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1. INTRODUCTION

The classical binomial inversion formula states that a, = X7_,(?)(=1)*5, (#=0,1,2,...) if and
only if 8, =%7_,(3)(-D¥a, (n=0,1,2,...). In this paper we study those sequences {a,} such
that 37 _o(1)(-DFa,=+a, (n=0,1,2,...). If 27_,(?)(-1)*a,=a, (n>0), we say that {a,} is an
invariant sequence. If X7_,(7)(-1)*a, =—a, (n>0), we say that {a,} is an inverse invariant
sequence.

Throughout this paper, let IS denote the set of invariant sequences, and let /IS denote the set
of inverse invariant sequences. We mention that it can be proved easily that {a,} € /IS if and only
if a, =0 and {2} €IS or {na, ;} €IS.

In Section 2 we list some typical examples of invariant sequences. For example,

] {(21_)} {(‘D"IJ 1 (i)dx}, (nF, 1), (L), ((-1Y'B,} IS,

where {F,}, {L,}, and {B,} denote the Fibonacci sequence, Lucas sequence, and Bernoulli num-
bers, respectively. The Bernoulli numbers {B,} are givenby By =1 and X;_t(})B, =0 (n>2).

In Section 3 we investigate the generating functions of invariant sequences. As a conse-
quence, it is proved that {a,} €IS if and only if there is a sequence {a,,} such that

1 n
a, ZEFZ(Z)O‘I: n=0,1,2,..).

k=0
20k

Section 4 is devoted to recursion relations for invariant sequences. The main result is

n

) (Z)(f(k) ) (’;)f(s)) A=0 @=012,..)

k=0

where {4,} €IS and fis an arbitrary function. We also point out similar recursion relations for
inverse invariant sequences. As consequences, if {B,}, {F,}, and {L,} denote the Bernoulli num-
bers, Fibonacci sequence, and Lucas sequence, respectively, then

i(@((—l)"-" f(k)—go (’;) f()|B, =0 (1=0,12,..),

k=0
S s s ((o)ri-0 @012

and

Z(Z)(f k)~ (-p* i (';) f()|L, =0 n=0,1,2,..).

k=0 s=0
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This gives infinitely many recursion relations for the Bernoulli numbers, Fibonacci sequence, and
Lucas sequence.
In Section 5 we establish the following transformation formulas:

(1.1) Let {F,} be the Fibonacci sequence. If a, =%} (F,_b,, (n=0,1,2,..) then {a,} €IS
if and only if {8,} €IS.

(1.2) Let {F,} be the Fibonacci sequence. If >}  a,b, ,=F,,, (n=0,1,2,..), then {a,} IS
if and only if {,} €IS.

(13) Let {a,} and {4,} be two sequences satisfying 27 _oa, ,4, =1 (n=0,1,2,...). Then
{a,} €IS ifand only if {4,} €IS.

(1.4) Let {a,} and {4,} be two sequences satisfying >}_,(})a,_,4, =1 (n=0,1,2,...). Then
{a,} €IS if and only if {4,} € IS.

(1.5) If {4,} €IS with 4, #0 and {a,} is given by ay4, =1 and 2_a, 4, =0 n=1,2,3,...),
then {a,,,} €IS and {Z}_,a,} €IS.

(1.6) If {4,} €IS with 4, #0 and {a,} is given by ay4, =2 and >} _ya, 4, =1 (n=12,3,..),
then {a,,} €IS and {na,} € IS.

(1.7) Let {a,}, {5}, and {c,} be three nonzero sequences satisfying c,=-=27 b, ,
(n=0,1,2,...). If two of the three sequences are invariant sequences, then the other
sequence is also an invariant sequence.

(1.8) Let {a,}, {5,}, and {c,} be three nonzero sequences satisfying c, = i o(})b,_;

(n=0,1,2,...). If two of the three sequences are invariant sequences, then the other
sequence is also an invariant sequence.

