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1. INTRODUCTION

In this paper we study two classes of polynomials: the generalized Jacobsthal polynomials
{J,., m(x)} and the generalized Jacobsthal-Lucas polynomials {j, ,,(x)} defined, respectively, by

I, (%) = Sy, (%) + 2%, (), B2, (1.1)
with J, ,(x)=0, J, ,(x)=1, n=12,...,m~1, and
Jnm ) = Jpet, () +2%),_, (%), B2m, (1.2)

with jo ,(¥) =2, j, n(x)=1, n=1,2,...,m—1. In this paper we call these polynomials the gener-
alized Jacobsthal polynomials.

The polynomials J, ,(x) and j, ,(x) are studied in [4].

For m=2 and x =1, we get the Jacobsthal numbers {J, ,(1)} and Jacobsthal-Lucas numbers
{J,.2(D)}, which are studied in [3].

Here we shall prove the list of characteristic properties of the polynomials {J, ,(x)} and
{Jnm(¥)}. Also, we are going to introduce two classes of polynomials: {F, ,,(x)} and {f, ,,(¥)}.
For m=2, these polynomials are studied in [4]. Namely, we are going to exhibit some basic
properties of the polynomials {J, ,.(X)}, {J, .(¥)}, {F, .(x)}, and {f, ,(x)}, to generalize the
properties of the corresponding polynomials in [4].

2. POLYNOMIALS J,, ,.(x) ANDj, ,,(x)

Using (1.1) and (1.2), we find the first m+3-members of the sequences {J, ,(x)} and
{J, m(*)}, which are given in Table 1.

TABLE 1

no | Jum® | aa®)
0 0 2

1 1 1

) 1 1

m-1 1 1

m 1 we | 14+4x
m+1| 142x .| 1+6x
m+2| 1+4x -+ | 14+8x
m+3| 1+6x - |1+10x ---
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Using the standard method, we find that the polynomials {J, ,,(x)} have the following gen-
erating function,

+00
F(x,)=(-t=2xt"y1=3Y" J, ()", 2.1
n=1
and the polynomials {j, ,,(x)} have the generating function
+0
G(x, )= A+4xt™ (1 —1=2xt")1 = j, W)™ (2.2)
n=1

From (2.1) and (2.2), we get the following explicit representations:

[(n=1)/m}
Ion®= 3 (” L=(m- 1)")(2 ¥, @.3)

k=0

& n—(m—2)k (n—(m—-1k
Jn,m(%) = kZ;) =D ( k )(2x)". (2.4)
For m=2 in (2.3) and (2.4), we get the known polynomials {J,(x)} and {j,(x)} (see [4]),
respectively.

We can prove the following theorem.

Theorem 2.1: The polynomials J, ,(x) and j, ,(x) satisfy the following equalities, where the
superscript (k) denotes the £t derivative with respect to x:

jn, m(x) = Jn m(x) +4xJn+1-—m, m(x); (25)
JE(x) = JE, () + 25 JED, () + 2% 8, (%), k21, (2.6)
JEn) = S ) + kIS0, () +4xT T, (%); @7
JE0) = O, ) + 2% jED () + 228, (x), K21 (2.8)
n _l
EJ.§’2<x)J£2,m(x)=(2tm-‘(k+s+1)(" 2 s 9
i=0
S (k) (ay 1(9) _ =g (k54D (x) 210
g"}( (x).]n—l m(x) 2(k +S+1)(k+5) ‘] (x)’ ( . )
(k) () - 2-¢ ) (k+s+1) 21
r—ZOJ' m(x).]n—t m(x) tm+1(k +S+l)(k+s) (x) ( . 1)
ntm,m(%)—1
;J, m(¥) = ——5 " (2.12)
Jntm,m(¥) —1
ZJ, m(¥) = —1—*——. (2.13)

i=1

Proof: From Table 1, we can see that (2.5) is true.

To prove the relations (2.6), (2.7), and (2.8), we will use (1.1), (2.5), and (1.2), respectively.
Namely, differentiating (1.1), (2.5), and (1.2) % times with respect to x, we obtain equalities (2.6),
(2.7), and (2.8), respectively.
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From (2.1), we get
O*F(x, 1) 2Fk1m*
ok (1—t—-2u™F

J(") ) (o)L, §))
n—l
From (2.2), we get

I'G(x, 1) _ 2°s12— ™! 9 (g
o (l—t( - 2x3"')”‘ ) Zj G @

n=]

Using (1), we obtain
OF(x,1) O°F(x,1) _ 2F+k1s14mE+

ox o (I—t-2xmyers?”
Since
OF(x,1) &F(x,t n _
L) ZP0D - 5 5 8 a0,
n=2 i=0

we have

0 2 - 2k+sk! !tmk+ms+l

Z B It = 2 [by (1)]

