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1. INTRODUCTION

In [7], Toscano gave some novel identities between generalized Fibonacci-Lucas sequences
and Bernoulli-Euler polynomials. Later, Zhang and Guo [9] and Wang and Zhang [8] discussed
the case of Bernoulli-Euler polynomials of higher order and generalized the results of Toscano.

The purpose of this paper is to establish some identities containing generalized Genocchi
polynomials that, as one application, yield some results of Toscano [7] and Byrd [1] as special
cases, as well as other identities involving Bernoulli-Euler and Fibonacci-Lucas numbers.

2. SOME LEMMAS

It is well known that a general linear sequence S,(p,q) (n=0,1,2,...) of order 2 is defined
by the law of recurrence,

S0, 9) = PS,1(P, D = 45,-2(P, D>
with S,, S;, p, and q arbitrary, provided that A = p* —4g > 0.
In particular, if §;=0,8,=1, or §;=2,5, = p, we have generalized Fibonacci and Lucas
sequences, respectively, in symbols U, (p, ¢),V.(p, q).
If &, B (a> fB) are the roots of the equation x* — px +¢ = 0, then we have (see [7])

U =525 V= M
_ 1 1
5,00~ (835 U, + 250, 2.0) @

We assume
Sy=k, = %pk+(x—%k)A”2
and, using (1) and (2), we deduce that
5,06:2,0) = (3 3k |80, (. )+ 47,0, ). ©)
Sa(%; p, @) = xa" + (k- x)B". 4)

From this point on, we shall use the brief notation U,, V,, and S,(x) to denote U,(p, q),
V.(p,q), and S,(x; p, q), respectively.
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By adapting the method of [7], [8], and [9] to S,(x), we have obtained the following results:
Sy(x)+(=1)"S;"(k - x)

— Z(’:’) Ar/2Ur 1 - km—rV;'m—r(x__];_’) (l+(_l)v+r)

r=0 5 2"
1 2
= (Zr) AU ™2y m=2r(2x — k)™ (veven),
S )
- ) 2
2m_1 Z (zr " 1)Ar+(l/2)U3r+1km—2r—ll/;1m—~2r—l(2x _ k)2r+1 (VOdd) ,
r=0
Sy () +(=1)"S; (k—x)
- Z (7:1) an[ﬂn(m—Zr) + (_l)van(m—Zr)]xr(k _ x)m—r
r=0
S () a5y (veven),
=y 6
3 (M)A g =2 (000,
r=0
Sy (x)+(=D"S7(k —x)
2 nmy.m m (S} 2 nr r m—r m-r r
2( ’T)q x"(k — x) +ZO( ;n)q Vanim-r X (k= x)*"7 +x*""(k—x)] (veven), ™
- m—1
_Z (2;71) anAl/2U2n(m—r)[xr (k _ x)2m—r + x2m—r(k _ x)r] (V Odd) i
r=0
S (e) + (=) S (k ~ x)
m
Z(Zlﬂr'i' l) an n(2m—-2r+1)[xr(k _ x)2m—r+l + me——r+l(k _ x)r] (V even) , (8)
_ Jr=0
S 2m+1 nr Al/2 r 2m—r+1 2m-r+1 r
2T |4 A U g ¥ (ke — ) +x N (k-x)'] (vodd),
r=0
and the generating functions
14 1 n n
> LU, = grlexp(ta”) ~exp(18")] ©)
=r! A
and
> 57, = exp(ta”) + exp(t”). (10)

r=0

l
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3. THE MAIN RESULTS

The generalized Genocchi polynomial is defined as (see [4])

Z G(k)() (

r—0

k
expt+1) exp(x). (11)
From this definition, it is easy to deduce the following properties (see [4]):

GOk —x) = ()™ GP(x), (12)

