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1. INTRODUCTION 

In [7], Toscano gave some novel Identities between generalized Fibonacci-Lucas sequences 
and Bernoulli-Euler polynomials. Later, Zhang and Guo [9] and Wang and Zhang [8] discussed 
the case of Bernoulli-Euler polynomials of higher order and generalized the results of Toscano. 

The purpose of this paper is to establish some identities containing generalized Genocchi 
polynomials that, as one application, yield some results of Toscano [7] and Byrd [1] as special 
cases, as well as other identities involving Bernoulli-Euler and Fibonacci-Lucas numbers. 

2. SOME LEMMAS 

It is well known that a general linear sequence Sn(p9 q) (n = 0,1,2,...) of order 2 is defined 
by the law of recurrence, 

SniP, 4) = pSn-l(P, 9) ~ <lSn-l(P> 4)> 
with S0, Sx, p, and q arbitrary, provided that A = p2 - Aq > 0. 

In particular, if S0 - 0, Sx = 1, or S0 = 2,Sl = p, we have generalized Fibonacci and Lucas 
sequences, respectively, in symbols Un(p, q), V„(p,q). 

If a, fi (a > J3) are the roots of the equation x2 - px + q - 0, then we have (see [7]) 

U„((p,q) = ^ ^ , V„(p,q) = a"+/3", (1) 

S„(p,q) = (si-±Soyn(p,q) + ±SQV„(p,q). (2) 

We assume 

and, using (1) and (2), we deduce that 

S„(x;p, q) = {x-^y^UM q) + \kVn(j>, q), (3) 

Sn(x;p,q) = xa" + (k-xW. (4) 

From this point on, we shall use the brief notation Un, Vn, and Sn(x) to denote Un(p,q), 
K(P> 4), a n d Sn{x\p9 q), respectively. 
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By adapting the method of [7], [8], and [9] to Sn(x), we have obtained the following results 

s:(x)+(-iys?(k-x) 

hi Z \Z)KUtrkm-2rV:-2r(2x-kyr (veven), 

hv Z [2^+MHV2)Urikm-2r-%^2r-\2x-kf^ (vodd), 

s;(x)+H)X(*-*) 

= Z W9"r[^"(m-2r) + (-l)"a"(m-2r)]xr(A: - *)' 

%i)qnrVn^r)xr(k-xy-r (veven)s 

-n™)<l"rtinU„im-2r)Xr(k-Xr-r (V0dd) , 
r=0V / 

(5) 

(6) 

5^(x) + ( - l )X(* -« ) 

2^™ymxm(k - x)m + t^y%r,(rn-r)[xr(k - x)2n"r + x2m~r(k - x)l (v even), 
(7) 

m-l 

I. r=0 

2m £ 7 ^A1/2tf2n(m_r)[x'(*-x)2m-' + x 2 - ^ - x y ] (vodd), 

5;, (*)+(-i)X" +1(* - x) 

r=0 

2m + l <7"%r2m-2r+n[*r(* - xrm-r+1 + * " r ( * - *)H (" even), (8) 

£ " " / * )<7"rA1/2t/„(2m_2r+1)[xr(* - xfm-^ + x 2 " " ^ ^ - xj] (v odd), 
L r=0V 

and the generating functions 

Z ^ = i [exp( '«n)-exp(/ /?")] 
r=0 

and 

r! 

Z 5 ^ = «p(/a-) + exp(^"). 
r=0' • 

(9) 

(10) 
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3, THE MAIN RESULTS 

The generalized Genocchi polynomial is defined as (see [4]) 

From this definition, it is easy to deduce the following properties (see [4]): 

G<*>(*-x) = (-ir*Gf>(x), (12) 

Gf+1>(x) = 2n(k-x) G<,k_\(x) + j(n-k)G<,k\x). (13) 

In particular, Gjp(0) = Gn (Genocchi number, see [3]). 
From (11), replacing t by A1/2f//, we have 

x W ) , x(A1/2C/J)r 2kAk/2Uktk
 t AV2TT. 

> GfHx) ^u- = —r^—n rr exp(xAy 2Uj) 

3,A1, exp[r(xa" + (* - x)/T)]. 
[exp(anO + exp(^w0f 

Therefore, 

Hence, 

oo / Allljj fy 

[exp(a"0 + exp(yg"OfXGrW(x) , = 2kAk/2Uktk exp(tSn(x)). 
r=0 T • 

{1^J{ I 3fc) W ^ T F ] - 2fc A-2c/y «p(^(x)). 
Vr=of • y v=o f • y 

We now expand the product figuring in the left member into a power series of t, compare 
with the expansion of the right member, and obtain 

±(™)xl2U&k\x){m-r)\ £ ^ - ^ V V 
r nrx

 r nr 

r=OV / rl+-+rk = m-r r l ! Tk! (14) = (m)k2kAk/2UZS!Tk(x). 
If we replace x by A - x in (14) and use (12), we find 

V V 

= (m)k(-\)k2kAknUkSrk(x). 

From (14), (15), (5), (7), and (8), we have 

[m/2]y \ V V 
1 ( 5 WU2

n
rG£\x)(m-2r)\ £ -=1...-=L 

r=0 V / rl+-+rk = m-2r rV rkl 

(15) 
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^ t t n U k " X (m-r
kyrU2„rk"'-k-2'-Vrk-2r(2x-kr C^even) 

/ w \ {{m-k)l2\ r j x 

&h_ip+wUk £ tm-kyU2r+lkm-k-2r-lvrk^l{2x_k)2r+1 (kQddl 

m-k-\f _jS\ 

x I r W ^ ^ ^ K ^ - ^ r ' " ^ ^ ^ ^ - ^ ] (*even), (17) 

[w-A:-2l 

U ™ ) ^ * - 1 ^ 1 ^ * t fw,:*V"l/-(-*-2r)[*r(*-*),,h"*"r+*m"*"r(*-*)r] (*odd)-

We also obtain 

r=0 V V r,+ - rk = w - 2 r - l r l ! ^ ! 

