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1. INTRODUCTION

We consider a generalization of Fibonacci sequence, which is called the k-generalized Fibo-
nacci sequence for a positive integer k >2. The k-generalized Fibonacci sequence {g®} is

defined as
gl ==g%=0 g =gV =1
and, forn>k >2,

k) _ o,k k k
=g+ g+ 80

We call g® the n' k-generalized Fibonacci number. For example, if k =2, then {g{?} is a
Fibonacci sequence and, if k =5, then g{® = g{? = g{? =0, g{” = g{ =1, and then the 5-general-
ized Fibonacci sequence is

0,0,0,1,1,2,4,8,16,31, 61,120, 236,464, 912,1793, ....

Let 7,_, be the identity matrix of order £ —1 and let £ be a 1 x (k —1) matrix whose entries
are 1's. For any k >2, the fundamental recurrence relation g% = g®) + g8 ...+ g can be
defined by the vector recurrence relation

(k) (k)

gn]:l gnk
dal ol |
gk Ehik-1
where
0 1
Q =|: k-1:| ) (1)
g 1 E kxk

The matrix Q, is said to be a k-generalized Fibonacci matrix. In [4] and [5], we gave the rela-
tionships between the k-generalized Fibonacci sequences and their associated matrices.

In 1843, Binet found a formula giving F, in terms of #. It is a very complicated-looking
expression, and the formula is

F = L|(1=BY (125 _am=p
5L 2 2 a-B"
where o and f are eigenvalues of (J,. In [6], Levesque gave a Binet formula for the Fibonacci
sequence by using a generating function.
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In this paper, we derive a generalized Binet formula for the k-generalized Fibonacci sequence
by using the determinant and we give several combinatorial representations of A-generalized
Fibonacci numbers.

2. GENERALIZED BINET FORMULA

Let {g} be a k-generalized Fibonacci sequence. Throughout the paper we will use g, =
g® _,,n=12,., and G, = (g, &, &, ...) for notational convenience.

For example, if k=2, G,=(1,1,2,3,...), and if k23, G, =(1,1,2,4,...). For G, k=2,
since g; = g, =1, we can replace the matrix (J, in (1) with

0 g 0 - 0

0 0 g - O
O, =|: =+ i

0 0 .« .. g

& & & &

Then we can find the following matrix in [3]:

8En-(k-1) g1T,2 gIa ng, k-1 gn-(k—z)T
En-(k-2) g;r’ 2 g;r, 3 g}: -1 En-(k-3)
: P e Co @
T i i
En-1 8k-1,2  8k-1,3 8k-1,k-1 &n
&n gZ,z gl,s g/I,k—l Ene1 |

where
gI 2 = &n-he-iy T En-(k—(i-1))
ng 3= k=) T &n(le—i-1)) T En-(k-(i-2))

giT k-1 = Enth—iy ¥ En-(k=-1) T 8n-(h=i-2) T *°* T En(h-(i-k-2)))>
i=1,2,..., k. Since OOy = O/*", &um = (OF™)i.1; hence, we have the following theorem.
Theorem 2.1 (see [3]): Let G, =(g,, &,,...). Then, for any positive integers n and m,

Erim = &n&m-e-1y T (&1 + &n-1) &m-(k-2)
(8 8rt + 81-2)8m-k-3 T
(8, + 8uo1 t 8ra ¥+ Buoik-2)) 8t T En1&m-

Note that g,,,,, = (071 = (Or ™ )i_1.x- Then we have the following corollary.
Corollary 2.2: Let G, =(g;, &,...). Then, for any positive integers n and m,

Enim = gn—lgm—(k—l) + (gn—l + gn—Z)gm—(k-3)
(o1 + 8r2 + &n-3)Em-(-ay T
H(8ro1 T &rz T 8zt Bue (k1)) & T EnEimi1-

Now we are going to find the generalized Binet formula for the k-generalized Fibonacci
sequence.
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Lemma 2.3: Let b, = 25 (;%)". Then b, <B,,, for k 22.

Proof: Since £t > -k and k >2,

k+1 k+1 k k+1 2k+2 2k+1
- —_— >
(k+2) >(k+1) and k+2 k

Therefore,

2k+2 k+1 k+1 2k+1 k k
b"*‘:k+2(k+2) >k+1(k+1) =b

for each positive integer £. O

Lemma 2.4: The equation z¥*! —22z* +1=0 does not have multiple roots for £ > 2.

