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1. INTRODUCTION
Dickson [1], in his History of the Theory of Numbers, attributes the divisibility theorems
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where (#, k) denotes the greatest common divisor of n and k to Hermite [9], [10] whose proofs
use the Euclidean algorithm. In [5] and [6] the proofs were extended by one of us to generalized
binomial coefficients defined by
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where {A„} is a sequence of integers such that AQ = 0,An^0 for n > 1, and such that the ratio in
(1.3) is always an integer. Of course, the ordinary binomial coefficients occur when An-n.
When An= Fn, the nth Fibonacci number, we obtain the well-known "Fibonomial" coefficients.
Another very well-known case is when An=qn -I, in which case the coefficients determined by
(1.3) are the Gaussian or ^-binomial coefficients. The generalized forms of Hermite's theorems
obtained in [6] are as follows:
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In this paper we will replace (1.1) and (1.2) by the following theorems:
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so that the explicit quotients in the original Hermite statements are made evident as just g.c.d.'s of
two binomial coefficients.
What is more, the corresponding extensions to generalized binomials take the forms

and

Note especially now that in (1.9) the greatest common divisor automatically divides 4^+I-A:
whereas in (1.5) this was not necessarily the case.
Some variations of these theorems will be presented so that the problem raised by Gould in
[3] (no solution having appeared in the interim in the Monthly) will have a better formulation due
to the nature of our present attack. That problem asked for a way to unify Hermite's two theorems into a general result of the form
an + bk+c | / V |
(rn + s, uk + v)\ \k )

(]10)

for suitable parameters
The explicit forms (1.6) and (1.7) were obtained by Schlesinger in November 1986, and are
now being published here for the first time.
It should be remarked that Dickson [1] also traces (1.1) in a form valid for multinomial coefficients back to Schonemann [15] who, in 1839, used symmetric functions and pih roots of unity.
2. PROOF OF (1.6) AND (1.7) AND VARIATIONS
We need only the simplest properties of the binomial coefficients and the greatest common
divisor to see that

»gc.d(0,(r_i1))=g,.d(nQ,H n-\

k-\

= 8-c.dWjUj]] = II]g.c.d.(n,*)
which proves (1.6). Similarly,
(,+ l - * ) g . c . d ^

= gX.dj(/I + l - * ) ( ^
which proves (1.7), since g.c.d.(w + l-A:, k) = g.c.d.(w + l, k).
The improvement offered by this approach is that we avoid the use of the Euclidean algorithm which only told us that g. c. d. (w, k) = nx + ky for some integers x and y. What we have now
are explicit values and the only property of the g.c.d. used is linearity, i.e., that n g.c.d.(^, B) =
g.c.d.QiA.nB).
1995]
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In the same manner in which we proved (1.6) and (1.7), the reader may establish the following variations:

Note that in (1.6), (1.7), (2.1), (2.2), (2.3), and (2.4) we have in each case the g.c.d. of (j)
and (l+l), where a and b assume only the values -1, 0, +1 and in some special manner.
Here is a different-looking result, easily verified:

(w + l-*)(* + l ) g x . d . ^ 1 ) ^ 1 j J = Qg.c.d.(^ + l)>(/i-*)(/i + l-*)),

(2.5)

so that if we try to shift a unit in both coefficients we get quadratic factors appearing.
Relation (1.6) may be extended easily by shifting both k and n in the one binomial coefficient
by the same amount. Thus, if we let 0 <i <k, we find
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so that we have proved
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for every / with 0 < / < k, and the quotient is
g.c.d.[(j)i<i,-i)...(ii-,-+i)(»:}:5)

The corresponding proof by the original method of Hermite, using the Euclidean algorithm
runs as follows. Let d = g. c. d. (n - /', k(k -1) • • • (k -1)). Then there exist integers x and y such
that (n- i)x + k(k-l)--(k-i)y
= d. Thus,
388

[NOV.

EXTENSIONS OF THE HERMITE G.C.D. THEOREMS FOR BINOMIAL COEFFICIENTS
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whence the result follows; however, it does not yield the explicit quotient value.
Two formulas that are similar to (2.5) and which may be verified by the reader are:
K* + l ) g x . d . ^ ^
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and
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3. EXTENSION TO GENERALIZED BINOMIAL COEFFICIENTS
The proof of (1.8) runs as follows:

=g.cd.[4,{?}.^{i})={j}g-c.d.(4,,4«).
while for (1.9), we have

4*i-* g-cd({j}, {»_,}) = g.c.d(A+i-,{^ ^-\kn-1})
= g.c.di 4,+1_ krX 4,uj j = u|g-c-d-(4+i-^ A)A simple but important application of (1.9) is to show that the Fibonomial Catalan numbers
are in fact integers. Let An=Fn=n*i Fibonacci number. Then by (1.9), with the substitutions
n <r- In, k <- w, we have that {nk}F is divisible by Fn+l I (Fn+l, Fn). But (Fn+l, Fn) = l, whence the
nth Fibonomial Catalan number
1 [2ri\
(31)
pr

r

n

n+l ^

is an integer. This makes a shorter proof than what was done in [4, p. 363].
4. THEOREMS ABOUT LEAST COMMON MULTIPLES
Since (a, b)[a, b] = ab, where [a, b] denotes the least common multiple of a and b, for positive integers a and h, we may convert our theorems to statements about least common multiples.
Relation (1.7) may be restated as
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so that, in terms of least common multiples

lc m
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These then give interesting and useful statements about the g.c.d. and l.c.m. of consecutive
binomial coefficients on the 77th row of the Pascal triangle. In principle, we may find relations for
the g.c.d. and l.c.m. of (nk) and {J).
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