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1. INTRODUCTION

In [12] we showed how to algorithmically prove all polynomial identities involving a certain
class of elements from second-order linear recurrences with constant coefficients. In this paper,
we attempt to extend these results to third-order linear recurrences.

Let (S,) be a sequence defined by the third-order linear recurrence

S, =DS,1 498, +15,5, (D

where 7 # 0. We will consider three special such sequences, (X,), (¥,), and (Z,), given by the
following initial conditions: '
Xo=0, X,=0, X,=1,
L=0, L=l L=0 )
Zy=1 Z,=0, Z,=0.
These initial conditions were chosen so that the three sequences form a basis for the set of all
third-order linear recurrences with constant coefficients, and because they will allow us (in a
future paper) to generalize our results to higher-order recurrences. These three sequences also
have nice Binet forms.
Given any sequence (S,) that satisfies recurrence (1), we can write its elements as a linear
combination of X,,, ¥, and Z,, namely,

S, =8X,+S8Y,+S,Z,. ?3)
Thus, it suffices to show that we can algorithmically prove any identity involving X, ¥, and Z .

The sequence (S,) can be defined for negative values of n by using recurrence (1) to extend
the sequence backwards or, equivalently, by using the recurrence

S—n = (—qS—nH - pS—n+2 + S—n+3)/r- (4)
A short table of values for X, ¥, and Z, for small values of » is given below:

-2 -1 01 2 3 4 5
—q/r? 1/r 00 1 p p*+q p +2pg+r
0 1
1

(pq+r)/r* -plr 0 q pg+r p'q+pr+q*
(qz—pr)/r2 ~qlr 0 0 r pr r(p2+q)

The characteristic equation for recurrence (1) is

N> |z

X —pxt—qe-r=0. 5)

Let the roots of this equation be r,7,, and r;, which we shall assume are distinct. The condition
that these roots are distinct is that A, the discriminant, is nonzero. That is,
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K= -n) (-1 (n-n) = p’q* -27r +4¢° - 4p’r —18pgr > 0. (6)
The Binet forms for our sequences are given by:
X,=An" +Br +Cry,
Y, = AN + By + G, (7
Zn = A3r1n + B3r2n + C3r3n,

where
1 1 1
A= B=———" =
' (h-n)n-nr)’ ' (r,—n)r—n) ' (r;—n)(r—1)
_ —(r+n) B = —~(r+n) C. = —(n+n) . 8
4 (h-n)r-nr)’ g (n-n)r-n)’ g (ry—n)(r—1)’ ®)

B _ B h

5 B - ’ C = :
R G M CE D R RN RN [CErY
Another sequence of interest is

an :Xn+2+Y;1+1+Zn = pX,

n+l

4=

+2gX, +3rX, | = (P* +29) X, + pY, +3Z,

because 7, has the Binet form
Wy=r 41y 47 ©)

We can solve the equations in (7) for the r”. We get

K =RX,+r1,+Z,
r = r22Xn +nY, +Z, (10)
r = er,, +nY,+Z,

This idea was suggested by Murray Klamkin. It also follows from Lemma 1 of [11]. These
equations let us convert an expression involving powers of 7,, where a variable # occurs in the
exponents, to expressions involving X,, ¥, and Z, .
From the relationship between the roots and coefficients of a cubic, we have
ht+n+rn=p,
ny + 0+ =g, 1y
Koty =T.

Thus, any symmetric polynomial involving #,7,, and #; can be expressed in terms of p, ¢, and r.
An algorithmic method (Waring's Algorithm) for performing this transformation can be found on
page 14 in [S].
An explicit formula for X, in terms of p, ¢, and  was given in [13], namely,
Xpa= Y. (a; 2tc)p“q”rc. (12)
a+2b+3c=n

Similar formulas for ¥, and Z, can be obtained from the fact that ¥, = X, ,, — pX, and Z, =rX_,.
Matrix formulations were given in [17] and [20]:
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Spi2 p q r "’ 5,
St l=|1 0 0|5 |, (13)
S, 0 1 05,
XY (p 1 oY
Y 1=iqg 0 1 0, (14)
Z, r 0 0 0

Xy Lo Zy P g9 r !

Xt T Zy|=|1 0 OF. (15)

0 1 0

2. THE BASIC ALGORITHMS

and

Algorithm "TribEvaluate”

Given an integer constant #, to evaluate X, ¥, or Z, numerically, apply the following algo-
rithm: :

Step 1. [Make subscript positive.] If #n <0, apply Algorithm "TribNegate" given below.

Step 2. [Recurse.] If n>2, apply the recursion: S, = pS, ,+¢gS,_,+rS, ;. This reduces
the subscript by 1, so the recursion must eventually terminate. Ifnis 0, 1, or 2, use the values in
display (2).

