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1. AIM OF THIS NOTE 

Several closed-form expressions involving binomial coefficients exist for Lucas numbers. 
The most celebrated among them is the following specialization of Waring's formula (e.g., see (6) 
of [7]), 

4=f ^ (Y ) <-». (1.0 
where the symbol L' J denotes the greatest integer function. Other combinatorial expressions for 
Lucas numbers are: 

^ = ̂ r Z [ 2 j 5 ' {n~0) (e-g. see (4) of [7]); (1.2) 

/ = -L(n+l)/5j n V L V J J y 

^ ^ i i - V ^ Z l ^ ^ y - 1 (»>1) (from (4.2) of [2]). (1.4) 

A supposedly new combinatorial expression for odd-subscripted Lucas numbers is reported 
(without proof) in the Appendix. 

Expression (1.3) was obtained by Robbins [7] on the basis of an analogous formula for Fibo-
nacci numbers that was established by Andrews in [1]. 

As reported in (1.5) of [4], Jaiswal [3] discovered that 

L«/3J f _ 9 . x 

^ = i + K - i ) f / r (»>o). 0.5) 
The aim of this note is to parallel Robbins' work by using (1.5) to prove a new combinatorial 

expression for Lucas numbers that can be added to the above list. 

2. ANOTHER COMBINATORIAL EXPRESSION FOR LH 

We discovered that 

4 = -l+I(-l) '^f27("y 'J2-3' (»*1). (2.1) 
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Proof: Let us write 
rL»/3j 

5"-^H)^2Fl / J2 

= ^ + 3 - l + 2 l ( - l ) ' f , l ' ; ^ 2 , V 3 ' [from (1.5)] 
/=o V / 

= Fn+, -1 + 2 " f c V 1 (" " 3 / 2 / j 2-3"V. (2.2) 

-3-3/ 

Since |_/?/3J — 1 = L(w — 3) / 3j and the binomial coefficient in (2.2) vanishes for y' = - l (see 
[6], p. 2), (2.2) can be rewritten as 

L(«-3)/3j , 1 _ 2 A 
^ = ^ 3 - 1 - 2 I ( - i y [ n 3

y. 2 7 j 2 -

= Fw+3-2Fw + l = Zw + l [from(1.5)]. 

3. CONCLUDING REMARKS 

Some simple divisibility and congruence properties of the Lucas numbers can be derived 
immediately from their closed-form expressions. For example, from (1.1), it can be seen that 
Lp = 1 (mod/?) (p a prime), whereas, from (1.2), it is apparent that no Lucas number is divisible 
by 5. 

From (2.1), it is evident that Ln is even iff n = 0 (mod 3). More precisely, it is not hard to 
see that 

4s3 1 - r x r ( - l ) L , , / 3 j - l (mod2r+3), (3.1) 

where r is the residue of n modulo 3, and 

[1 ifr=.0, 
\2n(n + \)r-1 if r *0. *r = L > ^ - i . . . ( 3 2 ) 

APPENDIX 

The following combinatorial expression for odd-subscripted Lucas numbers emerges from a 
specialization of an expression for generalized NSW numbers (see [5], p. 288), a study of which is 
being undertaken by the author of this note. The interested reader might enjoy finding a proof for 
this expression: 

2 p0 \ J J n-2j 0). 

64 [FEB. 



COMBINATORIAL EXPRESSIONS FOR LUCAS NUMBERS 

ACKNOWLEDGMENT 

This work has been carried out in the framework of an agreement between the Italian PT 
Administration (Istituto Superiore PT) and the Fondazione Ugo Bordoni. 

REFERENCES 

1. G. E. Andrews. "Some Formulae for the Fibonacci Sequence with Generalizations." The 
Fibonacci Quarterly 7.2 (1969): 113-30. 

2. P. Filipponi. "Waring's Formula, the Binomial Formula, and Generalized Fibonacci Matrices." 
The Fibonacci Quarterly 30.3 (1992):225-31. 

3. D. V. Jaiswal. "On Polynomials Related to Chebyshev Polynomials of the Second Kind." The 
Fibonacci Quarterly 12.3 (1974):263-65. 

4. R. S. Melham & A. G. Shannon. "On Reciprocal Sums of Second-Order Sequences." In 
Applications of Fibonacci Numbers 6:355-64. Dordrecht: Kluwer, 1996. 

5. P. Ribenboim. The Book of Prime Number Records. New York: Springer- Verlag, 1988. 
6. J. Riordan. Combinatorial Identities. New York: Wiley, 1968. 
7. N. Robbins. "A New Formula for Lucas Numbers." The Fibonacci Quarterly 29.4 (1991): 

362-63. 
AMS Classification Numbers: 05A19, 11B39 

A LAYMAN'S VIEW 
of 

Mn§tc of tlje ©pljeteg 
by Albert V. Carlin 

When I contemplate 
a page of symbols in mathematical array, 
symmetrical and beautiful, 
though I may not understand it all, 
my mind rejoices 
to think that here and now again 
the human mind has come so far. 
So far, to glimpse 
the wondrous order 
and balance of the Universe. 
(Submitted by Herta T. Freitag, November 1997) 
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