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1. INTRODUCTION

The Lucas sequences, which include the Fibonacci numbers as a special case, arise as solu-
tions to the recursion relation

yn+1 :a.yn+byn—b nZl’ (1)

where a, b and (),),,»¢ take values in some specified ring and a and b are fixed elements which do
not depend on the integer index n. A solution (y,),, is completely specified once the values of
Y, and y, are given. It is customary to denote by F,(a,b) the solution corresponding to the
choice y,=0, y,=1, and by L, (a,b) the solution corresponding to the choice y,=2, y,=a.
Loosely speaking, in cases of interest the general solution of (1) can be expressed as a linear com-
bination of these two linearly independent solutions.

Choosing a = x to be an indeterminate and b to be some fixed integer, each of these solutions
defines an infinite sequence of polynomials over Z. More specifically, four distinct polynomial
sequences of this type will be considered in the present paper, namely, U, (x) = F,(x,1), V,(x) =
L,(x,1), C,(x)=F,x, -1), and D,(x)=L,(x, -1). The polynomials U,(x) are known as the
Fibonacci polynomials (U,(1) are the Fibonacci numbers), ¥, (x) are termed the Lucas polyno-
mials (V (1) are the Lucas numbers), while C,(x) and D,(x) are related to the Chebyshev poly-
nomials. Hereinafter, "Fibonacci polynomials" will be used as a collective name for U, (x), V,(x),
C,(x), and D,(x).

The main result of the paper is the prime factorization of the Fibonacci polynomials over the
field of rational numbers Q. Webb and Parberry [5] have observed that while U,(x) enjoy all
the well-known divisibility properties of the Fibonacci numbers, they possess a general property
which the U, (1) lack, namely, that U,(x) is irreducible over Q iff p is a prime. We recall that
the prime factorization of T (x)= X' x' over Q is well known [4] and, in particular, T,(x) is
irreducible over Q iff p is a prime. The irreducible factors are the cyclotomic polynomials ®,,(x),
which are given by '

m=1 2k
o,x= ][ (x—e' m ), m>1,
k=1 (2)
ged(k,m)=1
D,(x)=(x-1), m=1
The prime factorization of 7, (x) is given by

L, =[]2,(), n>1. ©)
d|n
d>1

Multiplying (3) by x —1 gives the equivalent form

2001] 309



THE IRREDUCIBLE FACTORIZATION OF FIBONACCI POLYNOMIALS OVER Q

' =1=1]®,(x), nz1. )

din

Relation (4) can be "inverted" with the help of the Mobius function in order to obtain an explicit
expression for the n™ cyclotomic polynomial:

@,() =] -9, n>1. (5)

din
As we shall see, the structure of the prime factors of the Fibonacci polynomials over Q is similar,
and the proof of their irreducibility follows the textbook proof of the irreducibility of the cyclo-
tomic polynomials.

2, RELEVANT PROPERTIES OF FIBONACCI POLYNOMIALS

Let O[i] denote the field of rational Gaussian numbers, i.e., the quadratic extension of O by

i =+/-1. Looking at the Fibonacci polynomials over this field, the following relations are easy to
establish.

Lemma 1: Forall n>0, C,(x)=i""U, (~ix), and D,(x) =i"V,(-ix).
Proof: By induction on n using (1) and the initial conditions. [

The following proposition lists some well-known identities satisfied by the Fibonacci polyno-
mials (for a generalization of some of these identities to F,(a, b) and L (a, b), see [3]).

Proposition 1: Let:

_x+dP 44 x-P+d_x+ o4

> , W= 5 , Z= > ,andZ = s
U,0=X"2 cm=i=L ©
V() =w 4w D(x)=2"+7". %)
U, (x) = fA(n, mx2 " and C,(x)= Z;:(—l)’"A(n, myx 2l
where " "
] 1
A = e 3 Z K21+1)(J) ")
5] (5]
V,(x)= Y E(m,mx"* and D,(x)= ) (-)"E(n,m)x"*",
where i "
Eln, m) = z"—l Z (21)( ) (nmm)+(n me1 1)' ®)
Upis(®) = U, (W (0) = (-1’ U, (). ®
Upis(¥) = Uy (WV,(2) + (1)U, (%) (10)
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Uasp (%) = U, () Uy (%) + U, () Uy (x) - (1)
Corp(¥) = C, () Dy (x) = €, (). (12)
Cars(x) = G, () D, (x) + C,_y (%) (13)
Corp (%) = C,(0)Cy 1 () = C,; ()G, (). (14)