Note: While this may not be the fastest way to evaluate X, ¥, and Z , it is nevertheless an
effective algorithm.

The key idea to algorithmically proving identities involving polynomials in X, ¥ ,,, and
Z 15 18 to first reduce them to polynomials in X, ¥, and Z,. To do that, we need reduction
formulas for X, ¥, .., and Z,_, . Such formulas can be obtained from equations (7), (8), (10),
and (11).

From (10), we can compute """ by multiplying together 7" and ™. Then (7) gives us X,,,,,.
Therefore, X,,, =A@ X, +rY, +Z )2 X, +rY, + Z VB X, + 1Y, + Z) (2 X, + 1Y, + Z,)+
C X, +nY, +Z Yt X, +nY,+Z,). Substituting in the values of the 4, B, and C; from (8)
gives us an expression that is symmetric in 7,7, and r;. Applying Waring's Algorithm allows us
to express this in terms of p, ¢, and r using (11). We can do the same for ¥, and Z,, . The
results obtained are given by the following algorithm.

Algorithm "TribReduce” To Remove Sums in Subscripts
Use the identities
Ym+n :(pq+r)Xan+q(XnYm + meq)+)/;12m + Y;nZn’ (16)
AN prX, X, +r(X)Y + X YY+Z Z .

m+n

These are also known as the addition formulas.
From the table of initial values, we find that the reduction formulas can also be written in the
form
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Xm+n = X4Xan + X3(XnYm + XmY;l) + Xan + XmZn +KnYn’
Voin = LX0 X, + B(X, 1, + X, L)+ V.2, + Y, 2, (17)
Z,. =ZX, X +Z(XY + X, )+Z,7Z,.

The matrix formulation is

x\(x, X X)X,
Xopin =| T X X, X | L (18)
Zm X2 Xl XO Zn

with similar expressions for ¥, and Z, .
If we allow subscripts on the right other than "»" and "m", simpler forms of the reduction
formula can be found. For example, [18] gives the following:

S =X, 8, +Y.8 +ZS,. (19)

n+m mn+2 n+l

Similar expressions can be found in [7] and [17]. In matrix form, they can be expressed as

Sn+m Xm+1 Kn+l Zm+1 Sn+l
Sn+m-—1 = Xm Kn Zm Sn . (20)
Sn+m—-2 Xm—l Y;n—l Zm—l Sn-l

These formulations come from [18] and [20].
Algorithm "TribReduce" allows us to replace any term of the form S, ,,, where a and b are

positive integers by terms of the form §,. To allow a and b to be negative integers as well, we
can also use equation (16); however, then we will obtain expressions of the form S_,. Since we
would like to express these in the form ,, we must find formulas for S_,. The same procedure
we used before works again. For example, from (10), we can compute 7" as 1/7". Equation (7)
then gives X_, = A4 /(2 X, +1nY,+Z )+ B,/ (i X, +nY, +Z)+C,/ (rt X, +nY,+Z ). Again we
apply Waring's Algorithm and we get the following result.

Algorithm "TribNegate' To Remove Negative Subscripts

Use the identities
X = pXY, —qX2+ 1 - X,Z,
r" ’
y, = PatnX, —pzr/\n’n& —pL Yz, @)
7. =@ =X~ (Pg XY gl + (P 42 X, Z, + pYZ, + 2,
r" '

If we allow subscripts on the right other than "n", simpler forms can be found. For example,
X—n = (Xn+1Yn - XnY;Hl)/rn’
Y, = (X - X,0l) /17, (22)
Z_p=(Xpalo — Xy d) 177
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3. THE FUNDAMENTAL IDENTITY CONNECTING X, ¥, AND Z

The Fibonacci and Lucas numbers are connected by the fundamental identity

I2 = 5F +4(-1)". (23)

Furthermore, it can be shown that, if f(F,, L) is any nonconstant polynomial [with coefficients
that are constants or of the form (-1)"] that is O for all integral values of n, then this polynomial
must be divisible by IZ — 5F? — 4(-1)". That is, (23) is the unique identity connecting F, and L.

A similar result holds for arbitrary second-order linear recurrences. For third-order linear re-
currences, we believe there is also exactly one fundamental identity connecting X, ¥, and Z . In
this section, we will find such an identity, but we do not prove that this identity is unique.

To obtain an identity connecting X, ¥, and Z,, we can multiply together the equations in
display (10). The result is a symmetric polynomial in 7,7, and r; and can thus be expressed in
terms of p, g, and . The resuit is the following.

The Fundamental Identity:
=X+ 2D+ (g - 2pr) X2 Z, — qr XY, + prX VP 24)
+ (PP +2) X, 2 -Vl Z,+ pY,ZE —(pg +3r) XY, Z,.

