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1. INTRODUCTION 

For a positive integer n, let f(n) be the number of essentially different ways of writing n as a 
product of factors greater than 1, where two factorizations of a positive integer are said to be 
essentially the same if they differ only in the order of the factors. For example, /(12) = 4, since 
12 = 2-6-3-4 = 2-2-3. This function was introduced by Hughes and Shallit [1], who proved 
that f(n) < 2rv^ for all n. Matties and Dodd [2] improved the inequality so that f(n) < n/logn 
for all n > 1, n ^ 144. Landman and Greenwell [3] generalized the notion of multiplicative parti-
tions to bipartite numbers. For positive integers m and n, mn > 1, let f2(m, n) denote the number 
of essentially different ways of writing the pair (m,n) as a product U^i^c(cii9b^9 where api > 1 
for 1 <i < k and where multiplication is done coordinate-wise. Similarly, for positive integers m 
and w, mn > 1, let g(m, n) be the number of essentially different ways of writing the pair (m, n) as 
a product Ui<i<k(^i, *,)> where at > 1, h} > 1 for 1 < i < k. Let ̂ (1,1) = /2(1,1) be 1. For example, 
/2(6,2) = 5, "since (6,2) = (6,1)(1,2) = (3,2)(2,1) = (3,1)(2,2) = (3,1)(1,2)(2,1) and g(6,4) = 2, 
since (6,4) = (3,2)(2,2). In a recent paper [3], Landman and Greenwell proved that 

r (mn) 1.516 

log(mn) 3 

and they conjectured that 1.516 can be replaced by 1.251. In this paper we approximate g(m, n) 
by a completely multiplicative function h(mn). Using this approximation, we prove that 

f2(m,n)<(2l60f(mn)U4\ 

We also prove that f2(m,n) < (mn)1251 / log(mn) for mn> 1083. 

2. NOTATIONS 

For convenience, we will define some notations and conventions used in this paper. Let N 
denote the set of all positive integers and pt denote the Ith prime (i.e., pi = 2,p2 = 3, etc.). The 
prime factorizations of m> 1 andn>\ may be considered asm = nj=iqf*, n-Ily=isfJ, where 
{qt} are the distinct prime factors of m, {Sj} are the distinct prime factors of n, and {a j , {/?,} are 
nonincreasing sequences of positive integers. Let m = lVi=l p?' < m and n = Il}=1 Pj ^ n. Then, 
clearly, f2(m, n) = f2(m, n). Hence, let M = {a e N\a = Ilf=1 pf1 > 1, where {6t} is a nonincreas-
ing sequence of positive integers and k GN} . The completely multiplicative functions h and Tare 
defined on N as follows: 
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(a) 7/(1) = 1; r(2) = (7/4); 7(3) = (11/4); T(pr) = (r + 7 / 4) for r > 3; T(ab) = T(a)T(b) for a, 
bzN 

(b) h(\) = 1; h(p,) = /;, where {/;}/21 is the sequence of real numbers defined by 

^ ^ i + rir^Ji + f r i T ^ T - 1 ] 2 for/>land^2; 

h(ab) = h(a)h(b) for a,bsN. 
For any positive integer k, the multiplicative function d^ is defined on Af as follows: 

pt\l for all iik 

[i.e., d * * ^ ) = 1 for i > jfc; • rf^Q^) = b +1 for / < * ]. 

3. PROOF OF THE MAIN RESULT 

Throughout this paper, all variables represent nonnegative integers, unless otherwise speci-
fied. The following lemma will be used frequently in the remainder of our work. 

Lemma 1: rt,+2<rj+1 <rt+ 2.5 if i >7. 

Proof: Fix i > 6 and let y = HJ=l rs I (r;. -1). Then y > 4 and 

( 
fi+2=y 

\ \( v 
i+ 

y+ 
I 

y 

y-\+ 
VO-i)2 + i 

Vo-i)2+i+ 

+1+1 

Vo-i)2+i 
+1 

"-/— +1 + - -̂  <ri+1+2.5. 
Vo-i)2+i o-i)2+i 

Similarly, one can prove that rl+2 > ri+l + 2. Q.E.D. 

Lemma 2: Ifm = n,'=i /f' e M and 1 < 5 < t, then 

fm h(() rt-\ } = fU- l 
Proof: From Lemma 1, we know that rt > 1 for all / > 1. Then we have 

t ( a a i ^ 5-1 f r / oo 

l\m n\y) 1=1 W=0 'z y a^VJ^O7* y /=1 ̂ y=0 ri ) a=s\k=0'c 

'fife G V / a " 1 
Q.E.D. 
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With the aid of Lemma 29 we establish an upper bound on g(m, n). 

Proposition 1: The function g(m, ri) satisfies the inequality: 
ft \f s ^ 

g(m,n)<h(m)-h(n)- \[r?' J\rp I 
V/=i A / = i J 

where m = H-=i pf* and n = Hy=i p?J. 

Proof: It is enough to show that g(wi, w) < h{mn) for myn G M, since, for any positive inte-
gers a = njLi ??' and A = H*=1 sbf, 

f 
g(a, A) = g ' ^ 

1=1 

\ r 
£h(a)h(b\ 

where {#,.} are the distinct prime factors of a, {5-} are the distinct prime factors of b, and {a,.}, 
{$>} are nonincreasing sequences of positive integers. The statement clearly holds for the case 
n < 2, since g(m, T) = 0 for m > 1. Hence, without loss of generality, we may assume m>n>2, 
Let rri' ~mipt and nf ~nlps. First, we introduce some sets: 

S - { {(a/? */)}i</<, I 0) fa n) = r W f a , ft,), (2) aj9 bj > 2 for all 1 < j < e, 
(3) a j > aJ+l; and if aj = a;+1, then Ay > fly+1 for all 1 < 7 < e -1} ; 

i4(/, *) = {{(a,., ft,)}^ eS\(aio, biQ) = (pt£, psk) for some 1 <i0 < e}; 

5(A*) = {{(fli ,«l)}i^e5|A|fli2 ,A^l and ( ^ ^ , 6 ^ ) = ^ , ^ ) 
for some 1 < i1? i2 ^ ^} ; 

C(A k) = {{(a,, &,), (a», ^2)} I (1) A K<h, a2 > 2, (2) p, \b„ bx > 2, 
(3) (ala2,blb2) = (pt£,psk)}. 