Proof: Most of the claims concerning U,(x) and V,(x) are quoted from Webb and Parberry
using their notation, and the reader is referred to their proofs [5]. Equation (11) can be proved by
induction on 5 >0, where b=0,1 cases are clear from the initial conditions and the recursive
relation U, (x) = xU,(x)+U,_,(x). The analog statements concerning C,(x) and D,(x) follow
easily from Lemma 1. O

Remark: In equations (9)-(10) and (12)-(13), a and b can take any integer value if we define, for
all >0, U_ (x) = ()", (x), V.,(x) = (-1)"V,(x), C_,(x)=—C,(x), and D_ (x) = D,(x). This
definition is also consistent with equations (1), (6), and (7).

Corollary 1: Let p be an odd prime, then
V,(x)=D,(x)=x? (mod p). (15)
Proof: Consider equation (8). We have

E(p,m) = ;’: g(ﬁ)@)

Since p is odd we have, for 0< j < [£] < £, the inequality 0<2; < p and in this range () =0

(mod p). Consequently, E(p,m)=0 (mod p) if m>0. For m=0, the only nonzero (mod p)
term in the sum is the j =0 term. By Fermat's theorem (see [1]), 27" =1 (mod p) so E(p,0) =1
{mod p) and (15) follows. O

Over the field of complex numbers, U, (x) is a product of n—1 distinct linear factors (see [5],
Theorem 2):

Un(x)zﬁ(x—Zi cos(%kD, n>1. (16)
=1 '

This result can be derived from (6) by substituting x =2icosf and studying the solutions of
U,(2icos@) = 0. Note that all the nonzero roots are purely imaginary, and since U, (x) have real
coefficients this implies that the nonzero roots come in pairs («, — &) whose members have equal
absolute values and opposite signs. Using (16), Lemma 1, and the last observation, it is also easy
to show that

C,(x)= ﬁ(x—Z cos(%’fn, n>1.

Lemma 2: Let n be a positive integer, f(x) € C[x], € € R. If 2i cos(n8)(2 cos(nd)) is a root of
£, then 27 cos 8(2cos ) is a root of F "DV () (f(D,(x))).
Proof: Substituting x = 27 cos 8 in the expression for V,(x) in (7), we obtain

V. (2icos 0) =i"2 cos(n@) = i"'2i cos(n6).
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Hence, f(i "V, (2icos@))= f(2icosn@) and the first claim follows. The proof of the second
claim is similar. O

Lemma 3: The following expression for the derivative of the n* Fibonacci polynomial holds over
any extension field of Z, for any prime p:

(2 + U, (x) =V, (x) - xU,(x), (17)
and similarly,
(x* = DC(x) = nD,(x) - xC,(x). (18)

Proof: First view the Fibonacci polynomials as real valued functions and differentiate using
relations (6) and (7) in order to prove the validity of (17) and (18) over the reals. Next, consider
the ring homomorphism Z[x]— Z,[x], f(x)+> f(x), where f(x) is the polynomial whose coef-
ficients are the remainders modulo p of the coefficients of f(x). Since both sides of equations
(17) and (18) are polynomials over Z [U,(x) is the formal algebraic derivative of U, (x)], both
equations remain valid when we replace each side with its image under this homomorphism. [

3. FACTORIZATION OF THE FIBONACCI POLYNOMIALS OVER ¢

The following definition is inspired by the definition of the cyclotomic polynomials [see equa-
tion (2)].

Definition 1: The fibotomic polynomials P,(x), 0,,(x), 053 (x), and 05'" (x) are defined by:

P(x)= ﬁ (x —2i cos(%)), m>1

k=1
ged(k, m)=1
R(x)=1
2m-1
Oy (%)= H (x - ZCOS(!—IE)), mz1,
k=1 2m
ged (k,2m)=1
o el 2k +Drx
Opeii(®) = g (x -2 COS(LZ—;’;:%‘“) , m>1,

god (2k+1, 2m+1)=1

” 2k .
o= 1 (x—zcos(2m+1)), mz1
ged(k,2m+1)=1
O (x)= 0% (x)=1 O

Recall that the set Z, = {1<k <n-1|gcd(k,n) =1}, n>2, is a group with respect to multipli-
cation modulo » and that | Z} |= ¢(n), where ¢ is the Euler totient function (see [1]). Let

(Z3)oa =fm e Z;mis odd} and (Z;