If we allow subscripts on the right other than "»", simpler forms of the fundamental identity
can be found. For example, [15] gives the following equivalent formulation:

Xn+2 Xnﬂ Xn
Yo L L |=r" (25)
Zn+2 Zn+1 Zn

4. THE SIMPLIFICATION ALGORITHM

Let us be given a polynomial function of elements of the form X, ¥, and Z, where the
subscripts of X, ¥, and Z are of the form an, +a,m, + - +a,n, +b, where b and the a, are integer
constants and the #; are variables. To put this expression in "canonical form," we apply the fol-
lowing algorithm.

Algorithm "TribSimplify" To Transform an Expression to Canonical Form

Step 1. [Remove sums in subscripts.] Apply Algorithm "TribReduce" to remove any sums
(or differences) in subscripts.

Step 2. [Make multipliers positive.] All subscripts are now of the form cn, where c is an
integer. For any term in which the multiplier c is negative, apply Algorithm "TribNegate".

Step 3. [Remove multipliers.] All subscripts are now of the form cn, where ¢ is a positive
integer. For any term in which the mulitiplier ¢ is not 1, apply Algorithm "TribReduce" succes-
sively until all subscripts are variables.

Step 4. [Remove powers of Z.] If any term involves an expression of the form Zf , where
k >2, reduce the exponent by 1 by replacing Z> by its equivalent value as given by the funda-
mental identity (24), namely,
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Zy=r" =1 X} = 1Y) ~(q* - 2pr) X3 Z, + r XY, — prX, X}

(26)
~ (P +29) X, 2, + gV 2, = PLLZ 4 (P + 3 X V7,

Continue doing this until no Z, term has an exponent larger than 2.

Proving Identities

To prove that an expression is identically 0, it suffices to apply Algorithm "TribSimplify". If
the resulting canonical form is 0, then the expression is identically 0. We believe that the converse
is true as well; that is, an expression is identically O if and only if Algorithm "TribSimplify" trans-
forms it to 0. A formal proof can probably be given along the lines of [18]; however, we do not
do so. Suffice it to say that Algorithm "TribSimplify" was checked on about 100 identities culled
from the literature and it worked every time. ' A selection of these identities is given in the appen-
dix. See also [6] for a related algorithm for trigonometric polynomials.

5. OTHER ALGORITHMS
These algorithms can be verified by applying Algorithm "TribSimplify."

Algorithm "ConvertToX" To Change ¥'s and £'s to X's

Use the identities
=-pX,+ X,
Z,=rX,_; 27

Algorithm "ConvertToY" Te Change Z's and X's to ¥'s
Use the identities
Z, = (L —qrY, )/ (pg+1), 28)
X, =L +rY, )/ (pg+r).

Algorithm "ConvertToZ" To Change X's and YV's to Z's
Use the identities
X,=2,.,1r,
Y;r = Zn—l +an /T". (29)
Algorithm "Removepgr" To Remove p's, ¢'s, and r's
Use the identities
pP= (Xn+1 _Kl)/ Xm
q:(Y;Hl-Zn)/Xm (30)
r=Z /X,

Algorithm "TribShiftDownl” To Decrease a Subscript by 1
Use the identities
Xn+1 = an + Yna

X1+1 :an+Zn= (31)

Z,, =rX,
These can be found in [10].
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Algorithm "TribShiftUp1" To Increase a Subscript by 1
Use the identities

X,=2,1r,
){1—1 = Xn _pZn /r: (32)
Zn—l :Yn_an/r'

Subtraction Formulas
Use the identities

Xm—n = (an(XnYm - XmKl) - (an + Zn)(Xan - XmZn)

+ (an +Yn)(Yan _YmZn)) /rn,
b, = (r(pX, + LXX, T, - X 1) +(pg+1) X, (X, Z, - X,Z,)

- (p(p+1)Xn _Zn)(Y;lZm_YmZn))/rn’ (33)

Zm—n = (ererf - qur?Kn + ernYth; +erK12 +q2X32m - erI?Zm
- qunY;lZm - anYan - anzZm - eranZn - anY;nZn
-rX, Y.z, +p*X, 2,7, +29X,Z,Z + pY.Z.Z +Z, Z*)|r".

If we allow subscripts on the right other than simple variables, simpler subtraction formulas
can be found. For example, [2] gives the following equivalent formulation:

Xpn=|2, Y, X, |/r",

Zn+l Y;IH Xn+l
Y;n—n = Zﬂ X‘l Xn /r"’

Zn+2 Y;H-Z Xn+2 (34)
Zm—n = Zn+1 K1+1 Xn+l /rn'

Zuy Yz Xeo

Double Argument Formulas
Letting m=n in equation (16) gives us the following:

X =P+ @)X} +2pX, Y, + 1} +2X,Z,
Y, =(pg+r)X; +2gX,Y,+2Y,Z,, (35)
Z,, = prX2+2rX, Y, + Z2.