Proof: Let f(z)=2z"-zF'—...—z—1 and let g(z) = (z—1)f(z). Then g(z) = 2" -2z +1.
So 1 is a root but not a multiple root of g(z) =0, since £ >2 and f(1) #0. Suppose that « is a
multiple root of g(z) =0. Note that @ #0 and @ #1. Since aisa multiple root, g(z) = a**' -
2a* +1=0 and g'(a) = (k + Da* - 2ka* = ¥ ((k + ) —2k) = 0. Thus, & =2 and hence

k+1°

0=—-a"*'+20f -1=a*2-a)-1
:( 2k )"(2_ 2k )_1:( 2k )"(2k+2—2k)_1
k+1 k+1 k+1 k+1
2k+1 k k
= ——| -1=5 -1
k+1(k+1) k

Since, by Lemma 2.3, b, = (2)' x2? = §—§ >1and b, <b,,, for k >2, b, #1, a contradiction.

Therefore, the equation g(z) = 0 does not have multiple roots. O

Let f(A) be the characteristic polynomial of the k-generalized Fibonacci matrix (J,. Then
f(A)= A - 2¥1—...— 1~1, which is a well-known fact. Let A,,1,,..., A, be the eigenvalues of
Q.. Then, by Lemma 2.4, 4, 4,,..., 4, are distinct. Let A be a £ x k¥ Vandermonde matrix as
follows:

1 1 1
Al A A A
;Lli—l /‘Lkz—l Al;c—-l
SetV =A’. Let
7
qnti=
d=|"?
/1;’1‘-;1‘—1

and let V" be a k x k matrix obtained from ¥ by replacing the ;% column of V' by d,. Then we
have the generalized Binet formula as the following theorem.
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Theorem 2.5: Let {g)} be a k-generalized Fibonacci sequence. Then

(k)
where g, = g{0; ;.

Proof: Since the eigenvalues of ), are distinct, (J, is diagonalizable. It is easy to show that
O.A = AD, where D = diag(4,, 4,, ..., 4;). Since A is invertible, A'Q,A = D. Thus, O, is sim-
ilar to D. So we have OyA = AD". Let Of =[q;];.,. Then we have the following linear system
of equations:

G+ G+ gy =
G+ Gk + o+ @Ay = 25

k=1 _ n+i-1
Gn + Gl + @l = A0

And, foreach j=1,2,..., k, we get

det(V' ")
U= "dery
Therefore, by (2), we have the explicit form
_ det(®))

qkl = gn - det(V) .

We note that, if £ = 2, then (3) is the Binet formula for the Fibonacci sequence.

3. COMBINATORIAL REPRESENTATIONS OF
k-GENERALIZED FIBONACCI NUMBERS

In this section, we consider some combinatorial representations of g, = g%}, _, for k > 2.

Let S, be a k x k (0, 1)-matrix as follows:

| E 1
Sk - [[k—l 0:]
Then, by (2),
&1 G v &s 8l &
&x glﬂl, -1 gl_l,a gII—l,Z 8n-1
S =[s1=| E P : : “)
En-(k-3) g{ -1 g;r, 3 g;r’ 2 En-(k-2)
| En-(k-2) gI -1 g}t 3 ng,2 En-(k-1) |

In [1], we can find the following lemma.

Lemma 3.1 (see [1]):

PR PR e [/ e +m
s, = Z 7 T (3 x( i R

(M mr 1) ml + +mk ml’ ] mk

2001] 161



THE BINET FORMULA AND REPRESENTATIONS OF k~-GENERALIZED FIBONACCI NUMBERS

where the summation is over nonnegative integers satisfying my +2m, +--- +km, =n—i+ j and
definedtobe 1if n=i—j.

Corollary 3.2: Let {g'¥} be the k-generalized Fibonacci sequence. Then

_ mk m1+"'+mk
&n= z m+--+m X( m m, )
myy ) 1 k (R A

where the summation is over nonnegative integers satisfying m, +2m, +---+km, =n—-1+k.
Proof: FromLemma 3.1, ifi=1 and j =k, then the conclusion can be derived directly from
4. O
Let A =[a;] be an nxn (0, 1)-matrix. The permanent of 4 is defined by

perd = Z Ha,.a(,.),

oes, i=1

where o runs over all permutations of the set {1,2,...,n}. A matrix 4 is called convertible if
there is an n x n (1, —1)-matrix H such that per4 = det(4 o H), where 4o H denotes the Hada-
mard product of 4 and H. Such a matrix H is called a converter of 4.

