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1. INTRODUCTION
Long [4] considered the identity
I2 -5F2% = 4(-1) ‘ (1.1)

and noted that the left side consists of terms of the second degree. He gave numerous variations
of (1.1) by varying the terms that make up the products and also the subscripts. For example, he
obtained

F L, nia d even,

LnFm - Ln+dFm+d = 4 mimd (1 2) '

LF, ..a—2(-D)'F, ., dodd.
Long noticed that the replacement of the minus sign on the left with a plus sign simply reversed
the even and odd cases on the right side, so that a counterpart to (1.2) is

L F, . ..a—2(-1)"F,_,, deven,

m

(1.3)
F 4Lypinas d odd.

LnFm + Ln+dFm+d = {

In this paper we generalize all the results of Long that focus on the difference of products,
and we produce many more. A pleasing feature of the identities contained here is that while being
more general than those of Long, they maintain the elegant properties which Long observed.

2. THE SEQUENCES
Define the sequences {U,}, {V,}, {W,}, and {X,} for all integers n by
Un = pUn—l - qUn—Z’ UO = O’ Ul = 1,
I/n:pV-—l_qV——Za I/O:27 I/lzp,

an :pW—l—qVVn—Z’ I/V() =4q, I/VI :b’
Xy =W —qW,_,.

@.1)

Here a, b, p, and g are any complex numbers with A = p>—4q #0. Then the roots a and S of
x* — px +q =0 are distinct. Hence, the Binet form (see [2] and [3]) for W, is

_Aa"-Bp"

n a —ﬂ >
where A=b—-af and B=b—-aa. It can also be shown that X, = Aa” + Bf". The sequences
{U,} and {V,} generalize {F,} and {L,}, respectively. Also, since {I,} generalizes {U,}, then

{X,} generalizes {V,} by virtue of the fact that V, =U,,, —qU,_,, which can be proved using
Binet forms.
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We consider a second group of sequences obtained from (2.1) by putting g=—1. In the
obvious order, we name these sequences {u,}, {v,}, {w,}, and {x,}. The sequences {«,} and {v,}
also generalize {F,} and {L,}, respectively. Furthermore, {w,} and {x,} generalize {u,} and
{v,}, respectively. We write D = p* +4.

Finally, our third group of sequences is obtained from (2.1) by putting g =1.
name these sequences {£,}, {0,}, {R,}, and {S,}.

In order, we

3. THE FIRST SET OF IDENTITIES

For the sequences {u,}, {v,}, {w,}, and {x,}, we have found the following:

v +2(-D"x,__ . dodd,
XV = XpydVmrd = {D mened 20 % G.1)
u—dwm+n+d > d even,
‘m+n+d +( 1) XoVi-m> d Odd’
ey o (.2
m e {D(u_dwm+n+d +( 1) Wol4 m)’ d even,
Woponeg +2(=1)™w,_ . dodd,
Xty — Xy ahmead = { SO o d ¢
Xmtntd> even,
XU, —X,, M, = Warinsa + (D" Wov,_,,,  d odd, (3.4)
- ke U_gXmin+d +( l)m-'—1 XoUy—m> deven’
xu —Vv, W Waninsa + (= l)mﬂxoun-m’ d odd, 3.5
nm ~ Vn+dWm+d = UegXyr o +( l)m+1w0vn—m’ d even,
d odd
Woin+d> ?
N (3.6)
n%m m+d " n+d — { Xned +2(_1)'"+1wn_m, deven,
d odd,
v _Dw " m+n+d> (37)
o e = {D Wintn+d +2( l)m n~m> deven’
xv —Dw_ .u Xpinea + (1) DWoth,_, - d 0dd, (3.8)
nYm md n+ Du_gw,,, g +()"xev,_,, deven,
Ly +2(-D™x,_ ), dodd,
Wik, — W, qlhyq = {5 e S d even ¢
Wntn+d> ’
L + 1 m+1 _ d Odd,
Wnum - wm+dun+d D +n+d ( n m) (3 : 10)
U_iWmintd +( l)m+1w0u —-m> d even,
+2(-D"w__ . dodd,
WV —WoiaVmid = { Wminsd ) e d G
m+n+d’ even,
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v_w +(-D"wyv___, dodd,
WV, —W, V= d " m+n+d ( )m 0Yn—-m (312)
U_gXpinsd +(— 1) Xoly_m> deven.
If on the left side, in each case, we replace the minus sign with a plus sign, the identities are
exactly as stated but with the even and odd cases reversed. This parallels the observations of
Long for his Fibonacci-Lucas identities. For example, as a counterpart to (3.6), we have

1
u_dxm+n+d + 2(— 1)m+ Wn_m, d Odd,
Xl + VirdWnid = (3 13)
V_iWoinsds d even.

