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For any integers n>1 and k£ >0, let ¢(n) and o,(n) be the Euler totient function of » and
the sum of the k™ powers of the divisors of n, respectively. In this note, we present the following
inequalities.

Theorem:

(D) ¢(F,)=Fy, forall n>1. Equality is obtained only if n=1,2, 3.

(2) o (F)<F,,foraln>1and k >1. Equality is obtained only if n=1 or (k,n) = (1, 3).
3) oo(F,) =2 F; (, forall n=1. Equality is obtained only if n=1,2, 4.

Proof:

(1) See [2] for a more general result. O

(2) Let k>1. Notice that o (/) =F, g =1 forall k>1. Moreover, as 0,(2) = 1+2% >3
for k> 1, it follows that F, ;) =F  2F=2>1=0,(1)=0,(F;). Now let n=3. Notice that
Fy 3 =F,=3=0(2)=0(F3). However, if k22, then 0,(3)=1+3">10. Since F,>n for
nz6, it follows that F, ) =F, . > 1+3¢ >1+2¥ = 6,(2) = 0, (F3) for k>2. From this point
on, we assume that n>4.

Moreover, assume that

o (F) 2 F, ) (D

for some n>4 and some k >1. First, we show that if inequality (1) holds, then » is prime. In-
deed, assume that » is not prime.

Since n* >nk for all n>4 and k >1, and since F,,,>F,-F, for all integers u and v, it
follows that

E,,,ZE,,CZF,," forn>4 and k > 1. 2
Clearly
ﬁ>“;f,:") for m>2and k>1. 3)
If n<41, then F, < F,; <2-10°. By Lemma 4.2 in [3], it follows that
F,
6>—=2—, 4)
#(F)
and by inequalities (1)-(4), it follows that
F, o) Fom
= 2 e > > : 5

F‘G 8>6>¢(E,)> F;,k = F;:" FO'k(n)—n" ( )

Hence, 6> o, (n)— n*. Since n is not prime, it follows that
o, (n)—-n > Jn". ©6)
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Therefore, 6> +/n*. Since n>4, it follows that 6> Va* =2* or k<3. The only pairs (k, n)
satisfying the inequality 6> +/n* for which 4 <n <40 is not prime are (k,n) =(2,4) and (1,n),
where 4 <n <35 is not prime. One can check using Mathematika, for example, that F; ;) >
o, (F,) for all the above pairs (k, n).

Suppose now that inequality (1) holds for some k£ >1 and some n>42 that is not a prime.
Since F, > F,, >2-10°, it follows by Lemma 4.1 in [3] that

log(F,) > ¢f;; 3 %)

By inequalities (1), (2), (3), and (7), it follows that
E 0B Fom

loB(Fy) > Gy > e 2, 2 Fo ®)
Since
(1+2J§)n>1:’, >%-[(1+2‘/§)n—1] foralln>1, ©)
it follows from inequalities (6) and (9) that
nlog(1 +2‘/§) >logF, > Fak(n)—n" > %[(1 +2‘/§Jﬁk - IJ. (10)
If k >2, then ¥n* >n, and inequality (10) implies that
nlog(1+2£)>%'((l+2‘/§)"_IJ. an

Inequality (11) implies that » <3, which contradicts the fact that #>42. Hence k£ =1. Inequality

(10) becomes
Jn
nlog(lzﬁ) . %_((1?@) _ 1}

which implies that » <92. One can check using Mathematika, for example, that F
for all 42 <n<91.

From the above arguments, it follows that if inequality (1) holds for some 7 >4 and some
k >1, then n is prime. In particular, n>35,

y > o(F)

1(n

Write F, =¢q]'-----q]", where g, <---<g, are prime numbers, and y, >1fori=1,....f. We
show that ¢,, g,, and ¢ satisfy the following conditions:

(@ qzn;
(b) Ift>1, then g, >2n-1;

(C) t—1> 2(]’1- ])]og(%,e—l/(n—l)) .
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Indeed, let g be one of the primes dividing F,, From Lemma II and Theorem XII in [1], it
follows that g |F, - Fjz_;.