2. EXAMPLES OF INVARIANT SEQUENCES

In this section we present some typical examples of invariant sequences. One can easily
verify the following examples:
Example 1: {1/2"} €1S.
Example 2: If Ay=2 and 4,=1 (n>1), then {4,} €IS.
Example 3: If Ay=A =0and 4,=n (n>2), then {4,} €IS.
Example 4: Ifvy(£) =2, v(1) =1, v,,,(O) = v, (&) +tv,_1(t) (n=1), then {v,(7)} €1S.
Example 5: If u)(t)=0, w(t) =1, u, +1(t) u, () +tu,_,(t) (n=1), then {u, ()} lIS, {nu,_,(¥)}
€IS, and {#101 € JS.

n+l
Example 6: If T (x) = cos(n arccos x) is the n'™ Tchebychev polynomial, then {7, (x)/(2x)"} €IS.

Example 7: Let {B,} be the Bernoulli numbers. Then {(-1)"B,} €IS and {(-1)""'(2"*'-1)B,,,/
(n+1)} €IS,

For further examples, we need the following Vandermonde identity:

202)-(7)
Fiar! kj\n-k n f
where x and y are real numbers and » is a nonnegative integer.
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Example 8: If x#0,1,2, ..., then {(*?)/ ()} €IS.
By Vandermonde's identity, it is clear that

EDor o2l
HE G
e Cn O s

k=0

Example 9: If m € {1,2,3,...}, then {1/(™*™ 1)} € IS. Since

G _@m+n-n! 2m-1n! _ (21
My (m-1! (2m+n—1)!-(n+2;;n—1)a

the result follows from Example 8 immediately.

Example 10: {(*")/2°"} €S.
Clearly, (Y2)/(;))=(¥)/2%". So the example is a special case of Example 8.

Example 11: If me{0,1,2,...}, then

2m-1
o (o o)} e 55
By Vandermonde's identity,

i (2) (k +x2m) = g(n i r) (n + 2):11 - r) = ":‘;20’" (;'1) (n + 231611 - r) = (nn++2)icn)‘

k=0

Set
n+x o X
A4,() = (n+2m)+(_l) (n+2m)'
Then {4,(x)} € IS by the above and the binomial inversion formula. Note that
2m-1{ n+x _ 2 Yn+2m-1-x nf2m-1f x
Jo (n+2m)dx_L ( n+2m )aﬁc =D I (n+2m)dx'
So we have

- 1)"."02 " (n +x2m)dx - %f: A
S (D)L ne S S

3. THE GENERATING FUNCTIONS OF INVARIANT SEQUENCES

For any sequence {a,} the formal power series 2. ,a,x" is called the generating function of
{a,}, and the formal power series X a,%; is called the exponential generating function of {a,}.
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Theorem 3.1: Let a(x)=%7a,x". Then Xi_,G)-D¥a, =ta, (n=0,1,2,...) if and only if
a(x) satisfies the equation a(3%) = (1- x)a(x).

Proof: Clearly,

(-97'a( 25)- > 1)"akx"(1—x>‘1"‘=i(—1)"akxk§(‘1;")<—x>'
i(i(_l)n—ran ( 1- (7’1? r))( l)r) n (3‘1)
n=0 \r=0

350 Je-E )
Therefore, the result follows.

Remark 3.1: Formula (3.1) is known (see [1]).

Corollary 3.1: Let {a,} be a given sequence. Then:
(@) {a,} €IS ifand only if {2a,,,~a,} € IIS.
(b) {a,} llS ifand only if oy =0 and {2a,,,-a,} €IS.
(c) If {a,} €IS, then {a, ,—a,, } €IlS.
(d) If {a,} € llS, then {a,,,—a,,} €lIS.

