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1. INTRODUCTION 

Dickson [1], in his History of the Theory of Numbers, attributes the divisibility theorems 
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where (#, k) denotes the greatest common divisor of n and k to Hermite [9], [10] whose proofs 
use the Euclidean algorithm. In [5] and [6] the proofs were extended by one of us to generalized 
binomial coefficients defined by 
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where {A„} is a sequence of integers such that AQ = 0,An^0 for n > 1, and such that the ratio in 
(1.3) is always an integer. Of course, the ordinary binomial coefficients occur when An-n. 
When An= Fn, the nth Fibonacci number, we obtain the well-known "Fibonomial" coefficients. 
Another very well-known case is when An=qn -I, in which case the coefficients determined by 
(1.3) are the Gaussian or ^-binomial coefficients. The generalized forms of Hermite's theorems 
obtained in [6] are as follows: 
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In this paper we will replace (1.1) and (1.2) by the following theorems: 
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so that the explicit quotients in the original Hermite statements are made evident as just g.c.d.'s of 
two binomial coefficients. 

What is more, the corresponding extensions to generalized binomials take the forms 

and 

Note especially now that in (1.9) the greatest common divisor automatically divides 4^+I-A: 
whereas in (1.5) this was not necessarily the case. 

Some variations of these theorems will be presented so that the problem raised by Gould in 
[3] (no solution having appeared in the interim in the Monthly) will have a better formulation due 
to the nature of our present attack. That problem asked for a way to unify Hermite's two theo-
rems into a general result of the form 

an + bk+c | /V | ( ] 1 0 ) 

(rn + s, uk + v)\ \k ) 
for suitable parameters 

The explicit forms (1.6) and (1.7) were obtained by Schlesinger in November 1986, and are 
now being published here for the first time. 

It should be remarked that Dickson [1] also traces (1.1) in a form valid for multinomial coef-
ficients back to Schonemann [15] who, in 1839, used symmetric functions and pih roots of unity. 

2. PROOF OF (1.6) AND (1.7) AND VARIATIONS 

We need only the simplest properties of the binomial coefficients and the greatest common 
divisor to see that 

»gc.d(0,(r_i
1))=g,.d(nQ,H n-\ 

k-\ 

= 8-c.dWjUj]] = II]g.c.d.(n,*) 
which proves (1.6). Similarly, 

( ,+ l - * ) g . c . d ^ 
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which proves (1.7), since g.c.d.(w + l-A:, k) = g.c.d.(w + l, k). 
The improvement offered by this approach is that we avoid the use of the Euclidean algo-

rithm which only told us that g. c. d. (w, k) = nx + ky for some integers x and y. What we have now 
are explicit values and the only property of the g.c.d. used is linearity, i.e., that n g.c.d.(^, B) = 
g.c.d.QiA.nB). 
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In the same manner in which we proved (1.6) and (1.7), the reader may establish the follow-
ing variations: 

Note that in (1.6), (1.7), (2.1), (2.2), (2.3), and (2.4) we have in each case the g.c.d. of (j) 
and (l+l), where a and b assume only the values - 1 , 0, +1 and in some special manner. 

Here is a different-looking result, easily verified: 

(w + l-*)(* + l ) g x . d . ^ 1 ) ^ 1 j J = Qg.c.d.(^ + l)>(/i-*)(/i + l-*)), (2.5) 

so that if we try to shift a unit in both coefficients we get quadratic factors appearing. 
Relation (1.6) may be extended easily by shifting both k and n in the one binomial coefficient 

by the same amount. Thus, if we let 0 <i <k, we find 

(»-/)g.c.d|Q,»(»-i)-(»-/+i)^:;.:1
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= gxA.{{n-i){^,k{k-\)---(k-i)^kZ)z\ 

= ( j jg . c .d . (« - / , t ( t - l ) - (* -0 ) , 

so that we have proved 
n-i 

((n-i),k(k-l)-(k-i)) 

for every / with 0 < / < k, and the quotient is 

(2.6) 

g.c.d.[(j)i<i,-i)...(ii-,-+i)(»:}:5) 

