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1. INTRODUCTION 

We let Fn represent the nth Fibonacci number. In [2] and [3] we find relationships between 
the Fibonacci numbers and their associated matrices. The purpose of this paper is to develop rela-
tionships between the generalized Fibonacci numbers and the permanent of a (0,1)-matrix. The k-
generalizedFibonacci sequence {g^}} is defined as: g{k) = g^} = ••• = gf}2 ='0, ĝ L\ = gjĵ  = 1, 
and, for n>k>2, 

Sn ~ Bn-l ^ Bn-2 ^ ^ Bn-<*) (1.1) 

We call g^) the nth k-genemlized Fibonacci number. 
For example, if k - 8, then gf ̂  = • • • = ĝ 8) = 0, ĝ 8) = ĝ 8) = 1, and the sequence of 8-general-

ized Fibonacci numbers is given by 0,0,0,0,0,0,1,1,2,4,8,16,32,64,128,255,509,1016,2028,4048, 

When k - 3, the fundamental recurrence relation g^x = gf) + ĝ 3_\ + gf}2 can also be defined 
by the vector recurrence relation 

0 1 0| 
1 = 0 0 1 

•(3). I I 1 1 1 \%n+lj ,(3) g» 
Letting 

and applying (1.2) n times, we have 

A = 

Bn+l 

"0 
0 
1. 

1 
0 
1 

o" 
1 
1 

= A" gf} 

V*3 J 

Similarly, for the ^-generalized sequence 

Bn+1 5n T 8 n - l T T Sn-i+l> 

the matrix and the vector recurrence relation are given by 

"0 1 0 ••• 0l 

A = 
0 1 
1 1 

(1.2) 

(1.3) 

(1.4) 

(1.5) 
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and 
Bn+l 

bn+2 

z{k\ 

= A" g?} 

V8* ) 

(1.6) 

We now consider the relationship between g[k) and the permanent of a (0,1)-matrix. The 
permanent of an w-square matrix A = [a^] is defined by 

per ,4= £f l a / 
aeS„ /=! 

7cr(i) > (1.7) 

where the summation extends over all permutations a of the symmetric group Sn. A matrix is 
said to be a (0,1)-matrix if each of its entries is either 0 or 1. 

Let A - [atJ] beanmxw real matrix with row vectors ax, a2,..., am. We say A is contract-
ible on column (resp. row) k if column (resp. row) k contains exactly two nonzero entries. Sup-
pose A is contractible on column k with aik ^0^aJk and / & j . Then the (m-1) x (n-1) matrix 
Aij.k obtained from A by replacing row / with a^ka{ +aik(Xj and deleting row j and column k is 
called the contraction of A on column k relative to rows i andj. If A is contractible on row k with 
aki ^0^akJ and i' & j , then the matrix Aki- = [A?.k]T is called the contraction of A on row k rela-
tive to columns i andj. 

We say that A can he contracted to a matrix B if either B = A or there exist matrices AQ, Au 

...,At (t>\) such that AQ = A, At = B, and Ar is a contraction of Ar_l for r = 1,..., t. 

2. ^-GENERALIZED FIBONACCI NUMBERS 

In [1], we find the following result. 

Lemma 1: Let A be a nonnegative integral matrix of order n>\ and let B be a contraction of A. 
Then 

per^4 = peri?. (2.1) 

Furthermore, if we let 3*(n,k) = [fjj] be the nxn (0, fy-ty + Vf- (super diagonal) matrix de-
fined by 

qp(n,k) = 

1 1 ... 
1 1 ... 
0 1 ••• 

... 1 

... 1 

... 1 

0 
1 
1 

0 
0 
1 

0 • 
0 -
0 • 

• 0 
• 0 
• 0 

. 0 
1 

0 0 1 1 

(2.2) 

where fn ----- fxk - 1 and/^+1 =• ••- fXn = 0, then gF(,a) is contractible on column 1 relative to 
rows 1 and 2. In particular, if k - 2, then gF(n,*) is turned to be the (0,1)-tridiagonal (Toeplitz) 
matrix ^ of order n. 
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Lemma 2: Let ljn) = [ttJ] be the pth contraction of the matrix 7<n\ 1 < p < n - 2. Then tn = Fp+2 

and tl2 = F +h where Fp is the pth Fibonacci number', p = l,2,...,n-2. 

Proof: We use induction on p. Since 

jW -

2 1 
1 1 1 

1 
1 1 

the case for p = 1 is true. Since 

jin) . 

Fp+l Fp 
1 1 

1 
1 1 

by the induction assumption, 7j"{ is contractible on column 1 relative to rows 1 and 2. Thus, 

p 

1 
V̂ 

1 

0 

1 
0 

1 
1 
lj 

However, Fp+1+Fp = Fp+29 hi ~ F
P+2 anc^ hi ~ Fp+u s o ^ proof is complete. 

Lemma 3: Let 9^k) = [ftj\ be the 7th contraction of S F ^ , 1 < t < n - 2. Then, for k > t +1, 

7 l l — J\k~t - 8jk+r? 

and, for & <f+ 1, 
y ly ~~ / iy -1 St+j-2 

Jn - &k+t> 

k-t + l<j<n-t, 

2<j<n-t. 
yiy ~ y iy-1 Sr+y-2? 

