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1. PURPOSE OF THE PAPER

Previous papers ([1], [2], [3], and [4]) have investigated aspects of the Morgan-Voyce
polynomials B,(x), b,(x) and certain polynomials C,(x), c,(x) associated with them, together
with generalizations of them, P(x), O{")(x), namely,

PO () =b,(x), (11
B (x)=B,(x), (12)
PAx) = c,(x), (1.3)
O0(x) = C,(0). 14
Both generalizations are absorbed into a composite polynomial R (x) such that [4]
R{D(x) = B (x), (1.5)
R D(x)= 00 (x). (1.6)

Here we consider the implications for the theory in the case R”:*)(x), where n> 0.

Because of the detailed information in the previous papers, only the algebraic skeletal struc-
ture of the new system of polynomials will be outlined.

For the record, we list the following equalities involving negative subscripts which are readily
obtainable from the Binet forms in [2]:

B_,(x)=~B,(x), )

b_(x) = b,,(x), (1.8)

C.,(x)=C, (%), (1.9)

€y () =~ (). (1.10)

Additionally, we require

BOW) = By 418, 111, (1.11)

OV =Ly, +1F,  [3], (1.12)

XM =2F"1  [3] (1.13)

0 (x) = B+ P2(x) (n=1) [3], (1.14)

whence

0P W) - B = Fyy - (1.15)
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Worth recording finally is ([2], (1.7), (1.9)) the differential equation
5’%1—6("—) = —nB_,(x). (1.16)

2. THE POLYNOMIALS R":")(x)

Define the polynomials {R"":*)(x)} by means of a Morgan-Voyce type recurrence

RGP(x) = (x+2RGH(0)-REH(x) (2> 0) 2.1
with
ROO(x)=u, ROGY(x)=(@-Dx+u-r. (2.2)

Paralleling the data in [4], we postulate the existence of a sequence of integers {c” “)} n=0,
for which

R&9(x) = Zc('n Ok, (23)
in which
I 2.4)
u-1, n>Q,
and
< =u—nr. (2.5)
Moreover, for x =01in (2.1) and (2.3),
g =201 -1 . (2.6)
Furthermore, (2.1) leads to (k 2 1)
=201 =+ @7

The Coefficients c(" )

Repeated use of (2.1) and (2.2) allows us to construct a table of the coefficients c(’,,”k) as

follows.
TABLE 1. The Coefficients ¢} (n>0)

PCARY 1 2 3 4 5 6

0 |u

-1 |u-r -14u

-2 (u=-2r -24+3u-r ~1+u

-3 |u-3r -3+6u-—4r —4+5u—-r -1+u

-4 |u—4r —-4+10u-10r -10+15u—-6r —6+Tu-r ~1+u

=5 |u-5 -5+154-20r -20+35u-21 -21428u-8 -8+4+%u-r -1+u

—6 |u—-6r —6+2lu-35 -35+70u—-56r -56+84u-36r -36+45u-10r -10+1lu—-r -1+u
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Comparison of this table with the corresponding table for cf,’ k") in [4] reveals that the sign of
the constants and the sign of the coefficients for r have both changed from + to —. On the other
hand, the sign of the coefficients of # remains unchanged (+), but » has been replaced by —n+1.
That is, from [4], we have the key formula

rwy _ _[(n+k-1 n+k n+k
Cnk = ( 2k -1 ) (2k+1)+"( 2%k ) 238)
+k-1 k k
=(n ok )—r(;k++l)+(u 1)(n+ ) 2.9
by Pascal's Theorem.
Suitable specializations # =1, 2 in (1.5) and (1.6) reduce this to
" _[(n+k-1 _ n+k
-nk“( 2% ) ’(2k+1 (2.10)
and
” n+k), (n+k-1\__(n+k
L “( 2% )*( % )2k +1 2.11)

for P)(x) and QU)(x), respectively, tables for which the reader may care to construct.
Further specializations are obvious, e.g., a0, =("3").

Next, multiply (2.9) throughout by x* and sum. Then, by (1.5) (n — —n), (1.8), and (2.3),
we deduce that

Theorem 1: R":"(x)= P (r)(x) +(@—1Db,y,(%).

Numerical Specializations
Using (1.1)-(1.14) variously, we deduce that

RGO = PO =b,() = F,,.,, (2.12)
RGP = PQ() = -B, () = ~F,5, (2.13)
RED@) = PO(1) = —,() = -L,,, (2.14)
RCA2() =091 =C,(1) = L,, (2.15)
RGO = 091 =2PD() =25,(1) = 2F5, 4, (2.16)
RZ2(1) = 09() = By (2.17)
Also [cf (2.13)],

RO =B_,() = F, (2.18)

Moreover, we have from (2.1) that
ROY(=1) = REW(-1) + R (-1), (2.19)
R%M(=3) = «(R%:(-3) + R4 (-3)), (2.20)
RG9(-2)=~RG%(-2) 221)

[eg, RGV(-2)=-u-r+2=-R%"(-2)].
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3. MISCELLANEOUS RESULTS

Chebyshev Polynomials

Employing the notation in [4] for the Chebyshev polynomials U,(x) and 7 (x), we discover
that, with (1.7)-(1.10),

B.(9)=-U,(552) G.1)
c,m=21,(%52), (32)
b= 52)-0,(552), 6
e, = Uy Z2)+0, (22, )

x+2

[Ordinarily, U_,(x) = —U,,_,(x), but this is not true when x is replaced by 2.
As in [4], we have

Theorem 2: R":“(x)=-B_,_,(x)—(r+u—2)B_,(x)+(u- DB_,(x).

Theorem 3: R":"(x)=((u—1)x—r+u)B_,(x)—uB._

n-1-
Both these theorems can, by (3.1), be cast in terms of U,(%2). Theorer 3 is, in fact, an

equivalent of the Binet form for R_,(x). A Simson formula analog for R_,(x) corresponding to
that in [4] for R, (x) is left to the reader's interest, and likewise for a generating function analog.

Zeros and Orthogonality

These properties for B_,(x), ..., c_,(x) may be approached as for those of B,(x),...,c,(x) in
[2], by referring to (1.7)-(1.10).

Rising Diagonals

Rising diagonal polynomials (functions) are obtained from Table 1 by considering a set of
upward-slanting parallel diagonal lines (cf. [2]). Designate these polynomials by R (x) or just
R _,(x) for brevity. Then Ry(x)=u—-r, R_,(x)=u—-2r+(u-1x.

A little tricky exploration enables us to affirm that [see (2.9)]

]
g*’-n(x) = zc—n—l+k,kxk . (35)
k=0

Comparison with [2, (7.1)] is worthwhile at this point. The contrast in the two forms demon-
strates that, in passing from R ,(x) in [2] to R _,(x) here, we cannot with impunity always merely
replace n by its negative. Asymmetry in the two patterns of rising diagonals explains this dilemma.
[Indeed, R (x) is chosen to be different in [2] and here. ]

Adopting [2] as our model, we are able to establish the following corresponding results (no
proofs offered.) :
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Theorem 4 (Recurrence): R_, (x)=2R_,. ,(x)+(x—-DR_,,,(x).
Corollary 1: R_,(1)=2""2u-2r-1}.

Theorem 5 (Generating function):
2R ()Y = {u—r+[-utx@-DH1- Cy+(x -y}
i=0

Analogously to the procedures in [2], we may derive a Binet form and a Simson formula for
R_,(x).
4. CONCLUSION

The development outlined above complements that in [4] and thus rounds out the general
theory for integer » (about which more could be written). :
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