2n(k —
k

G ) =259 60969 + 2 (1- 1) G (). 13

In particular, GP(0) = G, (Genocchi number, see [3]).
From (11), replacing ¢ by A"2U ¢, we have

iG(k)(x) (AI/ZUnt)r B 2k Ak/ZU:tk

T exp(xAV2U £)

= rt [exp(AU) +
2k N2 ) )
(@ +exp(arff T ETI
Therefore,
k DURN (. U0 ) S
[exp(at) + exp(B"1)] ZG( )(x )—— 28 AU exp(2S,(x)).
r=0
Hence,

(Z . ] (Z G (e LEU" ”) 2 AU expl(eS, ().

r—O r=0

We now expand the product figuring in the left member into a power series of ¢, compare
with the expansion of the right member, and obtain

" Vv V
Z(’:’) APUIGE(x)(m-r)! L? "r’|‘
r=0 reb e r=mer r ! (14)

= (m), 2X A2UES™* ().
If we replace x by k£ — x in (14) and use (12), we find

i (’:) Ar/ZU’:(— 1)'G,(k)(x)(m _ r)| Z Vnrl Lo

r=0 retetn=mer rl! Y ! (1 5)

= () (-1 2* AU (o),

~

From (14), (15), (5), (7), and (8), we have

[m/2]

Vv, V,
> (2”; )A’Uﬁ’G§’,‘)(x)(m—2r)| > LOPPREL S
r=0

rd e n=m-2r rl! rk!

= (m), 2 AU [ () + (- DF S ()]
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=<

( [(m=k)/2] (

(m);, Ak/ZU’I;c z

s m-— k) ArUfrkm—k—ZrV;’m—k—h (2x _ k)2" (k even),

2r
r=0

(16)

[(m=k)/2)
2(;1”—)2kk A(k+l)/2U,I: Z (g;:_"i) ArU3r+lkm—k—2r—anm—-k—-2r~1(2x _ k)2r+l (k Odd),
r=0

N

) 27U (MK - 2 40

m—k—1
-k nr; r m—k-r m—k-r r
x (’”r )q rimete—ary (X (k= X)" 5 4+ X" (k= x)'] (keven), (17)

r=0
m—k-=2

[n-4
- _k nr r m—K-=r m—K—=r r
—(m) 2+ AR Y (”‘, )q w2 (k= %)™ £ X" (k — x)'] (k 0dd).

L r=0

We also obtain

[m/2]

v, v,
Z ( m 1) Ar+(l/2)U3r+lG2(fz_l(X)(m— 2 — 1)' Z ny Ui

r=0

2r +
r+--n=m-2r-1 rl! rk!

= (m), 2 AU S (o) - (- )F S ()]

=

(m)k Ak/2 Url: [(m_zk:) /2](

m—k r r m—k—2r— —k—-2r—
2m—2k 2 )A +(1/2)U3 +1k k=2r IV;,m k-2 1(2x_k)2r+l (k even),

2r+1

(18)

[(m=Fk)/2]
(m)k Ak/ZU: Z (mz“rk)ArUjrkm~k—-2rV"m—k—2r—l(2x _k)2r (k Odd),

m-2k
~2 r=0

T e P T R R L

[(m—k—=2)/2]
+ (m)kzk—lAk/zU’I‘c Z (m - k)qu (m—k-2r)[xr(k- x)m—k—r+ xm—k—r(k _ x)r] (k Odd) ,

r n
r=0

(19)

k-1 (k+1)/2Uk[(m-k_2)/2] m-k g F(k — XYk
_(m)k2 A n Z 7 q n(m—k—Zr)[x ( X)
r=0

+ X" (k- x)7] (k even).