(1 —1— 2xtm)k+s+2

_ 2k 4 s+ D)V sl gkt
T 20k + s+ DIV (1— 1 = 2xtm)krs+2

=__._._If_!§!._.__.. 3 (k+s+1) n-1
2w s+ )T g

By the last equalities, we find
n -1
3 00,0 = (2m s 0 (M) sz,
which is the desired equality (2.9).
In a similar way, from

O*F (x, t) 3G(x, 1) _ 2k+sk|s|(2 t)tmk-amS-

axk Nt (1 1—2x tm)k+sp.2 [by (1) and (2)]’
we get (2.10):
3 J® (5) = it o +5+
; () 2, m(%) = 2(k = H)(,m) JEED ()

Again, from (2), we get the equality (2.11). Using the recurrence relations (1.1) and (1.2),

we can prove equalities (2.12) and (2.13), respectively.
Corollary 2.1: For m=1, m=2, and m= 3, we obtain (see [4]):

Jn,l(x) = Dn(x): .]n 1(x) dn(x)

Jn,Z(x) = Jn(x)’ Jn,Z(x) ]n(x);

Jn3(X) =R, (%), Jin,3(¥) = 1,(x).
Corollary 2.2: For s=0 in (2.9) and for k =0 in (2.10), we have

2 I s, (%) = (2t (ke + D) IO (),

i=0
and
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>~ HU )= LT S0 ),
where JO,(x) = J,, ().
3. POLYNOMIALS F, ,,(x) AND £, ,,(x)

First, we are going to introduce the polynomials {

F, n(x)} and {f, ,,(x)} by

Fy () = Fyy p(8)+2XF,p, (X)+3, n2m, 3.1)
with Fy ,(x)=0, F, ,(x)=1,n=1,2,...,m~-1, and
Jom(¥) = Joot, m(X) + 2%y (X) +5, B2, 32

With ﬁ),m(x) = O’ fn,m(x) = 1’ n= 1) 2: “res

m—1. So, by (3.1), we find the first m+ 2-members of

the sequence {F, ,(x)}:
Fon®)=0, F,(x)=L..,F, (=]
F,n(x)=4, F, ,()=7+2x, F,, ,(x)=10+4x.
By (3.2), we find:
Jom@@ =0,  fi,)=L.., fr (=1
Fum) =6, fraom®) =1142x, f.5 (%) =16+4x.

For m =2, the polynomials {

Theorem 3.1: The polynomials

F, »(¥)} and {f,, ,(x)} are studied in [4].

E, (x) and f, ,(x) have, respectively, the following explicit

representations:
[n/m]
Ertomn®) = Do) +33 (” ey (33)
[n/m] _ _
Frtmn®)= om0 +5 3 ("~ 17V Jxy (3.4)

Proof: From (1.1) and (3.1), we see that (3.3) is true for n=1.

Suppose that (3.3) is true

fornm, ie.,
Frron @) =Sz n) 433 ("0 23y
Then
Frtmm(®) = Fopym, m(%) +2%F, ,(x) +3

n—l+m m(x) + 3[n/ZM] (n (m l)r) (2x)r

+2x(

242

r=0

[(n=m+1)/m]
J,,,,,,(x)+3 Z (n+l—7’7?;§m—l)r)(2x)r}+3
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= Jn+m m(x) + 3[("-'-21)/”’] (n - (m - l)r

oo

By induction on n, we conclude that (3.3) is true for all n.
Similarly, we can prove that equality (3.4) is true for all n.

r=0

The polynomials F, ,(x) and f, ,(x) are studied in [4].
Theorem 3.2: The polynomials {F, ,(x)} and {f, ,(x)} satisfy the following relations:

m=2

25F, (%) = T, () + 2Ty () = 2% Sy (%) =3 (3.5)
i=1
m=2

2xfn, m(x) = Jn+m, m(x) + 4Jn+l, m(x) - ZXZ Jn—i, m(x) =3 (3 6)

i=1
Proof: From (1.1) and (1.2), we see that (3.5) is true for n=0,1,.... Assume (3.5) is true
forn=k,i.e,
m=2
2xFl‘c, m(x) = Jk+m, m(x) + 2'Jk+l, m(x) - 2xz Jk—i, m(x) -3
Then =
By, m(%) = By (¥) + 2XFp 41, n(¥) +3 [by B.1)]

_ iam, m(%) + 2 g4y (%) — 2% Zi":lz i m(¥) =3

2x
+2% Jk+l,m(x) + 2Jk+2—m, m(x) -2x itr:Z Jk+1—m—i,m(x) -3 +3
2x
_ ']k+l+m,m(x) + 2‘]k+2, m(¥)—2x Zin:z Jk+1—i,m(x) -3
2x ’

By induction on n, we conclude that (3.5) is true for all . In a similar way, we can prove that
(3.6) is true for all n.
From (3.5) and (3.6), we get

Jom(®) = Fy (%) =

For m = 2 in the last equality, we obtain the known equality (6.11) in [4].

Jn+l, m(x) -1
——'———x .
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