
SUMMATION OF RECIPROCALS WHICH INVOLVE PRODUCTS OF 
TERMS FROM GENERALIZED FIBONACCI SEQUENCES-PART II 

R. S. Melham 
Department of Mathematical Sciences, University of Technology 

Sydney, PO Box 123, Broadway, NSW 2007 Australia 
(Submitted May 1999) 

1. INTRODUCTION 

We consider the sequence {WJ defined, for all integers n, by 

W^PK-i+K-i* W0=a,Wl = b. (1.1) 
Here a, b, and/? are real numbers with p * 0. Write A = p2 + 4. Then it is known [3] that 

W = Aam-BF (12) 

where a = (p + J~K)/2, /?=(/?-VA)/2, A=h-afl, and B-b-aa. As in [3], we will put 
ew - AB = b2- pab - a2. 

We define a companion sequence {Wn} of {Wn} by 

Wn = Aa" + BJ3". (1.3) 

Aspects of this sequence have been treated, for example, in [2] and [4]. 
For (W0, Wx) = (0,1), we write {WJ = {£/„} and, for QV0, Wx) = (2, p), we write {WJ = {F„}. 

The sequences {Un} and {Vn} are generalizations of the Fibonacci and Lucas sequences, respec-
tively. From (1.2) and (1.3) we see that Un-Vn and Vn- AUn. Thus, it is clear that eu = 1 and 
ev=-A = -(a-/3)2. 

The purpose of this paper is to investigate the infinite sums 
00 W 

C = y nk(n+m) {} 4 x 
uk,m L«i w W W ' V ' 

n=\ nknvrk(n+myvk(n+2m) 
and 

OO j 

1k,m~ ZJ Tir W W W ' ' ^ 
n=\ nknnk(n+myrk(n+2myrk(n+3m) 

where k and m are positive integers with k even. Indeed, Skm and the alternating sum derived 
from Tkm have been studied in [5], where k and m were assumed to be odd positive integers. 
Both sums were expressed in terms of an infinite sum, and certain finite sums. Here, however, 
with the altered constraints on k and m, we express Skm and Tkm in terms of finite sums only. 

Now, if p > 0, then a > 1 and a > |/?|, so that 

Wn=-~^—an and Wn = Aan. (1.6) 

On the other hand, if p < 0, then /? < -1 and \fi\ > \a|, and so 
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Wn=-^P" and W„ = BP". (1.7) 

Hence, assuming that a and h are chosen so that no denominator vanishes, we see from the ratio 
test that Sk^m and TkiJn are absolutely convergent. 

2. PRELIMINARY RESULTS 

We require the following, in which k and m are taken to be integers with k even. 
>kn jk(n+m) AU, km I 

^kn ^k(n+m) "kn"k(n+m) 

^k(n+m)^k(n+2m) ~ ^kJ^k(n+3m) ~ eW^knP2km> 

w^k-w^k = wnuk9 

(2.1) 

(2.2) 

(2.3) 

(2.4) 

Identities (2.1) and (2.2) are readily proved with the use of (1.2) and (1.3). Identity (2.3) is a 
special case of (75) in [2], while (2.4) can be obtained from (3.2) in [1]. 

We will also make use of the following lemma. 

ma 

Lemma 1: Let k and m be positive integers with k even. Then 

^ 1 1 l~A Wi i 
y l __ ___£___ y rfkn+l 
n=\ ^krWk{n+m) 6W^km |_n=l "kn 

Proof: If we sum both sides of (2.1), we obtain 
oo -| i m nkn 

y l l y P 
n=l ^kJ^k(n+m) ^&km n=l ^kn 

and (2.5) follows from (2.4) and the fact that ew = AB. • 

In fact, under the hypotheses of Lemma 1, Theorem T of [1] yields 

^ 1 1 

(2.5) 

n=\ ^foWk{n+m) eW^k^km 

m W 

Z ¥¥k(n+l) 
W 

-ma (2.6) 

To see that (2.6) reduces to (2.5), we use the identities ak = Uka + Uk_l and Wk{n+l) = UkWkn+l + 
Uk_xWkrl. From the first of these, which is easily proved by induction, we obtain the second if we 
first note that akn+k = Ukakn+l + [ / H ^ , and write down the corresponding result involving /?. 