To Remove Scalar Multiples of Arguments in Subscripts

An expression of the form §,,,, where k is a positive integer, can be thought of as being of the
form S, ., ..., Where there are k terms in the subscript. This can be expanded out in terms of S,
by k —1 repeated applications of the reduction formula (16). For example, for £ =3, we get the
following identities: '
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Xy, = (P +30°q+ @7 +2pr) X, +3(P* +2pg +1) XY, +3(p* + @) X, 1
+pY2+3(p* + ) X?Z, +6pX, Y, Z, +3VZ, +3X,Z2,
Yy, = (P’ +2pq* + p'r +2qr) X +3(pq +¢* + pr) XY, +3(pg +1) X, 1}
+qV?+3(pq+r)X2Z, +69X,Y 7 +3Y,Z2,
Z,, = (p’r+2pgr +r2)X3 + 3r(p2 + q)XfYn + 3ernK12 +rY"3
+3prX?Z, +6rX Y, Z, + Z..

In general, we have

k a ¢
Su= (a . C)Sza+bxnz,”z,,, (36)

a+b+c=k

where (, ) denotes the trinomial coefficient .. Formula (36) can be proven by induction on
k.

CHANGE OF BASIS (Shift Formulas)

Algorithm "TribShift" To Transform an Expression Involving

X,. Y, Z, IntoOnelnvolving X, ... Y, .. Z,
Use identities such as
_1(laX,+2Z, K|, _|pX.+Y, X pX,+Y, X,
Xn - D(‘ rXc Zc Xn+a r[j)(c Z: K1+b+ qu+Zb Y;) Zn+c >
where
P +pX, +pY,+2, pX,+Y, X,
D=| (pg+r)X,+qY, qX,+Z, L |, (37
prX, +rY, rX, i

which can be obtained by solving the linear equations
Ko = (P + DX X, + p(X Y, + X 1)+ X, Z, + X, Z,+ Y,
Loy = (g +0) X, X, +q(X 1 + X, )+ L2+ 1 7,
Zn+c = eran +r(XnIi‘ + XCI/II) + ZCZH’
for X,,Y,, and Z,.

One can change from the basis (X, Y, Z,) to the basis (X,,,,, X,15> X,+c) in @ similar man-
ner. Other combinations can be found in the same way. To change from one arbitrary basis to
another, apply Algorithm "TribReduce" to transform the given expression to the basis (X, Y,
Z,). Then use one of the above formulas.

6. TURNING SQUARES INTO SUMS

For Lucas numbers, there is the well-known formula,

Ly =L, -2(-1)", (38)
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which allows us to replace the square of a term with a sum of terms. To find an analog for third-
order recurrences, we can proceed as follows.
Combining equations (21) and (35) gives us six equations in the six variables X,Y,, ¥ Z

n-n>

X,Z,, X3, 12, and Z}. We can then solve these equations for X2,¥?, and Z? in terms of X, ,

n’»=>n>»

Y 2y, X, Y, and Z_,. We get the following (computer-generated) result.

Algorithm "TribExpandSquares" To Turn Squares into Sums
dXy =r"2(p* +5p’q +4q* + 6pr)X_, +2(p’ +4pg+9r)Y, +2(p* +39)Z_,]

39
+2(3pr—q2)X2n +(pq+9r)YZn _2([72 +3q)Z2nﬂ ( )
dr? =r"[2(p® + 6p*q +8p*q* +8p’r + 16pqr + 9r*) X_,
+2(p° +5p°q +4pq* +1p°r +3qr)Y, +2(p* +4p’q +q* +6pr)Z_,] (40)

+(r® = p’q” = 2¢° +2p°r +4pgr) X, +(P’q +3pg” + pr +3gN)L,,
- 2(p* +4p*q+q* +6pr)Z,

de = r"[2r(p5 + 6p3q + Spq2 + 7p2r +12gr) X_, +2r(p4 + 5p2q + 4q2 +6pr)Y,
+2r(p’ +4pq+9r)Z_ 1-2r*(p* +3q) X,,, +r(p*q +4q* - 3pr)L,, 41)
+ (9r2 - pzq2 - 4q3 + 2p3r +10pgr)Z,,,,

where d = 27r* — p’q* —4q" +4p’r +18pqr .

These formulas are a bit outrageous. Are there any simpler formulas? Can these be put in
simpler form? To be more specific, we ask the following.

Query: Is there a simpler formula than formula (41) that allows us to express Z7 as a linear
combination of terms, each of the form X,,,,, Y, .., orZ,,,? The coefficients may include the
constants p, q, and r as well as the nonlinear expression 7".