Since 
S=\J(A(l,k)uB(£,k), 

l\m' 
k\n' 

we get the following inequality: 
g(m,n) = \S\<Y,(\A(t,k)\ + \B(t,k)\)<Y,(\A(e,k)\ + \A(£,k)\.\C(l,k)\) 

£\m' 
kin' 

i\m' 
k\n' 

• Z «(T* T){1+ {S' ) {1 )"1)(^>w"1)} • 
k\nf 

From Lemma 2 and the induction hypothesis, we have 

^ h{i)h{k) 
k\n' 
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i / Af / A v d(t\l)d{s\k)-d{s\k)Sl\t)-St\t)d^\k) + 2d^\l)d{1\k) 

=^o^ol — 1(W ^ ^ 
//(#/) //(ft) 2 * 

Jfc|«' 

( xV-xy 2 - j^+2xy) 
r , - l r , - l 

Vi+(x-i)2Vi+(y-i)2 

where x = nf"? r, / (r, -1) and y = n £ l /) / (ry -1). Q.E.D. 

Lemma 3: If /w eM, X- 1.143, then h(m)<mx. 

Proof: From Lemma 1, we know that rt < 2.5/ for all / > 1. Since X satisfies the following 
two inequalities, 

(a) m # ^fl1!forall 1<^<12, 

(h) pf > (/log(i)Y > i • \2x-l(\og{l2)Y > 2.5/ > rt for all / > 12, 

we get ^(n{=i/?/) ^ \TlU\Pi) f°r all / > 1. (Note: /?, >/'log/ for any positive integer /, see [4].) 
From the induction hypothesis on m e M, we have 

f t \ ( t \ f t \ f t W t V ft \ ( t \ ( t \ ( t Yf t 

V/=l ) V/=l ) V/=l ) \M J \i=l 
= m , 

where m = lVi=lp^- Q.E.D. 

The following corollary is an immediate consequence of Proposition 1 and Lemma 3 above. 

Corollary 1: g(m, n) < (mn)1143. 

Lemma 4: For any positive integer /, 

,=1 ^ "My \i = \ 

where A = 1.143 and ut = r(p,) for / > 1. 

Proof: Direct computation shows the inequality holds for t < 24. From Lemma 1 and the 
Appendix, we know that 2/ + 7 / 4 < /•< 2.5/ for all / > 25. Fix / > 25. Then we have 

^ - 7~- ^ T T 7 = 6 2 S * 25^1(log25)^/ < (/log/f < (#)*. Q.E.D. 
ri-ui (2/ + 1.75)-(/ + 1.75) 

In [2], Matties and Dodd proved that /2(a, 1) < T(a)<a. Using this fact, we prove the fol-
lowing proposition. 
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Proposition 2: lfm = I IU p?1, n = n j = 1 p]j e M, then 

f2(m,n)< m -

where ^ = TCp )̂ for & > 1. 

£ . « , + ! _„«,+! Ij-fO L . <(2l60f(mn) 1.143 

Proof: For any factorization (^1?*1)(^2?^2)',*(ae?^) of (in, ri), there exist unique integers 
^ and k such that 

*= f|a/ and * = Hbf 
\<i<e \<i<e 

a,=l 

By Proposition 1, we have 

fifa n) = X g(m /£,n I k)f2{l9l)/2& k) <Yh(m/ £)h(n I k)T(£)T(k) 
t\m 
k\n k\n 

\i\m )\k\n J Vi=l^=0 y\^y=l Ar=0 

* r
ai+l _ , / * / + 1 

IP r* ' -u, 
,=i ri~ui 

f 

IF 
/;+1-„VM ( ' ra'+1 

M f / - y ; IH-
' , / , + 1 ^ 

n^ v;=f}-»yy 

By Lemma 3 and Lemma 4, 

f2{m,ri)< 
ft Jl \( s r2 V -t 

fir* Hrhr n ^ n '̂-1 IF 
i=i rt ut)\j=\ rj ujJv/=i )V;=i 

Theorem 3: For any pair of positive integers m and n, 

(mnf251 

< (2160)2{mnfw. Q.E.D 

f2(m,n)< log(mn) 
for /w«> 1083. 

Proof: From Proposition 2, it is enough to show that the following inequality holds for 
mn> 10 ,83 . 

(2160r(ww)L14J < 
(ww) 1.251 

\og{mri) 

Let / ( 0 = rai08-(2160)2log(r). Then we have /(f) £0 for f >1083, since /(108 3)>0 and 
/ '(f)• f = 0.108f0108 -(2160)2 > 0 for all t > 1083. Hence, we have 

\ 1.143 1.143 . {mnf1"1 - {mnf^\2l60y \og(mn) = {mnf^f{mn) > 0 

for mn>W\ Q.E.D 
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APPENDIX 

The following table shows the sequence {/•},•>! used in this paper. 

n I 1 

r„ | 2 
n j 7 

rn j 15.8164 

2 
3.82843 

8 
18.0947 

3 
8.35584 

9 
"120538 ' 

4 
8.80023 

10 
22.5992 

5 
11.1791 

11 
24.8273 

6 
13.5137 

12 
27.0461 
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