Proof: Letb,=2a,,,—a,, b(x) =2 b,x", and a(x) = 2, ya,x". Itis clear that

bx) = 2200 g3 =22 )2,
and so
x Y_x=2 ( x ) 2(x=]
b(x_l)_ X a(x—l) x o
Thus,

_2(x-1) a
x

a(ﬁ) +1- x)a(x)<:>b( 1)
= 4= 060) + 250 (4, ~ ),

This, together with Theorem 3.1, deduces that {a,} €IS < {b,} €IS, {a,} €lIS < a, =0, and
{b,} €1S. Hence,

{a,} € ISUIS) = {b,} € IIS(IS) = {2b,,, - b,} € ISIIS)
= {40,y — ) +a,} € ISULS) = {a,,, — a,,1} € ISUILS).
This completes the proof.
Remark 3.2: It a,=37_(2)(-)*a, +a,, then by the binomial inversion formula. Conversely,
if {a,} € IS, we may take o, = a,,, by Corollary 3.1(a).
Corollary 3.2: Suppose {a,} €IS, A4y= 4,=0,and 4, =Y'%a, (n>2). Then {4, } € IS.

Proof: Let s,=s5,=0 and s5,=27_qa, n20). Then 4,=s, , for n>0. If a(x) and
A(x) are the generating functions of {a,} and {4}, respectively, we see that
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A(x)=x2Y sx" = %a(x) .

Hence,
x

A (——) = % (1-x)a(x) = (1- x) A(x).

x-1
This, together with Theorem 3.1, proves the corollary.
Theorem 3.2: Let A*(x) be the exponential generating function of {4,}. Then {4,} €IS if and
only if A*(x)e 2 is an even function, and {4,} /IS if and only if 4*(x)e™? is an odd function.
Proof: Clearly

had k o _m o n n
rene SR En -5 (Sl
Thus,
Z(Z)(—D"Ak =+4, (n=0,1,2,..)

k=0
© A'(~x)e* = +A°(x) & A*(—x)e*? = £ A" (x)e 2.

This completes the proof.
Remark 3.3: The first part of Theorem 3.2 is due to Zhi-Wei Sun.

Corollary 3.3: Let {A,} be a given sequence. Then
() {4,} < IS if and only if there exists a sequence {a,;, } such that

1 <(n
An='2“'n_;)(k)ak (n:O, 1, 2,...).
2|k
(b) {A4,} € IIS if and only if there exists a sequence {a,,,,} such that
1 n
A= 2—,,2(2)% (n=0,1,2,..).

k=0
21k

Proof: Suppose
e, X" — A*(\e¥2 — - X"
A*(x) = n§=0 A, pr) and a(x)= A%(x)e néo a, pog

Then A4*(x) = a(x)e”’?, and hence
= 1
A = ”) —— (=0,12,..).
n Zé(k = (n )

If {4,} € IS, then a(-x)= a(x) by Theorem 3.2. Hence, a,, ;=0 for n=1,2,3,.... On
setting a, = 2*a,, we see that

1&(n 1 &(n
A =— = =0,1,2,..).
\ 2,,kzz;)(,,)a,, . %)(k)ak n )

Conversely, if there is a sequence {a,, } for which
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1 n
An :.Z_HZ(Z)ak (n: 07 19 2)"')5

k=0
20k
then
~(n 1
An = Z(k)ak ”"“*Zn_k
k=0
for

a, /2¥ if 2|k,
ap = .
0 if 2/k.

So A*(x)e™? = a(x) is an even function. It then follows from Theorem 3.2. that {4} € IS.
This proves part (a). Part (b) can be proved similarly.

4. RECURSION RELATIONS FOR INVARIANT SEQUENCES
In this section we present infinitely many recursion relations for invariant sequences.

Theorem 4.1: Let {A,} € IS. For any function f, we have

n

(i) r-cr 2560 @012

k=0

Proof: Let A*(x) be the exponential generating function of {4,},

0 k k
OED) ((—l)"f(k) +Z('§)f (S>]%
k=0 5=0 )
and

0 k k
Gw=2 ((—l)kf(k) - Z(’;‘)ﬂs))—’;—,.
k=0 s=0 '

From the binomial inversion formula, we know that

k k
{(—1)" k) + Z@ f(s)} IS and {(—1)’f Flk) - Z(’;) f(s)} elis.