= (m)k2k-lAk/2U*[S™-k (x) - {-\)kS™~k (x)] 

™rA*/2£/* X 2r + jAr+<1/2^f+1/tm-fe-2r-1rn
m-i-2'--1(2jc-A:)2r+1 (A: even), 

2" r=0 Kr J (18) 
^ A W 2 C / „ " Z r 2 7 A r [ / 2 ^ - i - 2 T r t - 2 ' ' - 1 ( 2 x - ^ (*odd), 

f(m)it2*-1A*/2l7*(l + (-q-W-wf (Jjky2)x(m-k)/2(k - xf^'2 

[(m-Ar-2)/2] / , \ 

+(m)k2k-itf,2u!i x ['M;*j^f;(m_,_2r)[x'-(A-xr-^+x'»-^(A-x)'-] (*0dd), 
[(m-A:-2)/2] • , \ 

r=0 ^ ' 

+ x/w-Ar-r(it-x)r] (A even). 

4. SOME CONSEQUENCES 

If we take x = k 12 in (16) and (18), then 
[ w / 2 ] x _ x 1/ V 

E fc A«)(i/2)(».-2r)! X -*...-=(-
r=0 ^ ' >yf--•+rk = m-2r rl' rk ' 

\^^^/2UkJm-kVrk (*even), 
2(«-2*) " w » " r » v~ w W1 v> ^ 0 ) 

(A odd), 
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r=0 ^ ' r 1+---+r^=w-2r-l rV *> 

) (A even), 

{ J ^ ^ ^ 1 * - ^ * (*odd). (21) 

Talking £ = 2 In (20), again using G2r(l) = -G2r (see [4]) and recurrence relation (13), we get 
[AM/2] /- x m-2r f n \ 

I (2
W

rjA-1C/„2^1)(l-2r)G2r X (7W-2rjF„/„(m_2r_y) = 2 F r 2 ^ - l ) - (22) 

Taking £ = 1 in (21), using G2r+1(l/2)= r ^ 2r, where E2r is the Euler number (see [4]), 
and m --> m +1, we get (22) of [8], namely, 

| W 2 ] x x rp 1 

I (£JA^r # ^ « = ̂ =rC- (23) 
In (22), using G2r = 2(1 -2lr)Blr, where i?2r Is the Bernoulli number (see [2], [4]), we obtain 

[m/2] / x m-2r / ^ \ 

2 [2
W

rjA-1C/„2^1)(l-2r)(l-220^ I f}2"]^;^^-;) ^""V*-!). (24) 
If we take /? = 1 and q = -l, then £/„(!, -1) = Fn {Fibonacci number), Vn(l, -1) = Ln {Lucas 

number), and from (23) and (24) it follows that 
[ml2]r x rp -. 

\ml2\/ x m-2r f * \ 

X ^ j 5 - i e ( l - 2 r ) ( l - 2 2 0 5 2 r £ ( ; J4,4(m-2r-,) = w ( w - l ) ^ r 2 , (26) 

where (25) is the result of Byrd [1]. 
If we take p = 2 and q = - 1 , then C/„(2, -1) = Pn {Pell number), Vn{2, -1) = Qn {Pell-Lucas 

number, see [5]), and from (23) and (24), it follows that 
[m/2] ( [m/2] / x i 

X [ 2 f \2rPnrE2rQn{m-2r) = ~^\Qn ? ( 2 7 ) 

[w/2]x x m-2r f ^ \ 

X ^J8-1^(l-2r)(l-22052r S [ ^ J O A ^ - , ) =«(«-l)Qr2. (28) 

5. RESULTS IN TERMS OF THE POLYNOMIALS E„(n), T„(«), Q„(H), AND ¥„(«) 

The Bernoulli and Euler polynomials allow themselves to be expressed as follows: 
Bm(x) = S»(«), « = * 2 - x , n = 0,1,2,..., 
E2n(x) = Tn{u), u = x2-x, n = 0,l,2,..., 
\ - i W = (2x -1) «„_!(«), w = x2 - x, n = 1,2,..., 
E^ix) = (2x -1) ¥„_,(«), if = x2 - x, n = 1,2,..., 
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where E, T, O, andT are all polynomials in u (see, e.g., Subramanian and Devanathan [6]). 
Applying (15), (16), (20), and (21) of [7], we get the following: 

[(/w-l)/2]x x [{m-l)l2]t 

X £)Aru?un(n_2r)zr(u)=^=Tun I K ; 1 )xu?vr2r-\i+4uy, (29) 

[(m-2)/2]x x [ ( / M - 2 ) / 2 ] / - . x 

X 2^1 A ^ + V H A ( « ) ^ ^ S (J;1!)KUriVr2r-2(l + 4uy, (30) 
[m/2]x x [w/2]x x 

X 5 Ar[/X(m-2,)T» = i ^ Z J k[/Xm-2r(l + 4«)r, (31) 
[(w-l) /2]x x 1 [{m-l)l2}/ ..x 

X W+MUn+lV<m-2r-»%W = ̂ Un X £ \ A^rlC-2r-10 + 4«)r. (32) 

6. A REMARK 

From our main results (16), (17), (18), and (19), according to different choices of k, x, p, and 
q, using recurrence relation (13), we can obtain many interesting identities. 

Our results have been numerically checked and found to be correct for m < 5. 
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