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1. INTRODUCTION

In the notation of Horadam [3], write
W,=Wa,b;p,q), 1.1
meaning that
W,=pW,_,—qW,_,, Wo=a, Wi=b, n>2. (1.2)
The sequence {¥,},_, can be extended to negative subscripts using (1.2); we write simply {W,}.
We shall be concerned with the sequences

U, =wi(0,1,P,-1),
n n( L ) (1'3)
V,=W,(2, P, P,-1),
where P #0 is an integer, and
=W (0,1 p,1
un n( H ’p’ ), (1.4)
Vo = W2, p; P, D), ~

where | p|>2 is also an integer.

For the sequences (1.3) and (1.4), we define A = P> +4 and D = p* — 4, respectively. Tak-
ing aand S to be the roots of x>~ Px—1=0, we have the well-known expressions (the Binet
forms)

U= ad v,=a"+p" (1.5)
a-f
Similarly, if ¥ and & are the roots of x* — px +1= 0, then
}/n_é-n n n
= d v,=y"+6". 1.6

According to Dickson ([2], p. 405), Lucas proved that if x and y are consecutive Fibonacci
numbers, then (x, y) is a lattice point on one of the hyperbolas

Y -xy-xt =41, (1.7

and Wasteels proved the converse in 1902. Interest in conics whose equations are satisfied by
pairs of successive terms of linear recursive sequences has been rekindled. See, for example, [1],
[4], and [5]. Recently McDaniel [6] has provided converses to several of the results of these
writers. For example, he proved the following.

Theorem: Let x and y be positive integers. The pair (x, y) is a solution of y* — Pxy —x* = +1 if
and only if there exists a positive integer n such that x=U, and y =U,,,;.

The object of this paper is to generalize McDaniel's results and to obtain new ones.
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2. SOME PRELIMINARY RESULTS

Throughout this paper, m and » denote integers. Also, A and D are as defined in Section 1.
For the sequences (1.3), we record the following results, each of which can be proved using the
Binet forms:

VZ—4=AU? meven, (2.1)
Vi+4=AU? modd, 2.2)
Uy +vu, =20, . 2.3)

2U,-m, meven>
Uy v, = {—ZUn-m, - 2.4)
vy,+AU U, =2V, 2.5)
vV —AUU, = {_2';/” 'jm m mdd 2.6)

We shall also need the following results:
Lemma 1: The integer solutions of Ax? +4 = z* are precisely the pairs (x, 2) = (2U,,,, +V;,).
Lemma 2: The integer solutions of Ax* —4 = 2% are precisely the pairs (x, z) = (U, 41, Vans1)-
These two lemmas constitute the first half of McDaniel's Corollary 1, a well-known result for
which he provides an alternative proof.

2

Lemma 3: If A is square free, the integer solutions of A(x?—4)=2z* are precisely the pairs

(xa Z) = (iV2n’ T AUv2n) .

Proof: Since A is square free and A|z%, then A|z. Writing z = Az, we obtain Az +4 =x?,
and the use of Lemma 1 completes the proof. O

In a similar manner, using Lemma 2, we can prove

2

Lemma 4: If A is square free, the integer solutions of A(x?+4)=2z* are precisely the pairs

(xa Z) = (iI/ZrH-l: x Al]2n+1) .
Results for the sequences (1.4) which parallel (2.1)-(2.6) are as follows:

Vvi-4=Di, 2.7)
uy,, +v,u, =2u,,,, (2.8)
Uy, — Vi, =2u,_,, (2.9)
vV, +Duu, =2v,, . (2.10)
vV, — Duu, =2v, . (2.11)

For completion, we state the following lemma, which is the second part of McDaniel's
Corollary 1.
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Lemma 5: The integer solutions of Dx” +4 = z* are precisely the pairs (x, z) = (£u,, £v,).

Now, using Lemma 5, and following the method of proof of Lemma 3, it is easy to prove

Lemma 6: If D is square free, the integer solutions of D(x*>—4)=z* are precisely the pairs
(x,z)=(xv,,xDu,).

n:—

3. CONICS CHARACTERIZING THE SEQUENCES (1.3)

We now give a sequence of theorems concerning pairs of conics whose integer points are
derived from the sequences (1.3). In the proofs we must recall that

Ja—2:{a, az0,

-a, a<(.

