices for
another wordprocessor or for a non-compatible IBM machine, please explain your situation to Dr. Cook
when you place your order and he will try to accommodate you. DO NOT SEND PAYMENT WITH
YOUR ORDER. You will be billed for the indices and postage by Dr. Cook when he sends you the disk.
A star is used in the indices to indicate unsolved problems. Furthermore, Dr. Cook is working on a
SUBJECT index and will also be classifying all articles by use of the AMS Classification Scheme. Those who
purchase the indices will be given one free update of all indices when the SUBJECT index and the AMS
Classification of all articles published in The Fibonacei Quarterly are completed.
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