) ={m € Z; |m is even}.
even

Lemma 4: Let n#3, n>1, be an integer and let / € Z, be arbitrary, then Z; is generated by the
action of (Z;)eaq On 1/, ie., Vx € Z,, there exist g, ..., 8 €(Z;)oaa such that (g,---g,)-I=x.
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Proof: If n is even, it is obvious that Z; =(Z;). and the claim follows. If 7 is odd, then
x> n—x is a bijection between the sets (Z,),4q and (Z})even; therefore,

| (Z:)odd | = I (Z;)even = %' L

=—¢(n).
Now suppose that (Z;),q is not a subgroup of Z,. In this case (Z)),a generates Z; and there-

z,

2

fore the action of (Z;),q on any Z, element generates Z;. On the other hand, we will show that
the assumption that (Z}).q is a subgroup of Z, leads to a contradiction. For any x €(Z))yen, We
have the left coset decomposition Z; =(Z)oaa U *(Z,)eaa- Since distinct left cosets are disjoint,
this implies (Z))even = *(Z})odd> V¥ €(Z})even- Let =2k +1 with k >2. Choose x =2 € (Z;
By Bertrand's postulate [1], there exists a prime number k < p <2k. The inequality p>k =2
implies that p is odd and that p|2k+1=n so p €(Z;).aa. However, since 2k <2p < 4k, we

)even N

have n < 2p < 2n. Therefore, 2p =s+n=s (mod n); 1< s<n—1, where s is odd. This contra-
dicts 2(Z:)odd = (Z:)even' u

Remark: (Z3).q4 = {1} is a proper subgroup of Z;; therefore, the claim of Lemma 4 does not hold
in this case.

Lemma 5: The factorization of the Fibonacci polynomials in terms of the fibotomic polynomials
is given by

Un(x):HB,(x), nx1, (19)
dln

G (@)= C,1(x) = H 0yy(x), n=1, (20)
4 ?sl:dd

Cu®-C®= I &), n=0 (21)
2d+1|2n+1

Cn®)+C,m= 1 Oak), n=0. (22)
2d+1|2n+1

Proof: Equation (19) [which is the analog of (4)] follows from (16) and the definition of
P,(x). To obtain (20)-(22), note that C,,(x) = C,(x)(C,,,(x)— C,_,(x)). [Substitute a=b =n in
(14)] and C,,,,(x) = (C,,;(x)-C,(¥))(C,.;(x) +C,(x)) [a=n+1,b=n in (14)]. Using the first
relation, we get

2n-1
Con()-Cy(x) = %”((xi)) =11 (x -2 cos(];—;r)).

k=1
k odd

Equation (20) now follows from the definition of Q,,(x). To prove (21)-(22), we need the com-
plex roots of C,,,(x)+C,(x). For example, substituting (6) in C,,,(x)—C,(x) =0 gives z"*' -

7™ _ 7" + 7" = 0, provided that z # Z. Since zZ=1, we get z*"*' = -1, which gives

Jj=0
Similarly,
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. 2jm
C,qy(x)+C,(x)= g (x 2cos(2n+ ID

Next, note that the proof of Lemma 4 gives degOseg,(x) = deg Osvery (¥) = 1 #(2m+1), m=1. In
order to prove (21), observe that every linear factor,

(2j+ Dz
_ ST YR
x—2cos ( )

of C,,,(x)~C,(x) divides a 0f% (x) on the right-hand side (r.h.s.) of (21), where

2n+1

2d+1= .
ged(2j+1,2n+1)

Since all these linear factors are distinct, (21) will follow if both sides have equal degrees. On the
lefi-hand side (Lh.s.) of (21), use deg(C,,,(x) - C,(x))=degC,,,(x)=n. On the r.h.s., use the
identity

3 %¢(2d+1) =n

2d+1|2n+1
da>0

Equation (22) may be proved in a similar fashion and will not be presented here. [

Equations (19)-(22) can be inverted with the help of the Mobius function to obtain the ana-
logs of (5) for the fibotomic polynomials. Note that the conditions d|n, % is odd in equation (20)
imply that if »=2"n’', where »' is an odd integer and v a nonnegative integer, then d =2"d’,
where d’ is odd and d’|»’. Hence, we can rewrite (20) as follows:

Corwt®)=Cp (X) = }F,szd'(x)'
The resulting expressions for the fibotomic polynomials in terms of Fibonacci polynomials are
summarized in the following lemma.