7. TURNING PRODUCTS INTO SIMPLER PRODUCTS

For Lucas numbers, there is the well-known formula,
Lan = Lm+n + (— 1)n Lm—m (42)

which allows us to turn products into sums. For third-order recurrences, there probably is no
corresponding formula. However, there is a formula that allows us to turn products of three or
more terms into sums of products consisting of just two terms.

To find a formula for X, X, X,, we can proceed as follows. From equation (7), we have

X X, X, = (A" + A" + A" AR + Ay + AR (AR + Apry + 435).

After expanding this out, replace any term of the form r'rfry (with a,b,c>0) by r'n" "’ ~r,
which is equivalent because rr,7; = 7. Since one of a, b, or c is equal to s, this substitution turns
this term into one involving the product of only two powers of the ;. Use equation (10) to
convert powers of 7,7, and 7, back to expressions involving X, ¥, and Z. Then use Waring's
Algorithm and equations (8) and (11) to replace 4,, 4,, 4;,1,1,, and r; by p, q, and r. We get the
following (computer-generated) result.
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X, X, X, = [_CSX X _CSXnXm+s -CBXan+s +66Xm+n+s ~C7Xn+st

m“*n<ts m+n<*s
- c7Xm+sY;1 - C3Xst+n - C7Xm+an - CGY;n+nK' - C3XnY;n+s

- 06YY - CSXmXHs - c6YmYn+s - CSYm+n+s - CGXn+sZm

nm+s
+est L= C6X syt sl Ly —C X Z Y2,

n+s“m 6 m+s=n m+s“n s“m+n
- CGXm+nZs + CSan+nZs + 3clzm+nZs -G Xan+s + CSYan+s
+362,Z,..~, X, Z,,. +cst. Z,.. +30,Z, 7

n“~m+s m~n+s n+s m~n+s

- 3CIZ - rs(—ZCSXm—an—s +c9Xn—sKn—s

m+n+s

+eX, Y -2¢Y, Y _ +2¢X, Z  +2cY, 7,

m—=s-n— n—=s—m-—

+ 2c4Xm—sZn—s + 2cSYm—sZn—s + 6CIZm—sZn—s)]/d25

where
= pzq2 +4q3 —4p’r —18pqr -27r%,
¢, = -2p*q* - 13p*q> - 20¢* +8p°r + 56p’°qr + 90pqg’r +54p*r* +135qr,
¢, = pq +4pq* - ap'qr —12p°¢*r +24¢°r - 24p’r* —135pgr® — 16272,
c, = plqt +6p*q> +8p* —4p’r - 27pqr - 36pq*r - 27p°r* - 54qr2,
Cs = PG,
% =49¢%;
¢ =3¢,
G =-p*q* —4q +6p°q*r + 26pg’r — 8p°r* - 36p°qr* +27¢°r* — 54pr?,
Cy = —p3q3 —4pq* +4piqr+ 15p2q2r -12¢°r + 12p3r2 + 81pqr2 +817°,
and

d =27 - p*q® —4q3 +4p3r+ 18pqr.

These formulas can be simplified. Using the first formula in display (16), we can remove any
terms of the form ¥ Y, . Using the second formula in display (16), we can remove any terms of the
form ¥, Z +Y Z, Using the third formula in display (16), we can remove any terms of the form
Z,Z,. Upon doing this, we get the following:

deXnXs = 2(q2 - 3pr)[XsXm+n +X,X + Xan+s -2r'X, X s]

nts+m m—-s<*n—
- 2q[Xm+n+s _rSXm+n—2s] +2p[Xn+n+s _rs):n+n—2s] + 6[Zm+n+s - rsZm+n—2s] (43)
- (pq + 9")[X Voin + X lowm + XmYn+s - rs(Xm—sKl—s + Xn—sKn—s)]

stm+n nes+m
+ 2(P2 + 3q)[XsZm+n + XnZs+m + XmZn+s _rs(Xm—sZn—s + Xn—sZm—s)]'

This can also be expressed in the following form:

Algorithm "TribShortenProducts" To Turn Products of
Many Terms into Products of Two Terms

XanXs = [XsCm+n + XnCs+m + Xan+s —rs(Xm—an—s + Xn—sCm—s) (44)
- 2qu+n+s + 2py;n+n+s + 6Zm+n+s - rs(_qum+n—2s + 2pKn+n-2s + 6Zm+n—2s)]/da

where d =27r” - p’q® ~4¢” +4p’r +18pgr and
C,=2(q> -3pr) X, - (pq +9r)Y, + 2(p* +39)Z,,.
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For products of three terms not all involving X's, first apply Algorithm "ConvertToX", formula
(27), to change any ¥ or Z terms to X terms. For products of more than three terms, this pro-
cedure can be repeated, three terms at a time, until only products of two terms remain.