4. SOME CONSEQUENCES

If we take x =k /2 in (16) and (18), then
[m/2]

|4 v,
z (E’:‘)A’UnZ’Gz(f)(k/z)(m__zry Z o Vnn

| |
r=0 ryt A =m=2r ut n:

B 25:’_)2’;) NPUFgmkymk (K even),

0 (k odd),

(20)
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[m/2] -

- 4 " nry nry
Z(2r+1)AU3 Gy (k 1 2)(m—2r —1)! D e rl!c
=0 et tn=m=2r-1 "1 k-

0 (k even),

21
ZEZI_);;C) A(k l)/2Uk lkm—kVnm—k (k Odd) ( )

Taking k£ =2 in (20), again using G,,(1) = —G,, (see [4]) and recurrence relation (13), we get

[m/2] m=2r
y ( )A"‘UZ(’“D(I )G, > (’” ]2’)1/ Vimearep = 2 2m(m—1). 22)

r=0 J

Taking k£ =1 in (21), using G,,;(1/2) = %Ei, where E,, is the Euler number (see [4]),

and m — m+1, we get (22) of [8], namely,

4 ryy2r 1 m
ZO( )AU& 22r n(m—2r) 2m-—1Vn . (23)

In (22), using G,, = 2(1-2%)B,,, where B,, is the Bernoulli number (see [2], [4]), we obtain

[m/2] m=2r
r— r— r 2 m—
> ()awze-ra-2na-2)8, > ("7 Wi =Virmim=1. @4

If we take p=1 and g =-1, then U,(1, —1) = F, (Fibonacci number), V,(1,-1) = L, (Lucas
number), and from (23) and (24) it follows that

5 TR Ly L] — I 5
Z 2r 5 22r n(m—2r) 2m—l n > (2 )
r=0
K (m 1R (1-27)(1-2%)B mf’ "= 2’ L.L (m—-1) L2 (26)
Z(:) 2r n ( - r)( ) 2r = ‘nj=n(m-2r—Jj) =mm n >

where (25) is the result of Byrd [1].
If we take p=2 and g =-1, then U, (2, 1) = B, (Pell number), V,(2,-1) = Q, (Pell-Lucas
number, see [5]), and from (23) and (24), it follows that

[m/2]
> (50)2 P B Oz =i O @7)

[(m/2] - ) S "

S (5 ) B a-200-28, % (" )0uumarp = mm-DQIE @8)

r=0 Jj=0

5. RESULTS IN TERMS OF THE POLYNOMIALS E, (u), T, (), Q, (1), AND P, ()

The Bernoulli and Euler polynomials allow themselves to be expressed as follows:

B, (x)=E,(u), u=x>-x, n=0,12, ...,
E, (x)=T,), u=x*-x, n=0,1,2, ...,
B,, (x)=Q2x-1)Q, ), u=x*-x, n=1,2, ...,
E, (x)=Qx-1)¥Y,_ (), u=x*-x, n=1,2, ...,

2
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where E,T,Q, and ¥ are all polynomials in # (see, e.g., Subramanian and Devanathan [6]).
Applying (15), (16), (20), and (21) of [7], we get the following:

[(m=1)/2] [(m=-1)/2]

(zr)A’U2’Un(m_2r): @) =550, 2 (’” 1)A’U2’V""2’ ‘(1+4uy, (29)

r=0

[(m=2)/2] [(m=2)/2]

(27" H)A’U”"IU (m_z,_l)gr(u):l_U,, > (Zr +1)A’U2’“V""2’ 2(1+4u)", (30)

r=0 2m ! r=0
[m/2] . 1 [m/2] ) )
ZO ( )A U V(m—Zr)T (ll) o v U ZO (2") ArU YVM— r(1+4u)r (3 1)

1 [(m-1)/2]

[(m=1)/2]
( @) = m_lU > (5’; +1)A’U2’“V”"2"1(1+4u)’ (32)
r=0

m ryr2r+l
2r+1)AU" Vo

m=2r-1

6. A REMARK
From our main results (16), (17), (18), and (19), according to different choices of %, x, p, and

q, using recurrence relation (13), we can obtain many interesting identities.

Our results have been numerically checked and found to be correct for m < 5.
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