Let #"P=[f1=T,+B,, where T,=[t,] is the nx n (0,1)-matrix defined by #, =1 if and
only if |i — j| < 1, and B, =[};] is the nxn (0, 1)-matrix defined by b; =1 if and only if 2< j—i <
k—1. In [4] and [5], the following theorem gave a representation of g(*).

Theorem 3.3 (see [4], [5]): Let {g®} be the k-generalized Fibonacci sequence. Then
g, = perF 10,
where g, = g0} ;.

Let H be a (1, —1)-matrix of order n—1, defined by

-1 1
1 1 - 1
H= :
1 1 -1
1 1 1

Then the following theorem holds.

Theorem 3.4: Let {g¥)} be the k-generalized Fibonacci sequence. Then

g, = det(F"0 o H),
where g, = g{%,_,.

Proof: Since the matrix "% is a convertible matrix with converter H, we have
per F LB = det(F 10 o H)
and, by Theorem 3.3, the proof'is complete. O
Now we consider the generating function of the k-generalized Fibonacci sequence. We can

easily find the characteristic polynomial, x* —x*~!—...—x—1, of the k-Fibonacci matrix Q,. It
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follows that all of the eigenvalues of O, satisfy x* = x*'+x*2+... 4+ x+1. And we can find the
following fact in [5]:

X" = Gy H (oot + o+ + Erapaa) ¥
+ (Gtert + 8k o F Brgpaa) X %)
oo (8t T &k )X+ Bt
Let G,(x) =g+ gx + gx* + -+ g, x"++--. Then
G (%) = xG(¥) = ¥’ Gy (x) = - =¥ Gy(¥) = (1-x = x* = - = x*)Gy ().
Using equation (5), we have (1-x—x%—---—x)G,(x) = g, = 1. Thus,
G, (x)=(1-x-x*— . —xF)™!

for0<x+x*+---+xt<1.
Let f,(x)=x+x%+---+x* Then 0< £, (x) <1 and we have the following lemma.

Lemma 3.5: For positive integers p and n, the coefficient of x” in (f,(x))” is
g(—nz@))(:_— I’:l’_—;) 2spsn
(F, ()P = (x+x2+ - +X5)P = xP(1+ X+ x>+ + xFT)P
R
= xP ((g (6’)(_1)1 xkz)(g (p +ii - 1) x,-)]'

In the above equation, we consider the coefficient of x". Since the first term on the right is x”,
we have kl+i=n—p, thatis, i=n—kl—p. If I=q forany ¢=0,1,..., p, then the second term

on the right is
—kq—-1))_n-
(G )

L n-ki-1\ n
Z(—l)’(ll))(n_kl_p), Zspsn O

=0

Proof:

So the coefficient of x” is

Theorem 3.6: For positive integers p and n,
a n—kl-1
Eni1= Z Z (—1)1(1;)("_ k- p)' ()
f<psn =0
Proof: Since
1

G(X)=g+&x+gx*+ -+ g x"+=
(X)) =81+ &X+ 8 &ns1 l—x—? o x’
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the coefficient of x” is the (n+k& — 1)* Fibonacci number, that is, g,,, in G,. And

1 _
I-x-x*— =xF 1= £, (%)

=14+ () + ([ () + -+ (f ()" +
—1+fk(x)+x2Z( )( 'x klz(’“) i (M
% 1kl n+1
+oot X ;( )( D'x Z( )x +-

Since we need the coefficient of x”, we only need the first n+1 terms on the right and the

(p+ 1D term in (7) such that
Alers )

So kl+i=n-p, as we see in (6), and 4 < p<n. Thus, by Lemma 3.5, we have the theorem. O

G (x) =

From the above theorems, we have five representations for g,, g, = g%),_,. Thatis,

(k)
= per "D = det(F )0 1) = SGLL)

- 3 Bt

—‘-<p<n 1 /=0

m + - +m
(my, ., my)

m
m1+"'+mk ml)"')mk
where the summation is over nonnegative integers satisfying my +2m, +---+km, =n—-1+k.
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