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1. INTRODUCTION 

In 1989, Luo Ming [5] proved Vern Hoggatt's conjecture that the only triangular numbers in 
the Fibonacci sequence {Fn} are 1, 3, 21, and 55. It is our purpose, in this paper, to show that 1 
is the only triangular number in the Pell sequence {Pn}. 

Aside from the proof itself, Ming's unique contribution in his paper was his development and 
use of the value of the Jacobi symbol ($F2kg+m + \\L2k), where {Ln} is the sequence of Lucas 
numbers, g is odd, and k = ±2 (mod 6). In other papers involving similar arguments, the value of 
the Jacobi symbol (f(2kg + m)\Lt), for certain functions f(ri) of Fn and/or Ln, has often been 
obtained for t a divisor of £, but not for t equal to 2k (e.g., [1], [2], [3], and [7]). 

It is immediate, from the definition, that an integer A: is a triangular number iff 8& +1 is a 
perfect square >1. We shall employ an argument similar to that used by Ming to show that, for 
every integer n*±l, there exists an integer w(ri), such that 8PW + 1 is a quadratic nonresidue 
modulo w(n). 

We require the sequence of "associated" Pell numbers defined by Q> = \ Q\ = 1 a n c l for all 
integers n > 0, Qn+2 = 2Qn+1 + Qn. The first few Pell and associated Pell numbers are 

{PB} = {0,1,2,5,12,...} and {Qn} = {1,1,3,7,17,...}. 

2. SOME IDENTITIES AND PRELIMINARY LEMMAS 

The following formulas and identities are well known. For all integers n and m, 

P_m = (-\r1Pm and Q.m = (rlTQa, (1) 

Pm+n = 2PmQn-{-\fPm^ (3) 

P2.m = Pm(2Qm)(2Q2m)(2Q4m)-(2Q2,^J, (4) 

Q2
m = 2PZH-lT, (5) 

Q2m = 2Ql-{-\y. (6) 
If d = gcd(/w, n), then 

gcd(Pm, Q„) = Qd if mI d is even, 
gcd(Pm,Q„) = l otherwise (see [4]). (7) 

We note that (6) readily implies that, if t > 1, then Q^ = 1 (mod 8). 
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Lemma 1: Let k = 2\t > 1, g > 0 be odd and m be any integer. Then, 

(i) Pikg+m = " ^ (mod ft), and 
(ft? P2^±P2,(mode2*)-

Proof: (i) is known [and can be easily proved using (1) and (3)]. lfn = 2kg = 2k(g -\) + 2k, 
then, using (3), (ii) readily follows from 

*n ~ ^2k{g-V)Qlk ~ \ 1) ^2k(g-2) = ~^2Jfc(g-2) ( m ° d 0 2 * ) ' 

^ m m a 2; If * = 2\t > 1, then (8P2, +1|22„) = (-8PU + l|ft*). 

Proof: We first observe that each Jacobi symbol is defined. Indeed, if d = gcd(8i^ +1, Q2k) 
or gcd(-8i^ +1, Q2k), then, using (5), d divides 

(SP2k +1).(-8P2, +1) = l - 6 4 i £ = l -32(22\ -1) = 3 3 - 2 $ * . 

Hence, */|33. But 33|P12 which implies d = l, since, by (7), gcd(P12, Q2k) = 1. 
To establish the lemma, note that 

mk+iia*x-8P2t+iia*)=o - 644 ie2i>=(331&)=(&, 133). 
Now, by (6), Q, = 17, Q, = 2^ 2 - 1 = 2-172 - 1 = 16 (mod 33), and by induction, Q2lc s 16 (mod 
33) if t > 2. Hence, if t > 1, (02jt |33) = +1. 

Lemwia 5: If A: = 2',.f > 2, then (8Pt + Qk [33) = - 1 . 

Proof: Q2=3, Qt = 17 = -16 (mod 33), and as observed in the proof of Lemma 2, £> =16 
(mod 33), if j > 3. Hence, by (4), if / > 2, 

SPt = SP2(2Q2)(2Q4)-(2Q2,.I) = 8-2-6-(±l) S ±3 (mod 33), 

so, SPk+Qk = +13 or +19 (mod 33) and both (±13|33) and (±19|33) = - 1 . 

From a table of Pell numbers (e.g., [6], p. 59), we find that P24 = 0 (mod 9) and P25 = 1 (mod 
9). Using (2), 

Pn+2* = PA + ̂ -i^24 - Pn (mod 9), 
and we have, immediately, 

Lemma 4: If n = m (mod 24), then Pw = Pw (mod 9). 

3. THE MAIN THEOREM 

Theorem: The term Pn of the Pell sequence is a triangular number iff n - ±1. 

Proof: Ifn = ±1, i^ is the triangular number 1. By (1), if n is an even negative integer, then 
&Pn +1 is negative, and if« is odd, then P_n-Pn\ hence, it suffices to show that SPn +1 is not a 
square for # > 1. Let n - 2kg+m, k-2\t>\g>\ odd, and assume Pn is a triangular number. 
[Then (8P„ +11N) = +1 for all odd integers K] 
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Case 1. n odd. Since n = ±1 (mod 4), 8PW +1 = 8P2kg±i +1 = -7 (mod Qk),by Lemma l(i) 
and (1). But it is readily shown, using (6), that Qk = 3 (mod 7). Hence, 

( 8 P „ + i i a ) = ( - 7 i a ) = ( a i 7 ) = ( 3 | 7 ) = - i , 
a contradiction. 

Case 2 (mod 4): n = 2. It is easily seen that {Pn} has period 6 modulo 7, and that, for n 
even, (%Pn + 1|7) = +1 only if w = 0 (mod 6). Hence, w =• ±6 (mod 24). By Lemma 4, 

8P„ + 1 = ±8P6 + 1 = 3 or 8 (mod 9). 

But 3 and 8 are quadratic nonresidues of 9, so %Pn +1 is not a square. 

Case 3. n = 0 (mod 4). By Lemma 1(11) and Lemma 2, 

(8^+iia*)=(8^+iia*)-
If* = 2(f = l),(8P2t + l|QjJt) = (97|17) = - l . Assumef>2. Now, 

%P2k + 1 s 8PU + (2ft2 - 62k) - 2Qk(8Pk + a ) (mod Q2!c). 

Let 5fc = %Pk +Qt [note that s t = l (mod 8)]. Then, using properties (5) and (6), 

( 8 ^ + 1 I & ) = (Qk \QvM \Qu) = (Qik \QkWik W) 
= (2$-l\Qk)(2P? + QZ\Sk) = (+l)(2tf+(Sk-SPk)2\Sk) 
= (66Pk

2 \sk) = (33\sk) = (sk |33) = (SPk + ft |33) = - 1 , 

by Lemma 3, and the proof is complete. 
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