Suppose first that g|F,,. We conclude that q|(F,, Fj2) = F, ).
that (n, g*) # 1. Since both q and » are prime, it follows that g =n.

Suppose now that g|F,_,. We conclude that g|(F;,, Fj2_;) = F(, ,2_1,*q =*1 (mod n). Then,
clearly, g # n£1 because g and n are both prime and #» > 5. Hence, ¢ >2n—1 in this case.

Since F; =1, we conclude

Now (a) and (b) follow immediately from the above arguments.
For (c), notice that by inequalities (1), (2), and (3),

! 1 FE o (F ) E EF . F 3
1+ - n_ k\"nt - ox(n) — _In > 1+n >
H( 2 —1) T R R R (12)

i=1

because F,,,,/ F,, >3/2 for all m>3. Taking logarithms in inequality (12), and using the fact that
log(1+x) < x for all x> 0, we conclude that

i 1 > log(g).
i=1 2

g -1

From (a) and (b), it follows that

1 -1 3
-1 20m-1) >1°g(5)' (13)

Inequality (13) is obviously equivalent to the inequality asserted at (c) above.
From inequality (10) and inequalities (2)-(c) above, it follows that

1
nlog(1+2‘/§)> logF, > Zlogq,. >logn+(t—1)log(2n-1)

i=1

> (t-1)log(2n—1) > 2(n—1)log(2n-1)log (% . e‘l/("‘l)).

Hence,

h 1+\[5_ 3 1
2(n-1)log(2n-1) "°g( 2 )‘“’g(i)* a1 (14)

Inequality (14) implies that n <5, which contradicts the fact that n>5. [

(3) Let k =0. For any positive integer m, let 7(m) and v(m) be the number of divisors of m
and the number of prime divisors of m, respectively. Notice that 7(m) = o,(m). Therefore, the
inequality asserted at (3) is equivalent to 7(F,) > Fy(, forn>1.

Let n be a positive integer. Recall that a primitive divisor of F, is a prime number g, such
that q|F,, but q|F, for any 1<m<n. From Theorem XXIII in [1], we know that F, has a
primitive divisor for all n>1 except n=1,2,6, 12. We distinguish the following cases.

Case 1. 6)n. Since F,|F, for all d|n, and F} has a primitive divisor for all d except d =1,
2, it follows that v(F,) > 7(n)—2. Hence,

o(F) > 2" > 27(m=2 (15)
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Since 272 > F, for all k >4, it follows that the inequality asserted by (3) holds for all n such that
(n)z4.

If z(n)=1,thenn=1and 7(H) = F,,=1.

If 7(n)=2, thenn=p isaprimeand 7(F,) 21=F = F,
p=2.

If 7(n) = 3, then n= p?, where p is a prime. Moreover, 7(Fj2) 22 = F; = F,(,», and equality
certainly holds for p=2. If p>2, then both F, and F,; have a primitive divisor; therefore,

T(sz) 24>2=F= E(pz).

Case 2. 6|n,but 12[n. In this case, v(F,) > r(n)—3. Moreover, since F; =8|F,, it follows
that the exponent at which 2 appears in the prime factor decomposition of F,, is at least 3. Hence,

7(F) 22" 3+ 1) 2270 4 =272 s B

(»)- Obviously, equality holds only if

because 7(n) = 4 = 7(6).

Case 3. 12|n. In this case, v(F,)>7(n)—4. Moreover, since 2*-3% = [, |F,, it follows
that the exponents at which 2 and 3 appear in the prime factor decomposition of F, are at least 4
and 2, respectively. Thus,

T(F)=2"""2.(441)-2+1) 227515, (16)

Moreover, since 12 |n, it follows that 7(n) = 6 = 7(12). By inequality (15), it follows that it suf-
fices to show that
15:2F> F, for k26. a7

This can be proved easily by induction. 0
This completes the proof of the Theorem. [
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