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The aim of this note is to generalize the work on finite sums of inverses of binomial coeffi-
cients that are part of a paper by Andrew Rockett [1] which was published in this Quarterly in
1981. Our work rests on the following lemma.

Lemma 1: For any positive integers n and p, with p <n:

—I—(ZJ_I = joltf’(l — 1)y Pdt

n+l

Proof: Use the well-known formulas of Euler,

Jd -0 dt = ——————%Eﬁ)‘? and T(k+D=4k!,

that are valid for any positive real numbers # and v, and any positive integer £.

Now we define

1 &(n\"! -
=1 d —-— pyn—p
Qb an QQ(x’y) n-k1P=O(P) Xy

for arbitrary nonzero complex numbers x and y. Let G(z) be the generating function
+00
G(2) = X, 2"q,(x, y).
n=0

Theorem 1: For any real numbers x, y, and z such that |z| < min(J1/ x|, |1/ y]|):

G(z) = - log(1 - xz) +log(1-yz) _ ~log(1-az+bz*)
az — bz az - bz*

>

where @ = x+y and b = xy (that is, x and y are the roots of the equation in §: §%—aS +5=0).
Proof: We have
1 n
0,06, 9)= | 2O (y(1-0)"Pdt
o p=0

and, therefore, for any z such that |z| < min(|1/ x|, |1/ y]),

G(2)= J’ f (i "(xt)P(y(1-1))"* J dt

0 7=0\ p=0

because of the uniform convergence (deduced from its absolute convergence) of the series over
t €[0,1]. By the Cauchy rule for the product of powers series, this is equivalent to
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6@ = (i(w)”)(m(zy(l—t»")dt{ ! 1
n=0

. dt,
0 \n=0 Ol—le l—Zy(l—t)
from which we obtain the stated result by elementary techniques of calculus.

The restriction to real values allows us not to manipulate many-valued complex functions
such as the log of complex argument, and will not impair our work since its main objective is the
polynomial identities that follow; these, once proved for the real values of the variables, are also
proved for the complex values because the identity for all real values implies the identity of the
coefficients of the like powers of the variables on both sides of the relation.

This leads to Theorem 1 of Rockett [1],

n n -1 n+1 n+l 2k
Z(p) = 2n+1 Z 7

p=0 k=1

by taking x = y =1, because in that case,

_ 2log(1-z)  logl-2z) (& 2" |([& 2"
N A z—(zz/2)_(z )(Z 2")

z n=0 1 +1 n=0

and the result follows by applying the Cauchy rule for the product of power series and then
equating the coefficients of the like powers of z on both sides of the identity. (This formula
previously appeared in the literature in 1947 in a paper by Tor B. Staver [2].)

If we take x =—1 and y =1, we obtain

G - -1 2)

b

from which it is easy to derive the closed formula

2n -1
2n 2n+1
2: _1\? -
D (P) n+1’

p=0

already found independently by Tor B. Staver [2] and T. S. Nanjudiah [3].

Theorem 2: 1f (U,(u,v)) denotes the generalized Fibonacci sequence of the recurrence 7,,, —
ur,,, +vr, =0, then
1
4n(%, ) = [Upn(at, b dit. 1)
Proof: An equivalent statement of Theorem 1 is, for x, y, and z real:
1
1

G@)=| ———

@ o 1—atz + btz

But since

l 400
S — Zn u,v
l—uz+v22 ,;b n+l( H )’

we obtain, by integrating term by term with regard to ¢,
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40
G(2)= Y2\ Uputat, bty dt,

n=0

and the stated theorem follows by equating the coefficients of like powers of z on both sides of
the identity. Since both sides of relation (1) are polynomials in x and y, this relation is also valid
for all the complex values of these variables.

Given the well-known Lucas identity [4]

3]
U, ()= n—k\ nak, £
a16,9) ;)( e

we obtain as a direct consequence of Theorem 2 the explicit expression for g,(x, y) as a function
of aand b,

(3]
05,9 = 0.8 = 3 (" e,

from which we can deduce the converse relation

%(lpn(at, bt)) = -gt—(tqn(at — (azf)2 —4bt at+ w/(azf)2 —4bt B =U,, (at, br).

Y+l

Another consequence of Theorem 2 is that, for any positive integer m, we can compute recur-
sively the development in powers of z of

mey - GG
6@)= (a-b)"

In effect, if we define
4,5, y) = [, 10, (at, br) dt
by the fundamental second-order recurrence satisfied by (U,(#, v)) and Theorem 2, we obtain
q,(%, Y) = a'g, (%, ) ~b'q,5(x, ).

From this last relation, one can deduce easily that 'G(z) is a generating function for ('g,(x, »)).
By recursion on m, and the same kind of reasoning, it can be shown that "(G(z) is a generating
function for ("q,(x, y)) defined as

1 m
"qu(x, ¥) = [ 17U (i, bt dit
since

"q,(x, ¥) = a"g,_,(x, ¥) = g, 5(x, ).
With the previously used Lucas identity, we are able to compute an explicit expression of
"q,(%, ).
Another relation deduced from Theorem 2 is

1
24,(x, ¥) - 3'q,1(x, ) = | V,(at, bty dt
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if (V,(u,v)) denotes the generalized Lucas sequence of the recursion r,,, —ur,,,+wr, =0, as a
consequence of the well-known relation

V,(u,v)y=2U,, (u,v)—uU,(u,v).
Theorem 3: The sequence (g,(x, y)) satisfies the following third-order recurrence [by writing for
convenience, g,(x, ) =q,]:
a(n+2)q,,, —{@*m+)+b(n+2)}q,+ab2n+1) q,.,—b’ng,_,=0.

Proof: From Theorem 1, we deduce that

(az—sz)Zz"qAx, ») =~ log(1— )~ log(1 - 29)

=1 =1
=Y 2y =Y 22 (a, b).
n=1 n n=1 n

n+2

By comparing the coefficients of 2" on both sides, we obtain

I/n+2 (aa b)
n+2
Then the recursion V,,,,(a, b) —aV,,,(a, b) +bV,(a, b) = 0 becomes

=aqn+1_bqn'

a(n+2)q,,, —{@®n+1)+b(n+2)}q,+ab(2n+1)q, - b’nq, , =0

as stated.
ACKNOWLEDGMENT

I gratefully acknowledge the contribution of the anonymous referee for a correct statement
and demonstration of the last theorem.

REFERENCES

1. Andrew M. Rockett. "Sums of the Inverses of Binomial Coefficients." The Fibonacci Quar-
terly 19.5 (1981):433-37.

2. Tor B. Staver. "On Summasjion av Potenser av Binomialkceffisientene." Norsk Matematisk
Tidsskrift 29 (1947):97-103. (In Norwegian.)

3. T.S.Nanjudiah. "On a Formula of A. C. Dixon." Proc. Amer. Math. Soc. 9 (1958):308-11.

4. Edouard Lucas. The Theory of Simply Periodic Numerical Functions. Tr. from French by
Sidney Kravits. Santa Clara, CA: The Fibonacci Association, 1969.

AMS Classification Numbers: 11B65, 11B37

1997] 345