Formula (44) is still pretty messy. Can it be simplified? Can it be made to look symmetric
under permutations of (m, i, s)?

8. SIMSON'S FORMULA

For Fibonacci numbers, there is the well-known Simson formula, F,,,F,_, — F? = (=1)". This
can be written in the form
b Iy

EopEeT (45)

The generalization of this to third-order recurrences is

Xn+2 Xn+l Xn -2
n+l n Xn—l =-r -, (46)
Xn Xn—l Xn—2
which can be further generalized to
Sn+4 Sn+3 Sn+2 " S4 S3 SZ
Sz Sz St |78 S S 47)
Sn+2 Sn+l Sn S7- Sl SO

These formulas come from [15].

9. SUMMATIONS

We can perform indefinite summations of expressions involving X, ¥, and Z, any time we
can perform such summations with a” instead since, by (7), these terms are actually exponentials
with bases 7,7, and 7.

First, the expression is converted to exponential form using equation (7). Then it is summed.
The result is converted back to X's, I's, and Z's by using equation (10). Then r,r,, and r; are
converted to p, ¢, and r using equation (11). The following summations were found using this
method.

X XY+ X7

n 2
X"+
Zkak - X X " n+l 2n+l 3 n+1) , (48)
k=1 -1+ px+gx +rx

Z D I (A YEn+1)a+b){"X3 +(pX, +1)(Z, - D}
- Ko~ Xyass)(Za = V2 =12,
+ X (Z, - D3+ (Zos = Zisiass A (PX, + 1Y, — X7 (49)
- X, (Z, - D}/ [P X 471, +(Z, - ' —q¥}(Z, - 1)
+ X2((q* - 2pr\Z, - D~ qrY) + pY,(Z, - 1)
+ X, (7" +29)(Z, - ) + prY? - X, (pq +3r)(Z, - )],
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Zka—[2 p+r—-m+)@2r+q+ DX, +n2r+q+1)X,,,
k=1
+(n+l)(p r— 2) n+1_n(p r— 2) n+2

(50)

+(n+DQ2p+q-3)Z,, —-n2p+9-3)Z,,1/ (p+q+r-17,

z 2X, =[(+3q-pg+Tr=3pr+r){~n+1)* X, +Q2n* +2n-D)X,,, -
k=1
+@B-3p+p*+q+6r-3pr—qr){-(n+1)»> n+1+(2n +2n-1Y,,, -
+(6-8p+3p* —3q+3pq+q +3r— pri{- n+1*z ")
+(2n +2n- 1) n+2 n+3}]/(p+q+r—1) >

X}

Y.} (51)

ZXk X, =[-(+D)prX, + Or —npq - 3nr) X,,, +q(n-1X,,, = 3r(n+1Y,

+(np* - p* =3q+nq)Y,,, - p(n-1Y,,, +(n+1)(p* +49)Z,

(52)

+2npZ,.,—3(n- 1)Zn+2]/(pq +4q — 272 4pr 18pgr).

Most of the above formulas are special cases of formula (5.2) in [22].

10. THE TRIBONACCI SEQUENCE

The Tribonacci sequence, (7,), may be defined by
T=T7_+T ,+T 5,

(53)

with initial conditions 7) =0, 7, =1, and 7, =1. A basis can be formed from (7,, 7,.,, 7,,,).

(54)

For this sequence, we have 7, = X, |, with p=g=r=1. To convert X's, I's, and Z's to T's,
use the identities
Xy =Tn-Tu-T,
Y, =21+ Ty~ T,
Z,=2T,,-T

n+l n+2:

The reduction formulas are
n+m - T(2 m+l m+2) + n+1(2T + m+l m+2)

- n+2(T +1, m+l m+2)

and

m ) n+1(Tm2+2 ]:n]:nﬂ m 2 m ];n+2T +1)
Tn ( + DTt + Ty = Ty D)
A form of the addition formula was first found by Agronomofin 1914 [1].

