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Recently the (2, F') and (3, F) generalized Fibonacci sequences were considered and the gen-
erating functions for these sequences were derived (see [1] through [8]). The purpose of this note
is to derive generating functions for the (2, ") generalized Tribonacci sequences.

Let S =(a, b) and S, be the group of permutations on S. Let 7 be the identity and o = (a, b) .
Let 7, be a permutation of S, for 0<i <2 and ¥ ={a,, 5} fori > 0. Finally, let a,, a,, a;, b, b,,
and b, be six distinct real numbers. Then

2
Y;1+3 = Z 7"iYn-H" nz 0’ (1)
i=0
with initial conditions ¥, = {a;,8,} for 0<i <2, are the eight systems of third-order difference
equations defining the (2, T') generalized Tribonacci sequences.

Define
0 if 7, =1,
0, = )
1 if 7, =(a, b),

and § =2 ,5,2'. Then each of the eight systems (1) corresponds to an integer S where 0< s<7.
When § is expressed as a binary number and the right-hand member of (1) is arranged in descend-
ing order of subscripts, then the 1's in the binary number indicate the position(s) of the elements 5,
in the equation for a, and the position(s) of the elements g, in the equation for 4,. If s=0=000,

the system is

a,

b +3 = bn+2 +bn+l +bn‘

n

43 = Qug tay t+a,,

In this case the (2, ") generalized Fibonacci sequences are a pair of generalized Tribonacci
sequences. This case is excluded from further consideration.
Consider the seven difference systems

=1+l + 7o), 1<s<7, 2
with initial conditions
Yi={a,b}, 0<i<2.
Atanassov [3] proved that these systems are equivalent to seven sixth-order systems
6 6
Z ks =0, Zkis e =0, 120, 3)
i=0 i=0

with initial conditions (a,); and (b, respectively. The values for k' for 1<s<7 and 0<i<6
are given in Table 1.
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TABLE 1. Values of k;

s|10 1 2 3 4 5 6
111 -2 -1 2 1 0 -1
211 2 1 -2 1 0 1
311 -2 1 0o -1 -2 -1
411 0 -3 -2 1 2 1
5(i1 0 -3 0 -1 0 -1
61 0 -1 -4 -1 o0 1
711 o -1 -2 -3 -2 -1
Let p'(x) = Z, o k’x" and let {Ps o be the recursive numbers (of order six) determined by

1/ p*(x). Then the seven recursion relatlons and first terms of the sequences are given in Table 2.

TABLE 2

S Recursive Relations First 7 Terms

l Pn+6 2RI+S+PII+4 2Pn+3 n+2+Pn 1 2 5 10 20 38 72
2 | B=2P-F,+2F,-F,-F |1 2 3 6 12 22 40
3 | P,,=2P,+P,,+P,+2P +P, |1 2 3 4 6 12 26
4 | By=3P +2P =P, 2P, —F |1 0 3 2 810 24
5 | P, =3P, +P,+P, 1 0 3 010 0 34
6 |P,,=P,+4P +P,,-P 1 0 1 4 2 818
7 | P =P, +2P +3P,+2P +P, |1 0 1 2 4 6 12

Let f°(x) and g°(x) be the solutions to the seven systems and let
fix)=Yax and gx)= bjx.
j=0 j=0

Substituting f*(x) into the difference systems (3) yields

fix)= ( )kz PSx’]

where P; are from the sequences in Table 2 and ¢; = S okial, 0<i<5.

Expanding and collecting terms gives

fix)= Z[quPs J x/ +i ij(quf_,-)x"

=0\ i=0 j=5 i=0

for the generating function of {a’};. The terms of the sequence are given by

a; —quP‘ —Z[Zk’ a’ ]Pjs_, forj <5,

=0 {m=0
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—i

P, forj=S5.

i=0 | m=0

5 5 i
G=3ar -3 [zks }

s

The values of a, 3<i <5, are computed in terms of ag, af, a;, b;, b, and b; by use of

equations (2). The sequences {5}, have the same form for each s.

1.
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Author and Title Index

The AUTHOR, TITLE, KEY-WORD, ELEMENTARY PROBLEMS, and ADVANCED PROBLEMS indices for the first 30 volumes of
The Fibonacci Quarterly have been completed by Dr. Charles K. Cook. Publication of the completed indices is on
a 3.5-inch, high density disk. The price for a copyrighted version of the disk will be $40.00 plus postage for non-
subscribers, while subscribers to The Fibonacci Quarterly need only pay $20.00 plus postage. For additional
information, or to order a disk copy of the indices, write to:

PROFESSOR CHARLES K. COOK

DEPARTMENT OF MATHEMATICS

UNIVERSITY OF SOUTH CAROLINA AT SUMTER
1 LOUISE CIRCLE

SUMTER, SC 29150

The indices have been compiled using WORDPERFECT. Should you wish to order a copy of the indices for another
wordprocessor or for a non-compatible 1BM machine, please explain your situation to Dr. Cook when you place your
order and he will try to accommodate you. DO NOT SEND PAYMENT WITH YOUR ORDER. You will be
billed for the indices and postage by Dr. Cook when he sends you the disk. A star is used in the indices to indicate
unsolved problems. Furthermore, Dr. Cook is working on a SUBIECT index and will also be classifying all articles
by use of the AMS Classification Scheme. Those who purchase the indices will be given one free update of all
indices when the suBjECT index and the AMS Classification of all articles published in The Fibonacci Quarterly
are completed.

360

[NOoV.