Lemma 6:
P =[]0, n21; (23)
din

04 )= [T (Con(0)-Co)y B, n>t (24)
2d+1|2n+1

o= [ (Con(®)+Coe) @), n>1; 25)
2d+1]2n+1

03 = [T(Cpp s = Cpy V@, m21, (26)
d|n’'

where, in (26), n=2"#" and »’ isodd. O
Corollary 2: The fibotomic polynomials are monic polynomials with integer coefficients.

Proof: The fact that the fibotomic polynomials are monic is clear from their definition. By
(23)-(26), each fibotomic polynomial is a quotient of two monic polynomials over Z whence the
claim follows. O

314 fAuG.



THE IRREDUCIBLE FACTORIZATION OF FIBONACCI POLYNOMIALS OVER Q

The next lemma lists some more elementary properties of the fibotomic polynomials.

Lemma 7:
(@ Vn>3, P(—x)=P(x).
(B Vn>1, B, (x)=i**Q, (~ix) and, consequently, Vn>2, 0, (-x) =0, (x).
© Vnz1, 0 (=) = ()P gEn ().
@ Ynz1, B, (x) = (- 00, (<ix) Opven (-ix).
Proof:
() By Corollary 2, the coefficients of F,(x) are real. Applying the remark that follows

equation (16), we see that for » > 3 the roots of P,(x) also come in pairs of opposite signs; hence,
P.(x) is a product of factors of the form (x — @)(x + @) = x* — & which are even functions of x.

(b) Compare the definitions of (J,,(x) and B,,(x). Note that x — « is a linear factor of
0,,(x) iff x—ia is a linear factor of B, (x). The result follows from x —ia =i(—ix— ) and from
the fact that deg 0,,(x) = deg P,,,(x) = ¢(2n).

(c) Using degQOped (x) = deg O5nei (x) = 1 #(2n+1) (see proof of Lemma 5), we get
n—1
2k + D
Qf:fl —x) = E E (—x - Zcos(—( o +3 ))

%=0
god (2 +1, 2n+1)=1

S i | B R (E 20

0 n+1
ged (2k+1,2n+1)=1

= (-1 i x-2 cos(yr - (—21(—-‘_—1)”)
=0 2n+1
ged (2k+1, 2n+)=1

n-1
- ] (200 2B coppeognco,
=0 2n+1
ged (2k+1, 2n+1)=1
d) Separating the odd and even values of k in the product that defines P, ,(x), n =1, gives
P g 2n+1

2n
Bax= 11 (x -2 cos( Z;[f- ID

k=1
ged(k, 2n+l)=1

_ A . (@k+Dx n . (2kn
= g Lx’——szcos(—“—er_1 )) H (x 21005(2n+1))

god(2k+1, 2n+1)=1 ged(k, 2n+1)=1
n—1 n k
= H ij—ix—2cos M H i|—ix—2icos —g—i—[—
k=0 2n+1 ey 2n+1
gcd(2k+1, 2n+1)=1 ged(k, 2n+1)=1

= DO, (i) 0 (—ix) = (- IOSH (i) OgR(—iv). D
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Remark: (1)@ = 1if 2n+1 has two or more distinct prime factors, or is a power of a prime
p satisfying p =1 (mod 4), while otherwise (—1)7#@" = _1.

4. IRREDUCIBILITY OF THE FIBOTOMIC POLYNOMIALS
In the following, F,(x) will stand for any of the four fibotomic polynomials P, ,(x), O, (%),
Osnin(x), and 0575 ().
Theorem 1: The fibotomic polynomials F,(x) are irreducible over Q forall n>1.

Proof: The irreducibility of B,(x)=0,(x)=x, 08 (x)=x—-1, and 0" (x) = x+1 is clear;
hence, we can assume 7 > 2. In particular, the roots of the fibotomic polynomials under consider-
ation are nonzero.

Let f(x) be a monic irreducible factor of F,(x) over 0. We can assume, without loss of
generality, that f(x) € Z[x]. The set of complex roots of f(x) must be a subset of R, the set of
complex roots of F,(x), and since deg f(x) > 1, this subset is not empty. Proving irreducibility of
F (x) is equivalent to showing that every # € R, is aroot of f(x). Let a denote a given root of
f(x), and consider the various polynomials:

1. E1(x) = Pn+l(x)’ Rn {ﬁk =2 COS(nf )

k EZ:H}, a=p.

Since f(x) € Z[x], —a is also a root of f(x). If n=2, we get f(x)= B(x). To prove the
claim of Theorem 1 for n>2, it is sufficient to show that either 8, or —f, is a root of f(x) for
all k €Z,,,. By Lemma 4, there exists a product j of (Z;,,).qq €lements such that j/=% (mod

n+1) and therefore 2i cos( ) +f3,. Hence, it is sufficient to show that 2i cos(Lx +1) is a root of

f(x) forany j €(Z,,,)oqa- The last statement will follow from the statement that 2i cos(P l”) isa
root of f(x) for any odd prime p such that pfn+1.

