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The generalized Fibonacci and Lucas numbers are defined by

U= Vo= (1)
where @ = ZV2 1 ”;_4‘] ﬂ—p_— “”4‘1, p>0, ¢g#0, and p*-4g>0. It is obvious that {U,} and
{V,,} are the usual Fibonacci and Lucas sequences {F,} and {L,} when p=—-g=1. Recently, for

the Fibonacci numbers, Zhang established the following identities in [2]:

> FF,,——((n D)F, +2nF, ), n>1, )
a+b=n
> EFRF,= —((5n2 -9n-2)F,_,+(57* -3n-2)F, ,), n>2, 3)
a+b+c=n 50
and when n >3,
> ERFEF;=—((4n*-12n* -4n+12)F,_, + 3n* —6n* - 3n+6)F, ;). )
a+b+c+d=n 150

In this paper, we extend the above conclusions. We establish some identities related to {U,} and
{V,}. The equalities (2)-(4) emerge as special cases of our results.

Consider the generating function of (U, }: G,(x) =X, U, x", where k is a positive integer.
Clearly, by (1) and the geometric formula,

G, (%) = %——2, x| > a*.
Let F,(x) =22 Then
F(x)= ZUnkx" e a]> ok, )
1-Vx+q“x
For F,(x), we have the following lemma.
Lemma: If F,(x) is defined by (5), then F,(x) satisfies
R0 = b (R0, =2~ 44 B (), ©)

F(x)= W(Fé’(x)(Vk ~24"x) ~ 144" F/(x)(V, ~ 24" x) + 32" F (), ™

20V

and
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FA(x) = —— O e OO0 245)' =304 ()05 =24

6(V2 -4
+ 228{12""F;¢(>C)(V;c ~24"x)~384¢° F, (x)).
Proof: Noticing that

Fx) = UV —24"%) _ (-2¢" x)Fk(x)
k (A-Vix+g*x?)? 1-Vix+¢*x

®)

b

we have

r Vi —4qH)F(x) _Vi-44" .,
R0 =20 44 () = = L 2 D = S 2

3

and hence (6) holds. Differentiating in (6), we get

2R F() = Us T (OO0 ~24)~ 64" L)

Therefore,

2R ()F (), - 24" x) = (F )V, 24" %) - 64" F(x)(V,, - 24*x)).

4 k
Using (6), we have

m(x)(’/k o Ec(x)+4q"Fk<x>) e (R =24 ~ 64" FLCOWs ~24),

Using (6) again, we can prove that (7) holds. Similarly, differentiating in (6) and applying (6) and
(7), we can obtain identity (8). O

From the above lemma, we have the main results of this paper.

Theorem: Suppose that k and » are positive integers. Then

U,
Z U = —V2 ; T (n-DUV—29 an(n-l)k), nzl, ©
a+b=n r —q
Y UnUnlUs = 2—(]2—2—(01 01— 22U, — 4V (41 61— Uy
a+b+c=n 2(V (10)
and
Ui 3
Z UaUnUUy = _"_'T(Vk (n—-D(n-2)n-3)U,
a+b+c+d=n 6(1/;; )

= 6¢* Vi (n—2)(n =31+ DU,y (11

+12¢%*V, (n-3)(m* +n- DU o
-8¢% n(n* - A)U,,,_3), n=3.

Proof: To show that this theorem is valid, comparing the coefficients of x> , x™3 and x™*
on both sides of the Lemma, we have identities (9)-(11). O
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Corollary. Assume that k and » are positive integers. Then

F,
Y Fuly = —"“Lz ~ 4]2__ IF (n—-DF, L, - 2(_1)k"F(n-1)k), nzl, (12)
a+b=n
Z FFyF, £ *F, k
B w=—m——=((m-D)n-2)iF, )*L,(4n*-6n-4)F,,_
X Faliuly =5 (= D= DLE, - (D L For
+(4n* - 28n+28(n-3)L; +80)F, ), n>2,
and
> i :
F FyF Fy =——t——((n-1)(n-2)(n-3)LF,
X FaluFafy = i (- D= 2= L,
= 6= (=2 = 3)(n + DLLF, 1y, (14)

+12L,(n-3)(* +n—DF, ), —8(-D*n(m* -4 F, _3,), n=3.
From the Corollary, it is very easy to obtain (2)-(4). If k£ =1 in (14), then

Y EREF, =i (1= D02 -3)F, + 6= 2)n-3)(n + DF,

a+b+c+d=n
+12(n-3)(#* +n—-1F,_, +8n(n* —4)F,_,).
By using F,=F, ,+F,_, (n>2), we can obtain (4). Similarly, from (12), (13), and F, = F,_, +
F,_,, we have identities (2) and (3). In addition, we can work out other sums from the Corollary.
For example, when £ =2 and ¢ = -1 in (13), we have

Z EaEbEc 50(9(n l)(n 2)F‘2n - 3(4n —6n— 4)F‘2n—2 +(4n +56n— 172)}72n—4)

a+b+c=n

Applying F, = F,_, +F,_, (n>2) again and again, we get
S BFyuF, = 316 (15172 — 63+ 66)Fyy, 5 + (1002 +20n — 124)F, ).

a+b+c=n
When p =2 and ¢ = ~1 in (10), we obtain
E k
PPy Py = o (=D -2 1)£Q, (4> —6n—4)B,_
a+§c=n ak bkt ck = 2(Qk 4= 1)k)2 ((n Y- )Qk e — DO ( n* —6n-4) ay

+(4n* - 28n+28(n-3)0, +80)F,, ), n>2,

where B, and 0, denote the £™ Pell and Pell-Lucas numbers (see [1]).

REFERENCES

1. 1. A F. Horadam & Bro. J. M. Mahon. "Pell and Pell-Lucas Polynomials." 7The Fibonacci

Quarterly 23.1 (1985):7-20
2. 'W. Zhang. "Some Identities Involving Fibonacci Numbers." The Fibonacci Quarterly 35.3

(1997):225-29.
AMS Classification Numbers: 11B37, 11B39

o o¥%
%0 o0

2
L4

2001] 167