The corresponding proof by the original method of Hermite, using the Euclidean algorithm 
runs as follows. Let d = g. c. d. (n - /', k(k -1) • • • (k -1)). Then there exist integers x and y such 
that (n- i)x + k(k-l)--(k-i)y = d. Thus, 
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((» - / > + * ( * - ! ) . . . ( * - f)y^k] = (n- i)x[^j + k(k-l)--(k- i))\n 

= (n-i)x(nA + n(n-l)---(n-i)y(n
k-_i-_\ 

whence the result follows; however, it does not yield the explicit quotient value. 
Two formulas that are similar to (2.5) and which may be verified by the reader are: 

K* + l ) g x . d . ^ ^ (2.7) 

and 

Kn + l - * ) g . c . d . ^ _ 1
1 ) ^ + 1 J = Qg.c.d.((« + l-*)A)/i(/i + l)). (2.8) 

3. EXTENSION TO GENERALIZED BINOMIAL COEFFICIENTS 

The proof of (1.8) runs as follows: 

=g.cd.[4,{?}.^{i})={j}g-c.d.(4,,4«). 
while for (1.9), we have 

4*i-* g-cd({j}, {»_,}) = g.c.d(A+i-,{^ ^-\kn-1}) 

= g.c.di 4,+1_ krX 4,uj j = u|g-c-d-(4+i-^ A)-

A simple but important application of (1.9) is to show that the Fibonomial Catalan numbers 
are in fact integers. Let An=Fn=n*i Fibonacci number. Then by (1.9), with the substitutions 
n <r- In, k <- w, we have that {n

k}F is divisible by Fn+l I (Fn+l, Fn). But (Fn+l, Fn) = l, whence the 
nth Fibonomial Catalan number 

1 [2ri\ ( 3 1 ) 
pr n 
rn+l ^ 

is an integer. This makes a shorter proof than what was done in [4, p. 363]. 

4. THEOREMS ABOUT LEAST COMMON MULTIPLES 

Since (a, b)[a, b] = ab, where [a, b] denotes the least common multiple of a and b, for posi-
tive integers a and h, we may convert our theorems to statements about least common multiples. 
Relation (1.7) may be restated as 
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so that, in terms of least common multiples 

n) ( n )) n + l-k ( n 
(n + l,ky 

lc-m-l* U-i - s i r ^ U - i - < 4 - 2 ' 
These then give interesting and useful statements about the g.c.d. and l.c.m. of consecutive 
binomial coefficients on the 77th row of the Pascal triangle. In principle, we may find relations for 
the g.c.d. and l.c.m. of (n

k) and {J). 
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L O C A L I N F O R M A T I O N 

For information on local housing, food, tours, etc., please contact: 

PROFESSOR DR. ROBERT F. TICHY 
INSTITUT FUR MATHEMATIK 
TECHNISCHE UNIVERSITAT GRAZ 
STEYRERGASSE 30 
A-8010 GRAZ, AUSTRIA 

Call for Papers 
The SEVENTH INTERNATIONAL CONFERENCE ON FIBONACCI NUMBERS AND THEIR APPLICATIONS will take 
place at Technische Universitat Graz from July 14 to July 19, 1996. This conference will be sponsored jointly by the Fibonacci 
Association and Technische Universitat Graz. 
Papers on all branches of mathematics and science related to the Fibonacci numbers as well as recurrences and their generalizations 
are welcome. Abstracts and manuscripts should be sent in duplicate following the guidelines for submission of articles found on the 
inside front cover of any recent issue of The Fibonacci Quarterly to: 

PROFESSOR GERALD E. BERGUM PROFESSOR F. T. HOWARD 
THE FIBONACCI QUARTERLY DEPARTMENT OF MATH. & COMP. SCI. 
COMPUTER SCIENCE DEPARTMENT or BOX 7388 REYNOLDA STATION 
BOX 2201 WAKE FOREST UNIVERSITY 
SOUTH DAKOTA STATE UNIVERSITY WINSTON-SALEM, NC 27109 
BROOKINGS, SD 57007-1596 
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