So, by Theorem 3.2, C;(x)e™'? is an even function and C;'(x)e 2 is an odd function.

Now suppose

a,- f(Z)(f(k) e 1>"“k§(’;)f(s)) Ay

k=0

If nis even, then
n k
a,= Z(Z)[(—D"f(k) —Z(’;)f(S)) (1Y d
k=0 s=0

So a,/n! is the coefficient of x” in the power series expansion of A*(—x)Cy(x). Since A*(-x)-
Ci(x) (= A*(=x)e"?-Cf(x)e™%) is an odd function by Theorem 3.2, we find a, =0 for all even
n.
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Similarly, when » is odd, —a,/n! is the coefficient of x” in the power series expansion of
A*(—x)Cy(x). Since A*(—x)C;(x) (= 4*(-x)e”'?-Cj(x)e %) is an even function by Theorem 3.2,
we must have a, = 0 for all odd n. This concludes the proof.

Corollary 4.1: Let {B,} be the Bernoulli numbers. For any function £, we have

n

%(Z)((—l)”‘kf (k) - é(’;’) f(s))B,,_k =0 (n=0,1,2,..).

Proof: This is immediate from Example 7 and Theorem 4.1.

Let {F,} and {L,} be the Fibonacci sequence and Lucas sequence, respectively. It is easily
seen that {F,} € II§ and {L,} € IS. Thus, by Corollary 4.1, we have

Z(Z)Fan_k =0 1=0,2,4,..) “4.1)
k=0
and
Z(Z)LkB =0 (n=1,3,5,..)). (4.2)
k=0

This result has been given by the author in [2].

Corollary 4.2: Let {L,} be the Lucas sequence. For any function f, we have

n

Z(Z)( 1@ —(_1)n—k§ (’;‘) f(s)) L,=0 (1=0,12,..).

k=0
Using the method in the proof of Theorem 4.1, one can similarly prove

Theorem 4.2: Let {A,} € IIS. For any function f, we have

n

S(ErwcrE()r0) a0 @=012..)

k=0

Corollary 4.3: Let {F,} denote the Fibonacci sequence. For any function f, we have

n

Z(Z)(f(k)+(_1)n'—k§(§)f(s))];;_k =0 (n=0,1,2,...).

k=0

5. TRANSFORMATION FORMULAS FOR INVARIANT SEQUENCES

Theorem 5.1: Let {a,}, {b,}, and {c,} be three nonzero sequences satisfying ¢, = -5 37_  a,b,_,
(n=0,1,2,...). Iftwo of the three sequences are invariant sequences, then the other sequence is
also an invariant sequence.

Proof: Let dy=0and d,,,=(n+1c, (n=0). If a(x), b(x), and d(x) are the generating
functions of {a,}, {b,}, and {d,}, respectively, then

d(x)= i (n+Dc,x™! = xa(x)b(x).

n=0
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Suppose {a,} €IS. Then a(z%) = (1-x)a(x). Since
n n) k 1 n (n+1) X 1 n+l n+1
~1g = —— _ _ N
’g’(k e n+1f\k+1 Dl n+1r=o( r )( d,,

using Theorem 3.1, we see that

{c)elSod)ellSsd (;-f—l) = —(1-x)d(x)

oa (-L)b (;{—J = (1- x)%a(x)b(x)

x—1
o b(ﬁ) =(1-x)b(x) < {b,} €I.
This is the result.

Corollary 5.1: Let {a,} and {b,} be two sequences for which
dab, =1 n=0,1,2,..).
k=0

Then {a,} € IS if and only if {b,} € IS.

Proof: Putting c, = 17 in Theorem 5.1 yields the result.

Corollary 5.2: Let {F,} be the Fibonacci sequence. Then, if {a,} and {b,} satisfy the relation
Ziootb, =F, (n=0,1,2,..), we have {a,} € IS if and only if {5,} € IS.

