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Let n > 1 be an in teger and consider the in tege r s 1, 2, 3, . . . , 
n. The sequence a , , aOJ a 0 , . . . , a~> is said to be ;a perfect s^e-^ 1 2 3 2n 
quence for n if each of the in tegers 1, 2, 3, . . . , n occurs in the 
sequence exact ly twice and the in teger i is separa ted in the sequence 
by exact ly i e n t r i e s . Fo r example , 1 7 1 2 6 4 2 5 3 7 4 6 3 5 is a 
perfect sequence for 7. C. D. Langford [ 2 ] posed the problem of de -
te rmin ing all n having a perfect sequence. It was shown by C. J. 
P r i d a y 3 and Roy O. Da vies 1 that n has a perfect sequence if, and 
only if, n is of the form 4 m - 1 or 4 m. For n = 3, 3 1 2 1 3 2 is 
the only perfect sequence except for the same sequence in r e v e r s e o rde r 
and for n = 4 , 4 1 3 1 2 4 3 2 is the only perfect sequence except for 
the same sequence in r e v e r s e o r d e r . According to Davies there a r e 
25 perfect sequences for 7, He stated the problem, as yet unsolved, 
of finding a function giving the number of perfect sequences for n of 
the form 4m - 1 or 4 m . 

In this note we define a genera l ized perfect s - sequence for the 
in teger n > 1 to be a sequence of length sn in which each of the in-
t e g e r s 1, 2, 3, . . . , n occurs exact ly s t imes and between any two 
occurences of the in teger i t he re a r e i e n t r i e s . Thus, a perfect 
sequence for n is a genera l ized perfect 2-sequence c 

The authors a r e unable to d iscover an n for which the re is a 
genera l ized perfect s - sequence for s > 2 and pose as a problem the 
de te rmina t ion of al l s and n for which the re a r e genera l ized perfec t 
s - sequences for n. 

The following par t i a l r e su l t is given in case s = 3. The method 
of proof becomes tedious for large n but could be set t led for any given 
n on a mach ine . 

Theorem. There is no genera l ized perfect 3-sequence for 
n = 2, 3, 4, 5, 6. 

Proof. The case n = 2 is t r iv ia l , 
184 
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C o n s i d e r the c a s e n = 3 . A s s u m e t h a t t h e r e i s a g e n e r a l i z e d 

p e r f e c t 3 - s e q u e n c e for n = 3 . B e g i n n i n g w i t h t h e f i r s t 3 in t h e s e q u e n c e 

we m u s t h a v e 3 , a , , a , a , 3 . T h e r e a r e 9 e l e m e n t s in t he s e q u e n c e 

i n c l u d i n g a n o t h e r 3 h e n c e t he e n t i r e s e q u e n c e m u s t be of t he f o r m 

3, a ^ a^, a^, 3, t ^ , b ^ , b ^ , 3 . 

The f i r s t o c c u r e n c e of 2 in t he s e q u e n c e i s a t B. o r a^ h e n c e e i t h e r 

a~ = b , = 2 o r a~ = b~ = 2 but i n n e i t h e r c a s e i s t h e r e r o o m for a n o t h e r 
2 a n d so t h e r e i s no g e n e r a l i z e d p e r f e c t 3 - s e q u e n c e for n = 3 . 

Now, l e t n = 4 . If t he d e s i r e d s e q u e n c e i s p o s s i b l e , b e g i n n i n g 

w i t h t he f i r s t 4 in the s e q u e n c e we h a v e 4, a, , a~, a « , a . , 4, bn , b~ , b O J b ., 4 . 
^ 1 2 3 4 1 2 3 4 

B e c a u s e of the p o s i t i o n s of t h e 4 f s , a , , a~, a . , b , , b a r e no t 3 h e n c e 

a~ = b ? = 3 and the s e q u e n c e e i t h e r b e g i n s o r e n d s w i t h a 3 . C o n s i d e r 

t h e c a s e 
4, a 1 ? a2 > 3, a 4 ? 4, b ^ 3, b ^ , b^, 4 , 3 . 

t h e a l t e r n a t e c a s e i s s i m i l a r . B e c a u s e of t he s p a c e s a l r e a d y o c c u p i e d 

by t h e 3 ' s a n d ,4's i t i s no t p o s s i b l e to put the 2 ' s in the s e q u e n c e and 

so n = 4 i s i m p o s s i b l e . 

In c a s e n = 5, we m u s t h a v e the s u b s e q u e n c e 

5, a , , a~, a^,, 3-A> a c j ^> b, , b~, b~, b ., b,., D 

i n t h e p r o p o s e d s e q u e n c e . It i s o b v i o u s t h a t a , , a ? , a - c a n n o t be a 4 . 

If a~ = 4, the s e q u e n c e i s 

(1) 4, c x , 5 , a l f a 2 , 4 , a 4 , a 5 , 5, b ^ 4, b 3 , b 4 , b 5 , 5 

o r h a s 

(2) 5, a 1 ? a 2 , 4 , a^, a g , 5, b ^ 4 , b 3 , b ^ b g , 5, 4 

as a subsequence. If a 4 = 4, there is a subsequence 

(3) 4, 5, ax, az, a ^ 4, a^, 5, by b^9 4, b4, bg, 5 

or the ent i re sequence is 

(4) 5 , a x , a 2 , a^, 4 , a 5 > 5 , b ^ b ^ , 4 , b 4 > b g , 5 , d ^ 4 
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Fo r sequence (1), it is d e a r that one mus t have a, = a- = b = 3 
hence a „ = b 1 = b . = 2 but this is imposs ib le since one cannot have 4 1 4 ^ 
c, = a~ = b- = 1. The a rgument for sequence (2) is the s ame , 

For the sequence (3), the only possible choices for 3 make 
a0 = b, = b c = 30 This done, the only choices for 2 make a~ = a- = b~ = 2 

D 1 D Z D Z 

but this r e q u i r e s that a, = b . = 1 which is imposs ib le . The a rgument 
for the sequence (4) is the same and it is seen that the case n = 5 can-
not occur . 

The case n = 6 is t r ea t ed s imi l a r ly . The deta i ls a r e numerous 
and will be omit ted. 

The authors a r e indebted to the r e fe ree for the following t h e o r e m . 

Theorem. There is no genera l ized perfect s -sequence for 
n < So 

Proof. There a r e s t e r m s equal to n, and between each of the 
s-1 p a i r s of adjacent n ' s is an in te rva l of length n. The total length, 
s + n ( s - l ) , m u s t not be g r ea t e r than sn, which impl ies n > s. 
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