The double argument formula is

L,=T2, + T4, +4TT

n+l n+l

2T, - 2T, T,

A form of this can also be found in [1].
The negation formula is

458
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The fundamental identity connecting 7,, T ,,, and T ,, is

]:13 + 2];3+1 + ]:13;2 +2];:]:1+1(]:1 + ];m) + ]:1];.+2(Z'1 - 7:;+2 - 27::+1) - 2];.+1];.2+2 =1 (59)
The formula to expand squares is
];12 = (5];n+2 - 3];nﬂ _4]£n +41:;1 + 10_7:"__1 —2T-n—2)/22- (60)

The analog of Simson's formula is

L T T
n+l T, I, |=-1, (61)
n 7:1—1 ]:1—2

which was found by Miles [9] along with generalizations to higher-order recurrences.
Miles [9] also generalized the relationship between Fibonacci numbers and binomial coeffi-

cients from Pascal's triangle,
a+b
Fa= Y (“5°)

a+2b=n

to the following formula which relates Tribonacci numbers and trinomial coefficients from Pas-

cal's pyramid:
+b+
= % (4% ©2)

a+2b+3c=n

The following summation was found using the methods of Section 9:

ZY;? :[1+47;1Tn+1“(7;+1"7;—1)2]/4- (63)
k=1

APPENDIX 1: SELECTED IDENTITIES

We now present some selected identities culled from the literature. All these identities were
successfully checked by Algorithm "TribSimplify". Recall that ¥, is defined by equation (9).
The following six identities come from Jarden [7]:
Sn+m = erSn—l + Xm+1(Sn+l - pSn) + Xm+2Sm
X2n = (2an—1 +an)Xn + X3+1’
X2n+l = rX: + (2Xn+2 - an+l)Xn+h
X, = X W, +r"X_,,
Wy, = Wi =2r"W.,,

Xonn = X, 1" X,
The following three identities come from Yalavigi [21]:
20, = W, (3Wy, ~ )+ 67",
Wan = Wilsy = Won W7 = Wo,) [ 241",
Wansam=Wan = WoealWansm = Wlsn = WansamW o = Wanann) 12
+ WaaW = 2W,) [ 247" (W, = ).
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The following three identities come from Yalavigi [20]:
Sm+n = m+2Sn + I;n-}-ZSn—l + Zm+2Sn—29

S2n = Xn+2Sn +Y;1+2Sn—1 + Zn+2Sn—2,
Sin = Xnins2Snon + VrnsaSp-n-1 + ZosnszSnon-z-

The following two identities come from Shannon and Horadam [14]:

(8:8,14)* + (28,11 +8,42)8m43)" = (82 + 2S00 + 842)S43)
HSp28p1— S3+2) = SZ—I - S:+3-
The following identity comes from Shannon and Horadam [15]:
Y, =X, 41X, ;.
The following ten identities come from Carlitz [4] (both p, and o, satisfy third-order linear
recurrences with =1 and the same p and g with initial conditions p,=1,p,=p,=0, 0,=3,
o,=p, 6, = p*+2q. In particular, with =1, we have ¢, =W, and p, = Z,):

2pmpn ~ Pm+1Pr-1 " Pm-1Pnt1 = Om-30 123 " O min—-6 ~ Om-3CPm-3 ~ O pn-3FPm-3 + 2pm+n—6a

Omidn " OmianOn T O pynO oy =0y = 07

O’2n = 0—31 - 20—-—n’
O3, = oi -30,0_,+3,
Pg ~ Pn1Pn-1 = Pi-ns
pi = Pni1Pn-1 = Pan-6 " Pn-30,31t03_,,

PiPn = Point Pin-nO-n™ Pm-2n>
OpOpn=Opmynt 0, 00 = Cpaps

Pan=PnG, =0y +p—n7
Psn = pno-fl 0,0t P40y~ PrO-pt 1
The following nine identities come from Waddill [17] (in their notation, U, = X,,,):

Sn+m = Un—kSm+k+1 +Y—k+lSm+k +rUn—k—1Sm+k—1’

Sn+m = Um—kSn+k+l +7, —k+lSn+k +rUm—k—1Sn+k-17

S3 +qS2 +2rS, S, ;= 8380n-2 H (@S, +78)82,3 7584

Uy =Ur+qU- +2rU,_ U

n-2>

U2n—l = Un+lUn—l + rUn—lUn—Z + U)f - pUnU

n-1>
qUZrl—l = Ur?+1 - pUn+lUn + (r - pq)UnUn—-l + quf _pr(UnUn—Z + Ur?——l)
~qrU, U, ,-1*(U, U, +UL,),

U3n—1 = Un—l(U3+1 + Y;t+2Un +rU, —lUn) + };(UnUnH + Yn+1Un +FU3_1)

+rU, (U, U, + LU, +1U, U, ),
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Sn+m+h Sn+j+h Sn+h U U Sm+2 Sm+1 Sm

Sn+m+k Sn+j+k Sn+k = U: i UZ ’ Jj+2 Jj+1 Sj P
Sn+m Sn+j Sn S2 Sl SO
S5n S4n S3n S2n 2 SZn 1 S2n
Si Sy Syl =r"| e Ul 5SS |
S S S -l " S, S S

The following five identities were found by Zeitlin [23]:
Snss = (D" +@)Sps +(q* +qp* +1D)Syq + 2 +1p” +4pgr — )8,
+(’P ~10q" =110 + (P =1 P)S,, 1Sy,
Sonse =~ (P +20)S304 +(4" = 21D) 02 = 1755, =0,
1Sy = SoWW) = Wap) [ 2=W, S, + Sy,

n+2 n+l n
(n 1)‘Xn+1 - z X n+2-j +2qz n+1— + 3rz XjX -
J=0 Jj=0

3 X, X, = & PO =D Xy (6q+2p Y, +(4q” =3pr+p'q)(n+ DX,
Kk 27 - p*q* - 4> +4p’r +18pgr

See [19] for other identities.