3. THE MAIN RESULTS 

Our main results can now be given in two theorems. 

Theorem 1: Let k and m be positive integers with k even. Then 
1 m 1 

^k,m-Jf 2L* ur jxr ' ^ ' ' 
ukm n=\ rrknvrk(n+m) 
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Proof: Consider the expression 
okn nk(n+m) ok(n+2m) 

"kn "k(n+m) "k(n+2m) 

Using (2.1), we can write this as 

AU, km ,/?*("+2*° 
"to"k(n+m) ^k{n+2m) 

or as 

Now 

okn 

wkn 

pK n+m) P >k(n+2m) 

"k(n+m) "k(n+2m) 
-I >kn AU, km 

"kn ^k(n+myh(n+2m) 

AU, km AU, km AU, km 

"to"k(n+m) "k(n+m)"k(n+2m) "k(n+m) 

AU km 

m k(n+m) 

1 1 
"to ^k(n+2m) 

"k(n+2m) ~ "to 

"to"k(n+2m) 

Au2jvk(n+m) ^ b y ( 2 3 ) 

"to"k(n+m)Wk(n+2m) 

But from (3.2)-(3.4), we then have 
okn okn ok(n+m) ok(n+2m) 

Wkn "k(n+m) "k(n+2m) 

/?*" , ygfc ("+2m) , AU2
kmWk(n+m) 

**kn ^k(n+2m) "to^"k(n+m)"k(n+2m) 

so that 

WkrTk{n+my*k{n+2m) 

okn ok(n+m) 

™kn "k(n+m) 

ok(n+m) ok(n+2m) 

"k(n+m) "k(n+2m) 

Finally, summing both sides of (3.6), we obtain 
m nkn m pk(n+m) 

ATJ2 a _ y P Y P 
/iUkm^k,m- 2^, W ZJ W 

n=\ "to n=l "k(n+m) 
and (3.1) follows from (2.1). • 

If we put Wn-Fn and Wn- Ln, and take k = 2 and m = 1, (3.1) becomes, respectively, 
^2n+2 

n=l ^2n^2n+2^2n+4 

and 

Si F, 2w+2 

2n-^2n+2-^2n+4 

3' 

1 
105' 

(3.2) 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

(3.7) 

(3.8) 

Theorem 2: Let k and m be positive integers with k even. Then 

eW^kJ^2krtJk,m 
1 

^W 

1 y ^ + 1 1 f 
• AJ W J J La 

kn+l 

^3km n=l "to 

Wto+i 

&km w=l ^to 
+ 

1 ma 
n=\Wkn"k(n+m) eW \Pkm &3km 

(3.9) 
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Proof: From (2.2), we see that 

Vr^kny^k(n+m)vrk(n+2m)y¥k(n+3m) v¥knrrk(n+3m) ^k(n+mffic(n+2m) 

Summing both sides we obtain, with the aid of (2.5), 

eW^kJ^2km^k,m ~ 
1 

eW^3km 

2m w 
n=l Wkn 

1 
ewUl W^km 

Y* ¥¥kn+l 
JL TIT 
n=\ ^kn 

-ma -i 1 
n=l Wkn^kin+m) 

which is (3.9). D 
If we put Wn=Fn and Wn- Ln, and take k = 2 and m = 1, (3.9) becomes, respectively, 

^ 1 60V5-133 

and 
n=\ ^2n^2n+2^2n+4^2n+6 

n=\ ^2n^2n+2^2n+4^2n+6 

576 

9^5-20 
2160 ' 

(3.10) 

(3.11) 
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