2 Fx)=0y(0), R,= {ﬁk ~2c05(

k eZ;n}a a= ﬂl

In this case, Z;, =(Z;,)oaa- For any k €(Z;, )4, there exists j €(Z},)oqq such that /- j=
k +s-2n for some integer s. If s is even, f, =2 cos(’l”). If s is odd, then /-(2n—j)=-k+

9—"——’)—1—’5) This proves that, for any & € (Z3,)oua>

(I-5)-2n, where I - s is even; hence, f, =2 cos(
there exists j € (Z3,)oaa Such that 2 cos(4£) =2 cos(5~ l"). Therefore, it is sufficient to prove that

2 cos( ) is a root of f(x) for any prime p such that p|2» (in particular, p is odd).

5. R0 =0 By =200 52 b € G| @ =

Again, by Lemma 4, for any k € (Z},,,).aq there exists a product j of (Z,,),aa €lements such
that /- j =k +s-(2n+1) for some integer s. Since /, k, and j are all odd, s must be even, so g, =
2cos(& +1) Hence, it will suffice to prove that 2 cos(
such that p|2n+1.

) is a root of f(x) for any odd prime p

2n+1
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2n+1

Due to Lemma 4, for any & €(Z,,,,1)even» there exists a product j of (Z],,),ss €lements such
that /- j =k +s-(2n+1) for some integer s. Since / and k are even, s must be even, resulting in
B =2 cos(zjxl). Hence, it will suffice to prove that 2 cos({’,',i”l) is a root of f(x) for any odd

prime p such that p[2n+1.

4 Fx)=08n(), R,= {ﬂk - 2cos( kn )lk c (Z;,m)eve,,}, «=4.

Suppose then that 2¢ cos(6) is a root of f(x), where &5 and 6, depend on the particular
F,(x) under consideration [e.g., if F,(x) = P, (x), &z =i, and 6, =-%] and that, contrary to
what we want to prove, there exists some odd prime p not dividing the denominator of 6 such
that 2 cos(p- 6) is not a root of f(x). Hence, there exists a polynomial g(x) € Z[x] such that
E(x)= f(x)g(x) and 2¢& cos(p-6) is a root of g(x). By Lemma 2, 2¢ cos(65) is a root of
g7V, (x)) if F,(x) = P,,,(x) and a root of g(D,(x)) in the other cases. Therefore, gcd(f (),
g (x))) # 1 if F,(x) = B,,,(x) and ged(f(x),g(D,(x))) #1 in the other cases. Under Z[x]
— Z,[x], f(x) > f(x) (see proof of Lemma 3), we have ged(f(x), g(""~V,(x))) > ged(f (x),
2 7,(9)) and ged(/(),8(D,(9) > 8ed(F(x), ZD,(x)). As ged(f (), g 77,(x))
and ged(f(x), g(D,(x))) are nonscalar monic polynomials, so are ged(f(x), g~ *~"V,(x))) and
ged(f(x), g(D,(x))). Using Corollary 1, ¥, (x) =D,(x) = x? (mod p) so that g(i"*V,(x)) =
g(D,(x)) = g(x*) (mod p). Note that the congruence

g 7,) =g 1)) = g(x) (mod )

in the case F,(x) = P,,,(x) is justified by the fact that g, and therefore g, is an even polynomial. g
is even since g € Z[x], its roots are also roots of U, ,,(x), and therefore the argument used in the
proof of the first claim of Lemma 7 applies. We conclude that deg(ged(f(x), g(x?))) > 0; thus,
due to Frobenius' field automorphism, Z,[x] = Z,[x], x> x?, deg(gcd(f(x), (8(x))?)) >0, and
hence deg(ged(f(x), £(x)))>0. Consequently, f(x)g(x) has a multiple root in some extension
field of Z,[x] [note that degd >0, where d = ged(f(x)g(x)), remains true in any extension field
and that d?|f(x)g(x)]. This implies that F, (x) has a multiple root in some extension field of
Z,[x]. However, since F,(x) divides some Fibonacci polynomial, this implies there is a prime
p=>3 and an integer m>4 such that pJm and U, (x) or C,(x) has a multiple root in some
extension field of Z,[x]. By proving the impossibility of this last statement, we will obtain the
desired contradiction.

