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1. INTRODUCTION 

Let Fq denote the finite field of order q = pe, where q is an odd prime. If f(x) is a polyno-
mial of degree d>\ over F then it is clear that 

d 
+ l<V(f) = \{f(x):xeF}\<q, 

where [w] denotes the greatest integer less than or equal to w. We say that fix) permutation 
polynomial ifV(f) = q, and f(x) is a minimal value set polynomial if 

V(f) = q-l 
d + 1. 

A polynomial fix, y) with coefficients in Fq is a local permutation (minimal value set) poly-
nomial over F if f(a, x) and f(x, b) are permutation (minimal value set) polynomials in x for all 
a and b in Fq. Local permutation polynomials have been studied by Mullen in [5] and [6]. 

In this note we will consider local minimal polynomials of small degree (< <Jq) on both x and 
y. We will show that there are only five classes of local minimal polynomials. Namely, 

(a) f(x,y) = aXmYn + bXm + cYn +d,m,n\(g-1), 
(b) f(x,y) = (aX + bY + c)m+d,m\(q-l), 

(c) f(x,y) = aX2Y"+bX2+cX + dY"+e,n\(q-l), 

(d) f(x,y) = aXmY2+bY2+cY + dXm+e,m\(q-l)9md 

(e) f{x,y) = aX2Y2+bX2 +cY2 +dX + eY + gXY + h. 

where X = (x- xQ) and Y = (y - y0) with x0, y0 in Fq. 

2. THEOREM ANB PROOF 

Miinimal value set polynomials have been studied by several authors. L. Carlitz, D. J. Lewis, 
W. H. Mills, and E. Strauss [2] showed that, when q is a prime and d- deg(/) <q, all minimal 
value set polynomials with V(f) > 3 have the form f{x) - a(x + b)d +c with d dividing q-l. 
Later, W. H. Mills [4] gave a complete characterization of minimal value set polynomials over 
arbitrary finite fields with d <Jq . A weakened form of Mills's results can be stated as follows: 
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Lemma 1 (Mills): If F is a finite field with q elements and f(x) is a monic polynomial over F 
of degree d prime to q, then 

d<^ and V(f) = q-\ + 1 
imply 

d\(q-\) and f(x) = (x + b)d+c. 

For other related results, see [1] and [3]. We are now ready for our result. 

Theorem 2: Let Fq denote a finite field of order q- pe!, where/? is an odd prime. Let 
n m 

/=0 y'=0 

denote a polynomial with coefficients in Fq. Assume that m, n, n-l, and m-\ are relatively 
prime to q and \<m,n<^q . Assume an(x)bm(y) & 0 for all x, y in F . Then f(x,y) is a local 
minimal polynomial if and only if f(x, y) has one of the following forms: 

(a) f(x,y) = aXmYn+bXm+cY"+d,rn,n\(q-l\ 
(h) f(x,y) = (aX + bY + cr+d,m\(q-l), 
(c) f(x, y) = aX2Yn +bX2 +cX + dYn +e,n\(q -I), 
(d) f(x,y) = aXmY2 + bY2 +cY + dXm +e,m\(q-1), and 
(e) f(x,y) = aX2Y2+bX2+cY2+dX + eY + gXY+h. 

where X = (x-x0) and Y- (y-yQ) with x0,y0 inFq. 

Proof: If f(x, y) is one of the forms (a)-(e), then it is easy to see that f(x, y) is a local 
minimal value set polynomial. Now, let 

n m 

denote a local minimal value set polynomial over Fq satisfying: 

(i) \<m,n<Jq, 
(ii) {mnim - \)(n -1), q) = 1, 

(HI) ^ ( x ^ O O ^ O f o r a l l x ^ i n ^ . 

Also, and without loss of generality, assume that m<n and n>3 [n = 2 gives form (e)]. 
Then, by Lemma 1, 

f(x9y) = an(xi 

••Km 

. «a„(x)) n"a"n \x) 

x+M4T'+*bO--£^ 
"»*«(y) «r*r10')' 

(i) 

(2) 
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for all x, y in F and m, n \ (q ~ 1). Hence, 

™ an{x)y + ̂ =M^ + f l b ( x K - i ( x ) _ f t iM 

=«rw w+^I+wr'w 
w J 

C i ( y ) 
W 

(3) 

for all x, 3; in Fq. Further, since \<m<n<^Jq, equation (3) also establishes the equality of the 
polynomials. Therefore, 

