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sheets within two months after publication of the problems.

PROBLEMS PROPOSED IN THIS ISSUE

H-542 Proposed by H.-J. Seiffert, Berlin, Germany
Define the sequence (c,);s; by

1 if k=2 (mod5),
¢, =1-1 if k=3 (mod>5),

0 otherwise.

Show that, for all positive integers 7:

—Zk(n k)ck =Fy0 )

nia
2n—1
TP I Pty CEL g Y )
—;Z( k(" Jes =5 Lo )

H-543 Proposed by David M. Bloom, Brooklyn College of CUNY, Brooklyn, NY
Find all positive nonsquare integers d such that, in the continued-fraction expansion

ﬂ:[n;al,. 5 1,271]
we have g, =---=a,_; = 1. (This includes the case 7 =1 in which there are no a's.)

H-544 Proposed by Paul S. Bruckman, Highwood, IL

Given a prime p > 5 such that Z(p) = p+1, suppose that ¢ =1 (p* -3) and r = p* -~ p—1 are
primes with Z(q) =q+1, Z(r)=5(r~1). Prove that n= pqr is a FPP (see previous proposals
for definitions of the Z-function and of FPP's).
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SOLUTIONS
Re-enter

H-525 Proposed by Paul S. Bruckman, Highwood, IL
(Vol. 35, no. 1, February 1997)

Let p be any prime #2,5. Let
Loy e=[2) r=Lp-
1=30-0. e=(3) r=10-0)
Let Z(p) denote the entry-point of p in the Fibonacci sequence. Given that 277! =1 (mod p) and
57 = e (mod p), let
q Sk—l

—2k-1

1, 1
A=—=271-1), B==(-e), C=
p( ) p( )

Prove that Z(p?) = Z(p) if and only if eA— B = C (mod p).

Solution by the proposer

Unless otherwise indicated, we will assume congruences (mod p), but will omit the "(mod p)"
notation. Note that (5/ p)=(-1/p)=1. It follows from [1] that @ and g have the same parity
and, in fact, are both even. Since p=1 (mod 4), let r =q/2, an integer. Define the function
6,=20 as follows:

+1 if p=1 (mod 20),
_ p= (1)
-1 if p=9 (mod 20).
We may therefore express the desired result as follows:
55 = (__ 1)a/2+r. (2)
The following result was shown in [2]:
F;]+1 = (_l)a/2+r . (3)

Also, note that (@f/ p) = (-1/ p) =1, hence (a/ p) = (B/ p); note that since (5/ p)=1, /5 and,
hence, a and f are ordinary residues. Then,

Fpy=5"%a™ - 1) =5"%(a%a~ f1f) = (a~ p){(a/ p)a-(B/ p)B},

or
F,=(a/p). 4
In light of (2), (3), and (4), it suffices to prove that
(a/p)=6-5. 5)
Note that 5" = (v/5)7 = (v/5/ p). Therefore, it suffices to prove that
(@/p)=86(R5/p). 6

However, the last result is an old result attributable to E. Lehmer (see [3]); we have only changed
the notation to conform with that employed herein. Thus, the desired result is established.
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Generator Trouble

H-526 Proposed by Paul S. Bruckman, Highwood, IL
(Vol. 35, no. 2, May 1997)

Following H-465, let 1, r;, and 7, be natural integers such that

3
4)) z kr, =n, where n is a given natural integer.
k=1
Let

1 (n+r+n)!
@) B, = 1 |2| 13
n+n+r  ninly!
Also, let
@) C,=2B

n,n,n?

summed over all possible 7, 7,, and 7;.

Define the generating function

(G)) F(x)= i Cx":

(a) find a closed form for F(x);
(b) obtain an explicit expression for C,;
(c) show that C, is a positive integer for all n>7, n prime.

Solution by the proposer
Solution of part (a): Note that 2 < 2r, < n—1-3r, < n—4 (eliminating 1, =n-2r, —3r;).
Then
3 1(n-1-3r;
w  [n3-] [4(n-1-3r)] (n=2r,—1,~ 1)

F(x)zgéx" > ounl Y 7 101=3521,)1

=1 n=1

[her 3] (n—2r,—r,- D!

r=1 n n=3r3+3 r=1 63 '(n - 37‘3 - 2"2) v
Changing variables, we obtain
. © [$0m+2)]
B LR s T (424 v =)l
Fe ‘;v!%x Zl ul(m+3—2u)!

) e ! o0 n _ N\ o —1+
:me+lzx2u+3v §m+u+V). — x_zx3v(n ‘l)+vjzx2u(n+v 1 u)

U
m=0 u, v=1 (m+1)‘u'v' n=1 n v=1 u=1
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n

[Ms

o (n 1+v) [(1— %)™ -1]

xoo
2

1

Y ) (v")[(l—xz)‘”'“—ll

=1

%{ f;)ﬂn—l}—[(l—f)""—l]}
ol ) (e ]