Theorem 1: If m is a fixed even integer, then the points with integer coordinates on the conics
¥*—V xy+x*+U?% =0 are precisely the pairs (x, y) = =(U,, U,,,,)-

Proof: Consider first the conic y* ~¥, xy +x*+ U2 =0. Regarding this as a quadratic equa-
tion in y, and making use of (2.1), we obtain

y= VxtU NAx* -4
S e—

From Lemma 2, integer points can arise only when x =+U,,,;. Now, using (2.3) and (2.4),
we see that the integer points are (x,y)=Ht(U,,.1, Uspirem) together with the points (x, y)=
HU, 11> Uspirom) » Where n ranges over all integers. Since these sets coincide, we consider only
the first.

Proceeding in the same manner, and making use of (2.1), Lemma 1, (2.3), and (2.4), we see
that the integer points on the conic y* ¥, xy +x*~U?2 =0 are (x, y) = +(U,,, U,,.,,). This com-
pletes the proof. [

n’

We now state three additional theorems, each of which can be proved using the results of
Section 2. Since the proofs are similar to the proof of Theorem 1, we refrain from giving them
here.

Theorem 2: If m is a fixed odd integer, then the points with integer coordinates on the conics
¥ =V, xy—x*+U? =0 are precisely the pairs (x, y) = +(U,,U,,,).

Theorem 3: If m is a fixed even integer and A is square free, then the points with integer coordi-
nates on the conics y* —V, xy +x* + AU = 0 are precisely the pairs (x, y) = +(,,,V,.,.)-

Theorem 4: If mis a fixed odd integer and A is square free, then the points with integer coordi-
nates on the conics y* —V, xy — x* £ AUZ = 0 are precisely the pairs (x, y) = =(,,V,,,.)-

We remark that Theorem 2 generalizes McDaniel's Theorem 1, and Theorem 4 generalizes
McDaniel's Corollary 2.
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4. CONICS CHARACTERIZING THE SEQUENCES (1.4)

Next, we state two theorems concerning conics whose integer points are derived from the
sequences (1.4). Each can be proved by following the method of proof of Theorem 1, while
making use of the appropriate results from Section 2.

Theorem 5: If m is any fixed integer, then the points with integer coordinates on the conic
2

¥ =v,xy+x* —ul = 0 are precisely the pairs (x, y) = +(u,, u,,,).
Theorem 6: If m is any fixed integer and D is square free, then the points with integer coordi-
nates on the conic y* —v,xy + x> + Du’, = 0 are precisely the pairs (x, y) = +(v,, v,,,.).

We note that Theorem 5 generalizes McDaniel's Theorem 2, and Theorem 6 generalizes
McDaniel's Corollary 3.

5. AN INTERESTING EXAMPLE

If A is not square free, it is easy to show by substitution, using Binet forms, that the stated
solutions in Theorems 3 and 4 remain as solutions. The same is true of Theorem 6. However, as
McDaniel observes, other solutions may occur. He cites the example

Y —4xy—x*+20=0. 5.1)

The conics (5.1) provide an example of the conics in Theorem 4 where P =4, m=1, and
A =20=225 is not square free. Now (x,y)=(1,7) is a solution of (5.1), but ¥, #1 for any n.
Observe, however, that the conics (5.1) may be written as

Y = Lyy—x* +5F} = 0. (5.2)

This is an instance of Theorem 4 in which P=1, m=3, and A =35 is square free. Hence, the
solutions are precisely (x, y)=+(L,, L,.3).

REFERENCES

1. G.E.Bergum. "Addenda to Geometry of a Generalized Simson's Formula." The Fibonacci
Quarterly 22.1 (1984):22-28.

2. L. E. Dickson. History of the Theory of Numbers. Vol. 1. New York: Chelsea, 1966.

3. A. F. Horadam. "Basic Properties of a Certain Generalized Sequence of Numbers." The
Fibonacci Quarterly 3.2 (1965):161-76.

4. A.F. Horadam. "Geometry of a Generalized Simson's Formula." The Fibonacci Quarterly
20.2 (1982):164-68.

5. C.Kimberling. "Fibonacci Hyperbolas." The Fibonacci Quarterly 28.1 (1990):22-27.

6. W.L. McDaniel. "Diophantine Representation of Lucas Sequences." The Fibonacci Quar-
terly 33.1 (1995):59-63.

AMS Classification Numbers: 11B37, 11B39

2
EXT R

1997] 251