Proof: 1t is easy to check that {1;:";1‘} €IS. This, together with Theorem 5.1, gives the result.

Theorem 5.2: Let {a,}, {b,}, and {c,} be three nonzero sequences satisfying

1 <-(n
Cn = ?k=0(k)akbn_k (n = O, 1, 2, )
If two of the three sequences are invariant sequences, then the other sequence is also an invariant
sequence.

Proof: Let a*(x), b*(x), and c*(x) be the exponential generating functions of a(x), b(x), and
c(x), respectively. It is clear that a*(x)b*(x) = ¢*(2x). So

c*(2x)e™™ = a*(x)e™? - b*(x)e 2.

This, together with Theorem 3.2 yields the result.
Corollary 5.3: Let {a,} and {b,} be two sequences satisfying

n

Z(Z)akbn_k =1 (n=0,1,2,..).

k=0
Then {a,} €IS if and only if {5,} €IS
Proof: Taking c, =1/2" in Theorem 5.2 gives the result.
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Theorem 5.3: If {4,} € IS with 4, +# 0 and if {a,} is given by
aydy=1 and Y Aa, =0 (n=12,3,.),
k=0
then {a,,,} €IS and {3}_,a,} €IS.

Proof: Let a(x) and A(x) be the generating functions of {a,} and {4}, respectively. It is
clear that a(x)A(x) =1. Set a,(x)=2" O(Zk 0@, )x". Then

1
0= 590 =
Since A(3%;) = (1-x)A(x) by Theorem 3.1, from the above we see that
x 1
al(x_l) 1-x/(x-1) (- x)A( ) =(1-x)a,(x).

Now, applying Theorem 3.1, we find {3}_ya,} €IS and so {a,,,} € IS by Corollary 3.1(c).
Theorem 5.4: 1If {4,} € IS with 4,+ 0 and if {a,} is given by

a,A,=2 and ZAka,,_k =1 n=12,3,..),
k=0

then {a,,,} € IIS and {na,} € IS.

Proof: Let a(x) and A(x) be the generating functions of {a,} and {4,}, respectively. It is
obvious that a(x)A(x) =1+ Since A(%) = (1-x)A(x) by Theorem 3.1, we find

x Y 2-x
a(x—l)_ YO

Set ay(x) =T ya,,,x" and q(x) =X o  na,x". Then a,(x)=(a(x)—a,)/x and a(x) = xa'(x),
where a'x (= X2 na,x™) is the formal derivative of a(x). Hence, by the above, we get

ao(xf 1) = (a(xi 1)—ao)(x— D/ x = (x—Day(x)
(A-x)a(x) = (l—x)xa’(_xfl)(xil)’ = xila,(xil):al (x—x_—i)

This implies that {a,,,} € /IS and {na,} € IS by Theorem 3.1.

and

Theorem 5.5: Let {F,} be the Fibonacci sequence. If {a,} and {b,} satisty the relation a, =
YreoFroibyp =0,1,2,...), then {a,} € IS if and only if {f,} € IS.

Proof: Tt is well known that 2 F.x" = x/(1-x~x?). Thus,
3 Fyut” ————i—,
o -x-x?
and therefore

Z 1% —Z X iann: —
=0 1-x

—x?
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Let a(x) and b(x) denote the generating functions of {a,} and {b,}, respectively. From the
relation a, =%} _ F,_b,, (n=0,1,2,...), we find

a() =1~ 250

x 1-% x 1-x x
X b = .
a(x—l) -5 (&) (x—l) l—x—xzb(x—lj

x-1

Thus,

Hence, by Theorem 3.1,
{a,} € IS<:>a(x ) (1-x)akx)= b( ) (1-xb(x)= b, € 1S.

This proves the theorem.

Remark 5.1: One can easily prove the following inversion formula.

ik_,,k(n 0,12,. )@b—a—Zak (n=0,1,2,..).

k=0
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n

Z(Z)(—l)"am =a,, =012, ).

k=0
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