APPENDIX 2. SELECTED TRIBONACCI IDENTITIES
We present below selected identities from the literature in which p=g=r=1. All these
identities were successfully checked by Algorithm "TribSimplify".
The following three identities come from Agronomof [1]:
Loim= Tir T + (L + 1, )T, + T T,
Ly = T2+ T (T + Ty + Ts),
Bt = T2+ Ty (D +2755).

The following three identities come from Lin [8] (in their notation, we have U, =1, ,,, with

p=q=r=1):
UiniUsnizs t UgniaUspsa = 7fn+4 - 7:12;:+2,

Ul +Uny =217 + T7),
]:12-!-1 Tr? = Un+1Un—1'
The following five identities were found by Zeitlin [23]:

]:1+6+a]:|+6+b - 2T+5+a];1+5+b +3T+4+a n+a+b T 6T+3+a]:x+3+b

- ];1+2+a];1+2+b - ]:1+a];1+b’
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—(1-2x-3x?—6x* +x* +x°) Y. I2x* = T2 ™ + (T2, - 217, Dx™?
k=0
+ Ty = 2T = 30X

+ (7:,2+4 - 2Tnz+3 - 3]:12+2 - 6];12;1)35“4

_7:'2_1xn+5_7;'2xn+6_x+x2+x3+x4,

8 17 = Tnys— Tus = 4130 = 1017, =917 — T +2,
k=0
]:n = _VVn];t + ];n’
n=2
22) IT, , ,=5n-DT,-2(n-N0T,_,-4nT,_,.

J=0

The following eleven identities come from Waddill and Sacks [16] (in their notation, we have
K,=X,,L=Y,,andR =S, |+, ,, withp=g=r=1):

n n+l>
Ln = Kn—l + Kn—Z’

Span = KyirSn + LyirSpat + KiSuas
S2n = Kn+1Sn + Ln+1Sn—l +KnSn—27

SZn—l = KnSn +(Kn—l +K, —Z)Sn—l + Kn—lSn—2>
Sn+h = Kh+m+1Sn—m + Lh+m+1Sn—m—l +I<h+mSn—m—2’

Sy +Sp1+ 28,180 = 83802 + RoSs 3 + SiSnmss
S Sn+h Sn+h+k St Sr+1 St+2

n K K
S S — h h+k |. S S
n+t n+h+t n+htk+t | Lh 1 Lh - m m+1 m+2 |>
+ +k+
Sn+m Sn+h+m n+h+k+m SO Sl SZ
Kn Kn+h Kn+h+k K K K K
K K K — h h-1 |. m t
Kn+t n+h+t n+h+k+t Kh+k Kh+k—1 Km—l K[-l b
n+m n+h+m n+h+k+m
Kn+1 Kn Kn+h Kh Kh )
Koot Koo Koan|= Ky Ky Kyl
Kn+2h+l Kn+2h Kn+3h
Kn Kn+h Kn+m K K 2
Kn Ko Kospam|=—| 2" o™
n+h n+2h n+h+m| = K K H
K K h-1 m—-1
n+m n+h+m n+2m
Sn+h+k+r Sn+h+k Sn+h+k+m Kh 1 Kh " St Sr+1 St+2
— +k~ +k | .
Rn+h+t Rn+h +h+m | T Lh ) Lh Sm m+l1 m+2 |
Sn+t Sn n+m SO Sl S2

Errata: Computer verification of the various identities encountered in the references consulted
during this research revealed a number of typographical errors in the literature. We list the cor-
rections below to set the record straight.
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In [4], equation (1.15) should be the same as equation (4.1). Also, equation (1.16) should be
the same as equation (3.14).
In [10], equation (2.1) should read "J,,, = PJ, + K"

In [13], in equation (1.4), "z, = P* + Q" should be "t, = P? +20". Equation (2.2) should read
"t,=Ps, +20s, ,+3Rs, ;" _

In [16], the last term of equation (21) should be "X, F,_,", not "X, P,_,". Also, the final
subscript in equation (41) should be "A—1", not "n—1". In equation (42), "P,,,,," should be
"Ry and "K " should be "K, "
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