X
= logl1-—% _J+log|1- +1
og( 1-x*-x* ) Og( 1-x? ) og(

=-log(1-x—x*-x*)+log(1-x*—x*)+log(1-x—x*)—log(1-x?)
+log(1-x-x*)—log(1-x*)-log(1-x),

n=1

I
NgE
3R

n=1

fl
i Ms

-3

X

— 3 )—log(l—x)

or
_ (1-x-x2)(1-x*-x)1-x-x°) .
o= l°g{(l ) (e x3>} | )
Solution of part (b): Suppose
1-x? —x = (1-rx)(1 - sx)(1 - £x),
1-x-x* = (1—ux)(1-vx)(1-wx), (%)
1-x—x?-x*=(1- f)(1 - g)(1-hx).
Then

F(x) =log(1-ax)+log(1- fx) +log (1-rx) +log(1—sx) +log (1—#x)
+ log (1-ux) +log (1-vx) +log(1-wx)—3log(1-x)—log(1+x)

—log (1-wx) —log (1- w*x) —log (1 fx) —log (1- gx) —log (1—Ax),

where « and S are the usual Fibonacci constants and @ = exp(2i7 /3). We then obtain
F(x)= Z%[—(a” +AN) (" ++ )W +V +w")
n=1
+3+(=-D"+o" +0® +(f"+g" +h)].
Comparison of coefficients yields the explicit formula:

C, :%(Jn+3+(—l)” to"+0¥ L -G, ~H), n=123,.., (k%)

where
L,=a"+p" (Lucas numbers), G,=r"+5"+1",

H =u"+V'+w", J =f"+g"+h", n=12, ... (x*%x)
The initial values and recurrence relations satisfied by the J,'s, G,'s, and H,'s may be obtained

from (**), and are as follows:
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D) T3 =Jpat It dy n=12, J=1 0, =3, =T,
(i) Gn3=G+G,, n=12,.; G=0,G,=2,G,=3;

(i) H,,o=H,,+H, n=12, . H=H=1H-=4.

If n>5 is prime, ®” +®*" = —1; thus, for prime 7>7, we obtain the slightly simplified formula
for C,:

Cn=%(Jn+l—Ln—Gn—Hn), n>7, n prime. (%% % %)

To obtain values of J,, G,, and H, without means of the recurrence relations (i)-(iii), we would
need to solve for the roots in (*#*); we shall omit this exercise and assume that these roots are
known. Also, it is of interest to note, as can be verified, that C, given by (**%) vanishes for
n=1,2,3,4,5, as we would expect.

Solution of part (c): As was determined in Problem H-465 as a special case, B, , . is an

integer for prime n>7. From (3), it then follows immediately that C, is an integer if n is prime
(evenfor n=2,3,5, since C, =C;=C;=0.)

Note: It may be shown that [, = 1 (mod n) for all prime »; from this result and the expression in

(**xxx)_ we deduce that
J,=G,+H, (mod n), if n is prime. (G3)

Sum Formula

H-527 Proposed by N. Gauthier, Royal Military College of Canada
(Vol. 35, no. 2, May 1997)

Let g, a, and b be positive integers, with (a,5) =1. Prove or disprove the following:

fbil(_ hebreer Lotarb-abylaa +(CT)a0-a0 Fy@av-1y .
b9 5 T P Fy
(br+as<ab)
5?2%bi%(___l)q(br+as)LZ . — (_nl)q(1~ab) Lq(zab—l) _ ‘F;]aqu(a+b—ab)
+ .
b) r=0s=0 atbr+as) ‘E] F;]aF;yb
(br+as<ab)

Solution by the proposer

Consider
a-1 b-1

S X, a, b) = xbr+as,
G ah=2,2, m

(br+as<ab)

for a, b positive integers, with (a,b) =1, and x #1 an arbitrary variable. L. Carlitz has shown
["Some Restricted Multiple Sums," The Fibonacci Quarterly 18.1 (1980):58-65, eqns. (1.1) and
(1.2)] that

ab ab
1-x x ©)

554,80 = 0™ 1-x

Now, for g a positive integer, consider
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Li(ga,b)=S(a’/ % a,b) = 5(f% / a?; a,b), G3)
where a = 1[a ++/5], B= 11— V5], af =-1. Itis readily seen that (2) in (3) gives

J5 T, = —patarb=ab Lo, o gati-ab) L

F
ga” gb q
- @
+ l:aq(a+b—ab) qab ﬂqabaq(l—ab) _l_j| ,
FoaFep F,

where F, = (a" — 87)/~/5. Similarly, (1) in (3) gives

a=1 b-1 q \brtas q \br+as
- al i
(br:—as<:1b)
a1 b-1 %)
= _1\aGr+as)[ o, 2q(br+asy | p2g(br+as
V53 S (~1yatrrangatraan 4 pratbrean]

r=0 s=0
(br+as<ab)

The solution to part (a) follows by choosing 7, in (4) and (5); equating the results gives
+
a-1b-1 F F F
—1 q(br+as) - g(a+b—ab)* qab +(~1 q(1-ab) ~ g(2ab-1) '
Z:');)( ) LZq(br+as) -F;]a];:;b ( ) F;]
(br+as<ab)

For the solution to part (b), choose 7_ in (4) and (5) to obtain
a-16-1 L B F bL o
53 (DIIOL, = (07D QD Zgabgtarboab
;g)sgo e ‘F;] Fc}aﬁc‘]b

(br+as<ab)

Also solved by P. Bruckman.
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