The proofs of (3.1)-(3.12) and their counterparts with a plus sign on the left are similar. For
the proofs, we require the following:

qu_,=-U, (3.14)
qv_, =V, (3.15)
Wria+q Wi =WV 4, (3.16)
Wora =4 Wi = XUy, (3.17)
Xowa+ 9 Xoa = X4, (3.18)
Xora =9 X,_q = AWU,. (3.19)

Identities (3.14) and (3.15) can be proved using Binet forms, while (3.16)-(3.19) occur in Bergum
and Hoggatt [1].
As an example, we prove (3.1).

Proof of (3.1): With g =—1 and using the Binet forms in Section'2, we have
XV = XnraVmea = (A" + BE™)(@" + B") ~ (Aa™ + BE™ )™ + )
= (Aa™" + BB™") — (Ao 4 Bpmn+ady
+(Aa"B" + Ba" ")~ (Aa“"ﬂ'”*" + B grd)
= Xpin =~ Xmemza +(@B)" (A" + BF"™") ~ ()" (Aa"™" + BF"™)
= ~(Xomensayrd = Xominsdy-a) + (- (@) ep)"x,_,.
Now g = -1 implies aff = —1. From (3.18) and (3.19), the right side becomes

“Xnin+dVd +2(_ l)mxn_m, d Odd,
—Dw min+d¥d> deven,

and the use of (3.14) and (3.15) gives the result.

4. THE SECOND SET OF IDENTITIES

We now consider the sequences {P,}, {0,}, {R,}, and {S,}. For these sequences, we have
derived twenty-four identities that parallel (3.1)-(3.12). Twelve identities have a minus sign con-
necting the two products on the left, and twelve have a plus sign. Each can be obtained by look-
ing at its counterpart in the list (3.1)-(3.12) and using the following rules:
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(i) Replace u by P, vby Q, wby R, and x by S.
(i) Replace any occurrence of (—1)™ on the right side by 1.
(iii) Then the difference of the two products is equal to the even case, and the sum of the two
products is equal to the odd case.

For example, using (3.3), we have
San - Sn+de+d = P—dSm+n+d’ (4- 1)
San + Sn+d‘Pm+d = Q—an+n+d - 2Rn—m . (42)

These can be proved in the same manner shown previously, and because of the above rules of
formation we refrain from listing the others.

5. THE THIRD SET OF IDENTITIES

The identities of Long [4, (18)-(24)] are generalizations and variations of Simson's identity

FyFoy = F2 = (1) (5.1)

n

They share the common thread of being differences of products the sum of whose subscripts are
equal. For example,

LF =Ly b = GO F gLy iy (52
We have found similar identities for mixtures of terms from the sequences {U,}, {V,}, {W,}, and

{X,}. Following our notation in Section 2, we write e = pab—qa®* —b* = — AB, which is essen-
tially the notation of Horadam [2]. The first group of identities is:

XnXm - Xn—de+d = —equUdUn—m-—d’ (53)
Xan - Xn—de+d = quUdVVn—m——d P (5 4)
Xan - Xm+an—d = qu%Un—-m—d . (55)

If we replace the minus sign connecting the two products on the left with a plus sign, then identity
(5.3) does not have an interesting counterpart. But in (5.4) and (5.5) we modify the right side by
replacing U with V, W with X, dividing by A, and then adding 2.X .

The second group is:

Wl =WoWora=€q"UU,_ g, (5.6)
Wqu - VVn—dUm+d = _—quden—m—-d > (5 7)
I/Vn(]m - WrrH—dU -d = _qm%Un—m—d' (58)

As before, if we replace the minus sign on the left with a plus sign, then (5.6) does not have an
interesting counterpart. However, we change the right sides of (5.7) and (5.8) by replacing U
with ¥V, Wwith X, adding 2.X,,,, and then dividing by A.

mi+n>

The third group is:
XX = AW, Wora = —€q" VY, s (5.9
Xan - AI/Vn—dl]mhi = quan—m—d > (5 10)
XY =MW U d =" X o pea- (5.11)
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Again, (5.9) yields nothing interesting after replacing the minus sign on the left with a plus sign.
However, we change the right sides of (5.10) and (5.11) by replacing ¥ with U, X with ¥, multi-
plying by A, and adding 2X,,.,. This should be compared with the processes in the previous
groups of identities.

The last group of identities is:

X=Xy iWonia = €q4"U o as (5.12)
XW = XeiWoa = €4 VU, pas (5.13)
XUpn = Xy dUpsa = =4"Ug X s (5.14)
XU = XprdUn-a = —4" XU, pa, (5.15)
Vel =Vo-iWsra = 4'U_a X nias (5.16)
V= VosdWoa = O X_dUppsa> (5.17)
XU =Vo-iWora = ~4" WiV s (5.18)

XnUm - Vm+dW—d = _qu;iVVn (5 19)

—m—d*

In (5.12) and (5.13), replacing the minus sign on the left with a plus sign yields identities which
are not interesting. However, in (5.14)-(5.19), we change the right side by replacing U(V) with
V(U) and W(X) with X(W) and adding 2/,

m+n*

We refrain from giving proofs of identities (5.3)-(5.19) and their counterparts because they
are similar to the proof of (3.1) demonstrated earlier.
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