In any case, if / l y - 1 - g£+*-_2 < 0, we let ̂  be zero. 

Proof: We proceed by induction. The result is easily established for t = 1. We now assume 
the theorem is true for t and consider 9^+f \ We examine two cases. 

For the first case, assume k > t +1. Let &{?'k) = [/y]. Then / n = • • • = /1)t_r = g[k}t and /ly- = 
/ ly-! ~ g^-2 , * - 1 +1 < j < n -1. Let 9*tf > - [/ /] . By contradiction, 

1995] 275 



A NOTE ON GENERALIZED FIBONACCI NUMBERS 

~ £>k+t ^ &k+t 

Since * > / + l, g<*> = 0. T h u s . / ^ g ^ , ^ = l , . . . , * - ( r + l),and 

Jik+t=Jn+Jik-t+i 
~ / i l + /ut-r ~ St+k-t+i-2 
- fu+f\k-t ~"Sjfc-i 
- f t -(*) 
- Jlk-t-l S(f+l)+(fr-f ) -2 • 

Hence, /,£_, = / i l . f _ r - g(
(^i)+(fc_0_2. So, by the recurrence relation 

For the second case, we let k < t +1. If t = 1, then & = 2 and we are done, by Lemma 2. Let 
&?k) = Uul Ttenfn = %$tm<\flJ=fy_x-gS]_2,2<j<n-t. Let £&*> = [ / / ] . Then, by 
Lemma 1, 

/ n - J\\+ J\2 
- s ^ + / ^ y n &f+2-2 

fn ~ fn+fi3 
- / l l + / l 2 ~ S r 3 - 2 

=/ii+(/n-^))-gJS 

- gfc+r + * •' + gr+i 
~ fsk+t+l* 

• / l l S(i >+l)+2-2> 

so that / ^ = fx\ - g$ll)+2-2- Thus, by the recurrence relation, fj = f ^ - g(
(f]1)+y_2 and the proof 

is completed. 

Theorem 1: Let g^\ be the (/? + l)st ^-generalized Fibonacci number, n>k. Then 

per^"-*) = gW_1. (2.3) 

Proof: Since ĝ "*** is contractible, g? ( ; a ) can be contracted to a 2-square integral matrix B. 
By Lemma 3, 

B = &?:kJ = n-2 
&w+£-2 &w+fc-2 &«-2 

and by Lemma 1, 
pei cr - per n- gw+^„2 + Sw+£-2 S«-2 

~ g«+fc-2 + Bn+k-3 + + S « - 2 8 » - 2 

~ 8w+Jfc-2 + Sw+Jfc-3 + ' * * + g « - l 

&n+k-l> 
and the proof is completed. 
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Corollary: The (w + l)81 Fibonacci number is equal to the permanent of the (O,l)-tridiagonal 
matrix of order n. 

The next theorem shows that we can find a nontridiagonal matrix whose permanent also 
equals the (« + Vf Fibonacci number. 

Theorem 2: Let 

U = 

1 1 1 
1 0 1 
0 1 0 1 

Then 

0 1 
0 1 1 

per PTUP = Fn+1. 

1 
1 
0 

0 

2 
0 
1 

2 
1 
0 

2 
1 
1 

1 

••• 2 
... i 
... i 

o i 
l l 

(2.4) 

for any permutation matrix P. 

Proof: The matrix t/can be contracted on column 1 so that 

u,= 

where (Ul)n = l = F2 and (U^ = 2 = F3. Furthermore, the matrix Ux can be contracted on 
column 1 so that 

[2 3 3 3 ••• 3l 
1 0 1 1 ••• 1 
0 1 0 1 ••• 1 u2 = 

0 1 
1 1 1 

where (U2)n = 2 = F3 and (U2)n = ^ = FA. Continuing this process, we have 

f o r l < / < « - 2 . Hence, 

U,= 

Ff+l U+2 A+2 A+2 
1 
0 

0 
1 

1 
0 

u„^ = Jn+3 

o 
l 

Ai+2 ^n-\ ^n-\ 
1 0 1 
0 1 1 

r+2 
1 
1 
i 
I 
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which, by contraction of Un_3 on column 1, gives 

Fn-l Fn~\ 

1 l j ' 
Applying Lemma 1, we have 

per U = per Ut = per Un_2 = F^F^ = Fn+l. 

Since the permanent is permutation similarity invariant, the proof is completed. 
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NEW EDITORIAL POLICIES 
The Board of Directors of The Fibonacci Association during their last business meeting 
voted to incorporate the following two editorial policies effective January 1, 1995 

1. All articles submitted for publication in The Fibonacci Quarterly 
will be blind refereed. 

2. In place of Assistant Editors, The Fibonacci Quarterly will change 
to utilization of an Editorial Board. 

u„.2 = 
Fn-l Fr,-l + Fn-2 

1 1 tf-,= 'n-1 
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