K~2(y)\ 

= a"n-\x)\ 

a:-\x)y"+a:-\x)an_x{x)yn-1 + - + ̂ ^ - y + a0{x)aT\x) 

Hence, 

m 

n\a73(yfe(y)^-3 , x O 0 a^ (x) divides ~ y • + - >,«-2 

and, consequently, ^~2(x) divides a"lj(x). Now, if g(x) is an irreducible factor of an(x) so 
that gc(x)|a„(x) but g"c+1(x)|aw(x), then ge(x) divides an_x{x) for some integer e such that 
1 < c(n - 2) < (w - l)e. Therefore, since deg(g(x)) > 2, e < c -1 implies c(?? - 2) < (w - l)(c -1) or 
7 ? - l < c < y < y , a contradiction. Thus, aM(x) divides <Vi(x). 

Case 1. aw_1(x) = 0. Then, by (1), 

f(x,y) = an(x)yn+a0(x) = 

= (anmyn+a0m)\ 

Hence, f(x, y) has the form (c) or m > 3 and 

V/=o y /=o /=o 

x ! anm-\y + a 0 m - l + a W + % ) " m\anmf+a,my-X° 

\m-i 

•amy + % 

or 
anm-\y + a 0 m - l \ =(«nffl/+«ojm-'_1Ky+%) (4) 

for all 3; in F and / = 1,2,..., m. So, if a„w = 0, then anm_x - 0 and we obtain 

f(x,y) = a{ •0m 
x 1 MQm-i +<w +%>- ^ O w - l 

vw%» 
-*0w» 
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where aQman0 & 0. On the other hand, if anm ^ 0, then, again by (4), 
a0m __ a0m-l 

Therefore, either f(x, y) has the form (c) or 

I n \m / n \ 

x + a iy+a0 ) +anQyn+aoQ_{a y +a0^y 
m{anmy +aom)) mm(anmyn +a0m)m 

m 

= (anmyn+aQm)\x + 
manmJ 

+ <**f + %) H -Jm=± (anmy" +<*om) 

and f(x, y) has the form (a). 
Case 2. a^x^a^ix) * 0. Then, by (1), 

dog(an(x))Hri-l)dJ^^)<m. 

Hence, either d e g ( ^ ^ } ) = 0 or d e g ( ^ ^ ) = 1 and deg(a„(x)) = 0. First, we assume that 
deg(^g^) = 1 and deg(a„(x)) = 0. Thus" n -1 < m < n and ; 

f(x, y\= Ax(y + axx.+ cx)n + g(x), 

where Axax ^ 0 and g(x) denotes a polynomial of degree less than or equal to n. Now, m-n-\ 
gives bm(y) = bn_l(y) = na"~l(y + cl) + c2, a contradiction to (iii). Thus, bm(y)=bn(y) is a con-
stant polynomial, deg( ^"ff) = 1 and 

where A2a2 ^ 0 and h(y) denotes a polynomial of degree less than or equal to n = w. Therefore, 
there exist constants A3, a3, and c3 such that 

« n 

/=0 7=0 

where #(x) = Z7
W

=0 ̂  anc* ^00 - 2f=o ̂ y • Now we compare the coefficients of x"~7y in (5) to 
obtain 

A3 "p = A2\j)4 
for i = 1,..., n - 1 . Since in -1,9) = 1, it follows that A^- A3 and a2=a3. Thus, comparing the 
coefficients of x"-2}>, c2 = c3. Therefore, g(x) = A(y) = t/ for some constant d, and 

f(x,y) = A(x + ay + c)n+d 

which has the form (b). 
Now we assume that deg(^ *\/) = 0. Then 
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for some a <=Fq. Therefore, f(x, y-a) =an(x)y" + g(x), which is a polynomial already con-
sidered in Case 1. This completes Case 2 and the proof for m < n. lfn<m, then a similar argu-
ment will provide form (d). 

The next example illustrates the necessity of the condition (n -1, q) - 1. 

Example: For a in Fn, let f(x, y) denote the polynomial 

f(x, y) = 2x4 + x3y + xy3 + j 4 + lax3 +ay3 + 2a3x + a3y. 
Then 

f(x, y) = (x + y + a)4 + x4 +ax:3 +a3x + 2a4 

= 2(x + 2j/ + a ) 4 + 2 / + a 4 . 

Therefore, since 4|80, f(x, y) is a local minimal polynomial that is not in the list (a)-(e). 
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