Any multiple root of T, (x)(C,,(x)) is also a root of the formal derivative T (x)(C,,(x)). For
p=3, plm, we have mV (x)#0 and mD,(x)#0. Hence, by equations (17)-(18), a multiple
root of T, (x)(C,,(x)) is also a root of 7, (x)(D,(x)). Now, taking a=m and b=m—1 in (9)-
(10) and in (12)-(13), and taking the difference of the two equations in each pair, we get

Upi)V,() = U, (W, 1(x) = 2(-1)" and C,,(x)D,(x) - C,(x)D,,(x) = 2.
Since the characteristic of the fields of interest is different from 2, the preceding two equations

imply
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ged(U,(x),V,,(x)) =1 and ged(C,(x), D,(x))=1;
thus, U,,(x) and ¥, (x) do not have a common root, nor do C,,(x) and D, (x). 0
Theorem 1 can be generalized to the field O[] in the following way.

Theorem 2: The fibotomic polynomials B, (x), Q,,(x), 05 (x), 05'%(x) are irreducible over
QOlijforall n>1.

Proaof: It is not hard to see that the proof of Theorem 1 is applicable in this case, with minor
modifications, for Ofi]. The main point that requires attention is the claim that, if f(x) is a factor
of P,(x) and g is aroot of f(x), then —f is also a root of f(x). This claim is not valid anymore
as it was based on the assumption that the coefficients of f(x) are real. If we look closely at the
use of this claim in the proof, we see that it is needed only for odd m values. For even m values,

we can show that, if
a=2i cos(ﬁr—),
m

where / € Z) is some fixed value, then for any k € Z,, there exists j € (Z)),q4 Such that

B=2i cos(—lﬂ) =2i cos(j' lﬂ)
m m

by the same argument that was used in the (,,(x) case. In fact, B, ,(x) is reducible over O[]
for all n>1, as is evident from claim (d) of Lemma 7, which gives its prime factorization over

Qf. 0

5. CONCLUDING REMARKS
Formulas (19)-(22) give the prime factorization of U,(x) and C, (x) over Q. The prime fac-
torization of V,, (x) and D,(x) over O can be deduced from the prime factorization of U,(x) and
C,(x) over O with the help of equations (10) and (12). Taking a = b = n in these equations gives

=2 and D00 = 2,

and the r.h.s. of the last two relations can be expressed as products of fibotomic polynomials.

Returning to the more general solutions of (1), we find that the (-irreducible factorization of
the one-variable polynomials F,(x, b) and L (x, b), where b is some fixed nonzero integer, can be
obtained from our previous results. This follows from the observation that if 5 > 0, then

E(x,b)=(By™'U, (—j%) and L (x,b)=(VB)'Y, (ff"g\

while if 5 <0, then
F(x,b) = (J-8)"'C, (——j_c_——z) and L (x,b)=(-0)"D, (:/i__?)

For instance, note that if 7 is odd then (v/)™"! is an integer and all irreducible factors of U, (x)
are in fact polynomials in x? [see Lemma 7(a)]. Hence, using equation (19) for the r.h.s. of

5,8 = (Y0, (35
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gives the irreducible factorization of the Lh.s. over Q. If n is even, we first "pull out" a factor
% from Un(ﬁ) and then apply a similar argument.

Finally, I would like to point out a relation between the present work and certain formulas
used in the work of Brillhart, Montgomery, and Silverman [2] for the preparation of factorization
tables of Fibonacci and Lucas numbers. These authors use the two-variable homogenous cyclo-
tomic polynomials

o=, (%)
y
[see equations (2)-(4)] in order to express the Fibonacci numbers as products of "primitive parts."
This is done in the following way. Using (4), we have
x'" ___ym - H(I)d (xl’ yr) )

d|n
Substituting x’ =w, y’ =W (see Proposition 1) and using equation (6), we get
w-mU,x)=w"-w" =] [®,(w, ™).
d|n

By Mobius inversion, one gets
baw, %) = JUF“ ().
5|d

The reason that the factor (w —#w) which multiplied U,(x) "disappeared" from the r.h.s. is that
two possible nonzero values of the Mobius function, *1, occur an equal number of times in
the product. In the terminology of [2], ®,(w, W), d 22, is called the primitive part of U,(x).
(Strictly speaking, [2] focuses only on the case x =1.) Comparing with equation (23), we obtain
the following direct relation between the cyclotomic and fibotomic polynomials:

P(x)=®,(w,w), n>2.
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